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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
61 ]. This is test number [ 174 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (61) | 0.00 (0)
Mathematica | 100.00 ( 61 ) | 0.00 (0)
Fricas | 100.00 (61) | 0.00 (0)
Maple 95.08 (58 ) | 4.92(3)
Maxima 90.16 (55 ) | 9.84 (6)
Giac 57.38 (35) | 42.62 (26 )
Mupad | 45.90 (28) | 54.10 (33 )
Sympy 45.90 (28 ) | 54.10 ( 33)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Mathematica 60.656 9.836 0.000 29.508
Rubi 50.820 0.000 19.672 29.508
Maxima, 36.066 24.590 0.000 39.344
Maple 27.869 37.705 0.000 34.426
Fricas 24.590 45.902 0.000 29.508
Giac 24.590 3.279 0.000 72.131
Mupad 0.000 16.393 0.000 83.607
Sympy 0.000 16.393 0.000 83.607

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 0 0.00 0.00 0.00
Maple 3 100.00 0.00 0.00
Maxima, 6 100.00 0.00 0.00
Giac 26 100.00 0.00 0.00
Mupad 33 0.00 100.00 0.00
Sympy 33 90.91 0.00 9.09

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.26

Maple 0.29

Giac 0.33

Maxima 0.58

Rubi 0.63

Sympy 1.46

Mupad 2.06
Mathematica 10.13

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 75.86 1.12 22.00 1.11
Giac 132.83 1.14 22.00 1.11
Rubi 161.97 1.08 131.00 1.00
Mathematica | 230.05 1.37 152.00 1.17
Maxima 302.78 5.92 170.00 2.18
Maple 345.67 1.87 159.50 1.00
Sympy 501.04 3.16 19.00 1.00
Fricas 887.82 4.04 216.00 2.35

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.

Rubi number of rules

Rubi number of rules

Figure 1.1: Solving statistics per number of Rubi rules used
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1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used



CHAPTER 1. INTRODUCTION

1.6 Solved integrals histogram based on leaf

size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved

produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used

1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{45, B}[10}[14}[15}[32} 33} |40} 41} |45, |46, [50} 51, [55, [56} [60} (61}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing



CHAPTER 1. INTRODUCTION 16

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi. . ... .. e e e 211
2.1.2 Mma. . . . . . e e 211
2.1.3 Maple . . . . o 22]
2.1.4 Fricas . . . . . . . e e e 22]
2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad . . . ... e
2.1.8 SYympy . . . . oo e 23]

2.1.1 Rubi

A grade (1677 (15,22 23, 27 25 26,27, 25,20 5 1) 5 556, 57 5 52 13, T 1
0)52,53, 557,68 59 )

B grade { }

C grade {[BBBMEILIEEHEOE)
F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.2 Mma

A grade {[1,2)5)7B) 03,16} 7 1515, 20} 21,22 23, 27 25, 20) 27 25 29, 50, 51, 5 55,50
55) 59, 45, 19,52 53, 54, 57, 55 59 )

B grade {BIIBEM}
C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade { (107 151920, 1) 23 23 £ 25,26, 27, 28, B9 5011 )

B grade { (123557 LI 12 3 57 5 5 22,3, A 7 5 ) B B3 S BT 69,69 )
C grade { }

F normal fail {[34,[35[36 }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas
A grade {[16}[L7[18][19}[20}[21} 24} 25} 26} [29} 30} 31} [34} 35,36 }

B grﬁil@lﬂ@@@
59}

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.5 Maxima

A grade { 6167 15 19, 20, 21,22 5 2 520,27, 29, 29, B0, B A BT 58
B grade {IBEEEBEHBOIEHE)

C grade { }

F normal fail {[34,[35][36,[39,54,[59 }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade { 67 519,21, 22,23 24 25 26,27 25,29, B0 BT}
B grade {[8[20/}
C grade { }

F normal fail {[1}[2,3,[6}7[11}[12[13} 34,3536} 37} 38, [39} 42} 43} [44} 47} 48} [49} 52} 63, 4, 67
6859 }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.7 Mupad

A grade { }
B grade {B[16}[17}[18}[22}23}[24,27, 28,29 }
C grade { }

F normal fail { }

F(-1) timedout fail {[1}2,[3)/6,[7}[11}[12}[L3}[19}[20} 21} 25} 26} 30} 31} [34}[35} 36, 37} 38} 39} 42}
A3 4 |47 48} 49} 52} 53,64, 57, 58, 59 }

F(-2) exception fail { }

2.1.8 Sympy

A grade { }

B grade { G167/ 22E3 24 E7E5 )
C grade { }

F normal fail {(1)2)B)6) 1) 12 [3, [0} 20,21 25) 26, 50} 554 55,56, 7 5 B0 2 s
7 519,52 5364 )

F(-1) timedout fail { }
F(-2) exception fail {[57,[58[59 }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 142 91 200 170 216 0 0 0
N.S. 1 1.63 1.05 2.30 1.95 2.48 0.00 0.00 0.00
time (sec) N/A 0.667 0.016 0.296 0.201  0.265 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 106 66 166 138 168 0 0 0
N.S. 1 1.68  1.05 2.63 2.19 2.67 0.00 0.00 0.00
time (sec) N/A 0.509 0.014 0.251 0.207  0.277 0.000 0.000 0.000
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 71 47 122 98 112 0 0 0
N.S. 1 1.58 1.04 2.71 2.18 2.49 0.00 0.00 0.00
time (sec) N/A 0.349 0.010 0.268 0.192 0.264 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 10 10 12 10 35 12 8 12 12

N.S. 1 1.00 1.20 1.00 3.50 1.20 0.80 1.20 1.20
time (sec) N/A 0.199 13.895 0.045 0.410 0.260 0472 0.280 1.879

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 10 10 12 10 46 12 10 12 12

N.S. 1 1.00 1.20 1.00 4.60 1.20 1.00 1.20 1.20
time (sec) N/A 0.205 23.107 0.052 0.324 0.244 0446 0.284 1.895

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A C B B A B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 131 222 198 146 632 0 0 0

N.S. 1 1.51  2.55 2.28 1.68 7.26 0.00 0.00 0.00

time (sec) N/A 0.641 1.089 0.110 0.258  0.264 0.000 0.000 0.000

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A B A B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 96 117 156 108 453 0 0 0
N.S. 1 148 1.80 2.40 1.66 6.97 0.00 0.00 0.00
time (sec) N/A 0.468 1.577 0.115 0.268  0.263 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 35 46 54 115 189 190 98 48
N.S. 1 1.13 148 1.74 3.71 6.10 6.13 3.16 1.55
time (sec) N/A 0.261 0.170 0.112 0.234 0.258 0.678 0.293 1.890
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 69 14 10 14 14
N.S. 1 1.00 1.17 1.00 5.75 1.17 0.83 1.17 1.17
time (sec) N/A 0.215 25.940 0.045 0.291  0.245 0.520 0.292 1.907
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 91 14 12 14 14
N.S. 1 1.00 1.17 1.00 7.58 1.17 1.00 1.17 1.17
time (sec) N/A 0.213 25.753 0.049 0.291  0.253 0.487 0.292 1.865
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C B B A B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 179 266 422 375 302 1985 0 0 0
N.S. 1 149 236 2.09 1.69 11.09  0.00 0.00 0.00
time (sec) N/A 1.447 3.708 0.171 0.246  0.313 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A C B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 114 168 314 246 226 1467 0 0 0

N.S. 1 1.47 275 2.16 1.98 12.87  0.00 0.00 0.00
time (sec) N/A 0949 3.542 0.163 0.254 0.275 0.000 0.000 0.000

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A C A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 82 112 131 164 149 975 0 0 0

N.S. 1 1.37 160  2.00 1.82 11.89  0.00  0.00 0.00
time (sec) N/A 0.524 1.532 0.135 0237 0324 0.000 0.000 0.000

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 144 14 10 14 14

N.S. 1 1.00 117 1.00 1200 117 083 117 117

time (sec) N/A 0210 21.674 0.059 0.309 0.260 0597 0.309 1.809

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 175 14 12 14 14

N.S. 1 1.00 117 1.00 1458 117 100 117 117
time (sec) N/A 0215 15902 0.059 0.299 0242 0542 0.302 1.816

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 169 179 244 165 183 304 864 188 223
N.S. 1 1.06 1.44 0.98 1.08 1.80 5.11 1.11 1.32
time (sec) N/A 0.690 0.929 0.385 0.262 0.261 0.763 0.290 2.164
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 122 127 169 103 124 192 522 119 186
N.S. 1 1.04 1.39 0.84 1.02 1.57 4.28 0.98 1.52
time (sec) N/A 0.491 0.590 0.314 0.246 0.269 0.63¢4 0.278 1.974
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 78 81 46 72 101 250 62 76
N.S. 1 1.05 1.09 0.62 0.97 1.36 3.38 0.84 1.03
time (sec) N/A 0.322 0.707 0.191 0.215 0.255 0.542 0.286 1.945
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 157 157 122 61 48 75 0 48 0
N.S. 1 1.00 0.78 0.39 0.31 0.48 0.00 0.31 0.00
time (sec) N/A 0.747 0.631 0.342 0.334 0.243 0.000 0.286 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A A A A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 159 168 206 91 56 216 0 321 0
N.S. 1 1.06 1.30 0.57 0.35 1.36 0.00 2.02 0.00
time (sec) N/A 0.741 0.929 0.364 0.474 0.280 0.000 0.313 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 211 219 265 210 68 342 0 175 0
N.S. 1 1.04 1.26 1.00 0.32 1.62 0.00 0.83 0.00
time (sec) N/A 0.955 1.232  0.400 0.650  0.259 0.000 0.294 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 230 230 420 273 297 571 2193 368 266
N.S. 1 1.00 1.83 1.19 1.29 2.48 9.53 1.60 1.16
time (sec) N/A 0.528 2.909 0.496 0.501  0.254 1.060 0.298  2.057
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 170 170 207 163 191 359 1353 217 164
N.S. 1 1.00 1.22 0.96 1.12 2.11 7.96 1.28 0.96
time (sec) N/A 0.430 2.308 0.435 0.406 0.274 0.885 0.293 1.944

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 133 133 114 74 107 190 700 103 88
N.S. 1 1.00 0.86 0.56 0.80 1.43 5.26 0.77 0.66
time (sec) N/A 0.386 1.459 0377 0321 0.250 0.798 0.275 1.907
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 297 297 199 106 81 137 0 7 0
N.S. 1 1.00 0.67  0.36 0.27 0.46 0.00 0.26 0.00
time (sec) N/A 1.047 1.127  0.335 0.698  0.263 0.000 0.282 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 420 420 442 164 100 615 0 585 0
N.S. 1 1.00 1.05 0.39 0.24 1.46 0.00 1.39 0.00
time (sec) N/A 1.121 2391 0.391 1.322  0.265 0.000 0.329 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 336 336 615 379 406 844 3918 548 374
N.S. 1 1.00 1.83 1.13 1.21 251 11.66 1.63 1.11
time (sec) N/A 0.690 4.566 0.584 1.640  0.277 1466 0.296 2.167

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 246 246 371 223 254 532 2443 315 234
N.S. 1 1.00 1.51 0.91 1.03 2.16 9.93 1.28 0.95
time (sec) N/A 0.518 3.166 0.523 1.149  0.259 1.205 0.284 2.141
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 183 182 185 102 138 286 1287 142 127
N.S. 1 099 1.01 0.56 0.75 1.56 7.03 0.78 0.69
time (sec) N/A 0.487 1.756  0.430 0.675 0.262 1.110 0.304 2.012
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 437 437 312 151 114 195 0 104 0
N.S. 1 1.00 0.71 0.35 0.26 0.45 0.00 0.24 0.00
time (sec) N/A 2.028 1.319 0.374 2.288 0.254 0.000 0.289 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 692 692 796 239 140 1162 0 841 0
N.S. 1 1.00 1.15 0.35 0.20 1.68 0.00 1.22 0.00
time (sec) N/A 2.223 3.767 0471 5.164 0.262 0.000 0.324 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 32 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 122 37 44 22 22

N.S. 1 1.00 1.10 1.00 6.10 1.85 2.20 1.10 1.10
time (sec) N/A 0.217 41.615 0.066 0.389 0.244 4418 0.329 2.154

Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 68 20 24 20 20

N.S. 1 1.00 1.11 1.00 3.78 1.11 1.33 1.11 1.11
time (sec) | N/A | 0213 20.068 0.056 0.292 0261 2.784 0303 2.148

Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 88 88 115 0 0 148 0 0 0

N.S. 1 1.00 1.31  0.00 0.00 1.68 0.00 0.00 0.00

time (sec) N/A 0.334 1.200 0.000 0.000  0.079 0.000 0.000 0.000

Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 152 152 162 0 0 248 0 0 0

N.S. 1 1.00 1.07 0.00 0.00 1.63 0.00 0.00 0.00
time (sec) N/A 0.425 1.734 0.000 0.000 0.086  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 223 223 228 0 0 345 0 0 0
N.S. 1 1.00 1.02 0.00 0.00 1.55 0.00 0.00 0.00
time (sec) N/A 0.529 1.974 0.000 0.000  0.091 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 133 133 249 766 419 488 0 0 0
N.S. 1 1.00 1.87 5.76 3.15 3.67 0.00 0.00 0.00
time (sec) N/A 0.477 0.355 0.416 0.258  0.262 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 101 101 149 465 240 303 0 0 0
N.S. 1 1.00 1.48 4.60 2.38 3.00 0.00 0.00 0.00
time (sec) N/A 0.423 0.213 0.364 0.257  0.259 0.000 0.000 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 87 201 0 156 0 0 0
N.S. 1 1.00 1.16 2.68 0.00 2.08 0.00 0.00 0.00
time (sec) N/A 0.337 0.055 0.186 0.000  0.260 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 78 20 15 20 20

N.S. 1 1.00 1.11 1.00 4.33 1.11 0.83 1.11 1.11
time (sec) N/A 0.214 5.728 0.058 0.257 0.259 0.960 0.275 1.970

Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 131 31 17 20 20

N.S. 1 1.00 1.11 1.00 7.28 1.72 0.94 1.11 1.11
time (sec) N/A 0.209 31.405 0.058 0.271 0.252 3.172 0.356 2.039

Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 271 271 843 1425 781 3239 0 0 0

N.S. 1 1.00 3.11 5.26 2.88 11.95  0.00 0.00 0.00

time (sec) N/A 0.809 4.907 0.524 0.279 0316 0.000 0.000 0.000

Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 209 209 473 825 494 1854 0 0 0

N.S. 1 1.00 2.26 3.95 2.36 8.87 0.00 0.00 0.00
time (sec) N/A 0.661 6.924 0.461 0.267  0.288 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 127 127 218 318 244 851 0 0 0
N.S. 1 1.00 1.72 2.50 1.92 6.70 0.00 0.00 0.00
time (sec) N/A 0.426 7.225 0.392 0.260 0.263 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 226 36 17 22 22
N.S. 1 1.00 1.10 1.00 11.30 1.80 0.85 1.10 1.10
time (sec) N/A 0.232 42.155 0.173 0.400 0.253 1.491 0.325 2.195
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 375 47 19 22 22
N.S. 1 1.00 1.10 1.00 18.75 2.35 0.95 1.10 1.10
time (sec) N/A 0.227 34.097 0.177 0450  0.257 2.495 0.464 2.453
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 556 556 2043 2823 1531 11137 0 0 0
N.S. 1 1.00  3.67 5.08 2.75 20.03  0.00 0.00 0.00
time (sec) N/A 1.426 8913 0.776 0.303  0.388 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 401 392 585 1586 997 6356 0 0 0
N.S. 1 0.98 1.46 3.96 2.49 15.85  0.00 0.00 0.00
time (sec) N/A 1.044 7.466 0.629 0.282  0.337 0.000 0.000 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 261 259 318 651 528 2907 0 0 0
N.S. 1 099 1.22 2.49 2.02 11.14  0.00 0.00 0.00
time (sec) N/A 0.640 8.176  0.490 0.268  0.296 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 644 52 17 22 22
N.S. 1 1.00 1.10 1.00 32.20 2.60 0.85 1.10 1.10
time (sec) N/A 0.236 48.149 0.342 0.746  0.265 1.982 0.415 2.069
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 1144 63 19 22 22
N.S. 1 1.00 1.10 1.00 57.20 3.15 0.95 1.10 1.10
time (sec) N/A 0.234 56.003 0.318 0952  0.265 3.207 0.796 2.163

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 210 200 247 1158 521 730 0 0 0
N.S. 1 095 1.18 5.51 2.48 3.48 0.00 0.00 0.00
time (sec) N/A 0.965 1.530 0.448 0.323  0.277 0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 156 155 200 735 332 492 0 0 0
N.S. 1 099 1.28 4.71 2.13 3.15 0.00 0.00 0.00
time (sec) N/A 0.761 1.081 0.414 0.290  0.273 0.000 0.000 0.000
Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 108 112 152 357 0 300 0 0 0
N.S. 1 1.04 141 3.31 0.00 2.78 0.00 0.00 0.00
time (sec) N/A 0.496 1.041 0.359 0.000  0.277 0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 117 27 17 22 22
N.S. 1 1.00 1.10 1.00 5.85 1.35 0.85 1.10 1.10
time (sec) N/A 0.239 7.377 0.068 0.345 0243 1.179 0.280 1.907

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 202 51 19 22 22

N.S. 1 1.00 1.10 1.00 10.10 2.55 0.95 1.10 1.10
time (sec) N/A 0.238 13.540 0.073 0.509 0.249 1970 0.368 2.114

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B A B F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 638 638 659 2444 1056 6171 0 0 0

N.S. 1 1.00 1.03 3.83 1.66 9.67 0.00 0.00 0.00
time (sec) N/A 2444 7975 0.581 0.533 0360 0.000 0.000 0.000

Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B A B F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 475 475 519 1238 751 3702 0 0 0

N.S. 1 1.00 1.09 2.61 1.58 7.79 0.00 0.00 0.00

time (sec) N/A 1.931 5060 0501 0511 0316 0.000 0.000 0.000

Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F B F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 196 214 244 524 0 1797 0 0 0

N.S. 1 1.09 124 2.67 0.00 9.17 0.00 0.00 0.00

time (sec) N/A 0.817 3.873 0.445 0.000 0.310  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 472 55 19 22 22
N.S. 1 1.00 1.10 1.00 23.60 2.75 0.95 1.10 1.10
time (sec) N/A 0.241 41.450 0.073 1.101 0.261 1.827 0.311 2.272
Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 789 96 20 22 22
N.S. 1 1.00 1.10 1.00 39.45 4.80 1.00 1.10 1.10
time (sec) N/A 0.245 39.171 0.071 2.157 0.274 3.323 0.511 2.714

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [11] had the largest
ratio of [1.91667000000000010]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade ifse 5 ; urrii 1;e antliéiaicriszr:zive leaf size irﬁgg;aiﬁiole;?size
1 C 9 8 1.63 10 0.800
2 C 8 7 1.68 10 0.700
3| C 7 6 1.58 8 0.750
N/A 3 0 1.00 10 0.000
N/A 3 0 1.00 10 0.000
6 C 13 12 1.51 12 1.000
7 C 12 11 1.48 12 0.917
8 | C 8 8 1.13 10 0.800
9 | N/A 3 0 1.00 12 0.000
N/A 3 0 1.00 12 0.000
11| C 24 23 1.49 12 1.917
12/| C 20 19 1.47 12 1.583
3| C 15 14 1.37 10 1.400
N/A 3 0 1.00 12 0.000
N/A 3 0 1.00 12 0.000
16| A 9 9 1.06 20 0.450
17| A 7 7 1.04 20 0.350
18| A 5 5 1.05 18 0.278
19| C 12 12 1.00 20 0.600
20| C 12 12 1.06 20 0.600
21| C 14 14 1.04 20 0.700
22| A 3 3 1.00 20 0.150
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of numjber of no.rma?lize.d integrand umber of rules
# | grade s;;f; uzg;e antlf;r;ZjZlve leaf size | mMtegrand leaf size
23| A 3 3 1.00 20 0.150
24| A 3 3 1.00 18 0.167
25| A 3 3 1.00 20 0.150
26| A 3 3 1.00 20 0.150
27| A 3 3 1.00 20 0.150
28| A 3 3 1.00 20 0.150
29| A 3 3 0.99 18 0.167
30| A 3 3 1.00 20 0.150
31| A 3 3 1.00 20 0.150
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 18 0.000
34| A 3 3 1.00 20 0.150
35| A 3 3 1.00 20 0.150
36| A 3 3 1.00 20 0.150
37| A 3 3 1.00 18 0.167
38| A 3 3 1.00 18 0.167
39| A 3 3 1.00 16 0.188
N/A 2 0 1.00 18 0.000
N/A 2 0 1.00 18 0.000
42/ A 3 3 1.00 20 0.150
43| A 3 3 1.00 20 0.150
“4 | A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
47 A 3 3 1.00 20 0.150
48| A 3 3 0.98 20 0.150
“ol| A 3 3 0.99 18 0.167
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
52 | A 9 8 0.95 20 0.400
53| A 8 7 0.99 20 0.350
54| A 7 6 1.04 18 0.333
N/A 2 0 1.00 20 0.000
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of numjber of no.rma?lize.d integrand umber of rules
# | grade SJ:;: uz;g;e ant]f:frgz:ve leaf size integrand leaf size
N/A 2 0 1.00 20 0.000
57| A 3 3 1.00 20 0.150
58 | A 3 3 1.00 20 0.150
9| A 10 9 1.09 18 0.500
N/A 0 1.00 20 0.000
N/A 0 1.00 20 0.000

2.3. Detailed conclusion table specific for Rubi results
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3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13
3.14
3.15
3.16

3.17
3.18
3.19
3.20
3.21

3.22
3.23
3.24

3.25
3.26

[ z®coth(a+ bz)dz . .
[ z? coth(a + bz)dz . .
[ zcoth(a+bz)dz . . .

h(a+bzx
cot (w—i— ) dz
f coth(a+ba:) dz

f coth2(a+bx) dz
f cothz(a,+ba:) dz

x2

[ z%coth®(a + bx) dz . .
[ x%coth®(a + bx) dz . .
[ xcoth®(a+bzx)dz . .

f coth®(a+bx) dz
f coth3zca+bx) dz

x2

fﬂdx....

a+acoth(e+fz)

fde....

a+a coth(e+fz)

f%dx....

ata coth(e—i—fx)

(c+dz) (a+a coth(e+fa:))

(c+d:c)2(a+a coth(e+fz)) d
(c+dx()3(:1i+)%coth(e+fx)) dx
ctdx
f (a—i—a((:ot}:i(e)—i;fm)) dr . . .
c+dz
f (a+acoth(e+fx))2 dr . . .
[ e g
(a,+a,coth(e+f:1:))2
(ct+dz)(ata cot:h(e—i—f:l:))2 dx
dz

(c+dzx)?(a+a Coth(€+fx))2

[ = coth2(a+bx) dr . .
[ z%coth®(a + bx) dz . .
[z coth?(a+bzx)dx . .

43
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327 [l sdm .
398 [l odn ... R
329 [ % AT . . 231
330 [ = (a+acoth(e+ T 237
S R . - 22 P
332 [(c+dz)™(a+acoth(e+ fz))?dz . . . ... ... ...
333  [(c+dx) m(a +acoth(e+ fx))dx . .. ... ... ... ... 2571
334 [ #*f()et{””) AT . 26T]
335 [ laraiei iz AT 266
336 [ e T AT
337  [(c+dz)*(a+bceoth(e+ fz))dz . . . . .. ...
338 [(c+dz)* (a+beoth(e+ fr))dz . . . . . ... RE
223 {(c_‘_—;— Cif() gczjc%)—zcoth(e +fx))dr ... 2901

: SRR 295
341 | % AT ..o 299
342  [(c+dz)*(a+beoth(e+ fr))?dx . . .. ... ..
343  [(c+dz)*(a+bceoth(e+ fz))>dr . . ... .. ... B1T
344  [(c+dz)(a+ b200th(e +fr))dr .. 319
345 [ ROl Gy 325
346 [ Wr”‘gf+;;w AT . 330
347  [(e+dz)*(a+beoth(e+ fz))ddx . . .. ...
348  [(c+dz)*(@a+bceoth(e+ fz))*dr . . .. ... ... 344
3.49 f ((c j_; df&(i; )l; coth(e+ fz))dx . . . . ... .. . ... 3521
3.50 L2 2 359
351 “*”‘gfj;;;f DR AT
352 [ Mﬁ—}f@;m AT 369
353 [ oy 0T B8
354 [ #ﬁ” do ...
355 [ (a+bcoth(e+ L J
356 [ it a BT e 396
357 [t dT A0
358 [ et dT A9
359 [ m AT . oo 17
3.60 (c+dw)(a+bcoth(e+ T 77
3.61 TP EThs e T B - 429
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3.1 [ ° coth(a + bz) dx

3.1.1 Optimalresult . . . .. ... . ... ..
3.1.2 Mathematica [A] (verified) . . . . . ... ... ... L
3.1.3 Rubi [C] (verified) . . ... ... . ... .
3.14 Maple [B] (verified) . . ... ... . ...
3.1.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... .. ....
3.1.6 Sympy [F] . . . .o
3.1.7 Maxima [B] (verification not implemented) . . . . . .. ... ... ... ...
3.1.8 Giac [F] . . .
3.1.9 Mupad [F(-1)] . . . . oo

3.1.1 Optimal result

Integrand size = 10, antiderivative size = 87

4 3 _ p2(a+bzx) 2 2(a+bx)
3 _z*  z°log (1 e ) 3z“ PolyLog (2, e )
/x coth(a + bx) dz = I + 7 + o2
3z PolyLog (3, e2(@+t2)) 3 PolyLog (4, e2(@+%))

263 4b*

output‘—1/4*x‘4+x“3*1n(1-exp(2*b*x+2*a))/b+3/2*x“2*polylog(2,exp(2*b*x+2*a))/b‘2—
L3/2*x*polylog(3,exp(2*b*x+2*a))/b‘3+3/4*polylog(4,exp(2*b*x+2*a))/b‘4

3.1.2 Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.05

4 3 2a+2bx 2 2a+2bx
3 ozt pPlog(l—e ) 3z%PolyLog (2,e )
/x coth(a + bx) dz = Y + 7 + o2
3z PolyLog (3,€%*™%*)  3PolyLog (4, e?*+27)

2b3 + 45

input LIntegrate [x~3*Coth[a + b*x],x]

-/

output‘—1/4*x‘4 + (x"3%Logl[1l - E~(2%a + 2xb*x)])/b + (3*x"2xPolyLogl[2, E~(2%a + 2
¥b*x)1)/(2%b™2) - (3*x*PolyLogl[3, E~(2%a + 2xb*x)1)/(2%b~3) + (3*PolyLog[4
, ET7(2%a + 2%bxx)])/(4%b"4)

3.1.  [z3coth(a + bz)dx
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3.1.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.67 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.63,
number of steps used = 9, number of rules used = 8, umber of rules _ ( g4 Ryles used

integrand size
= {3042, 26, 4201, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z® coth(a + bz) dz

l 3042

/—zw tan za+sz+2)d
l 26

—i ztan( 2m+7r)—|—zba:>d

l_4201
' ] e2a+2bx—i7rx3 i$4
—i| 2 1+ 62a+26z—i7r dx — T
l 2620
. 3 log (1 + 62a+2bm—iﬂ') 3 f_,L.Z log (1 + e2a+2bz—i7r) dx @
2b 2b 4
| 3011
. J zPolyLog 2,—e2at2bz—im) 4y z2 PolyLog(2,—e2at+2bz—im
| o z3log (1+ 62‘”’21’“”_”) 3( ( b o _ ( 2b )> izt
i 2 2 4
l 7163
2z Po ° _82a+2bz—i7r o o _62a+2bz—i7r z
3 PolyL g(3, 55 )_fP lyL g(3, 55 )d _ :E2 POlyLOg(?,—62a+2bz7iﬂ')
. 3 log (1 + 62a+2b:c—iﬂ') b 2b
i 2 2
l 2720

3.1.  [z3coth(a + bz)dx
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T PolyLog(S,—eQa‘i’sz*i"r) I e—2a—2bz+im PolyLog(3,—e2a+2bx7iﬂ-)deza+2bz7i‘”
3 2b _ 152 _ x2 PolyLog
| o 3 lOg (1 + 62a+2bm Zﬂ')
—1 13 —
2b 2%
| 7143
z PolyLog 3,—e2at2bz—im PolyLog 4,—e20t2bz—im )
3 ( 55 ) _ ( 2 ) B 132 POlyLOg(Q,—62a+2bz_“r)
—4 b 2b
| o 3 log (1 + 62a+26$ m) :
—1 1 — .
2b 2

p
input LInt [x~3*Coth[a + b*x],x]

~—

output((—I)*((—1/4*I)*x‘4 + (2*xI)*((x"3*Log[1 + E~(2*a - I*Pi + 2xb*x)])/(2*b) -
‘(3*(—1/2*(x‘2*PolyLog[2, -E7(2%a - I*Pi + 2%bxx)])/b + ((x*PolyLog[3, -E~(
\2*a - IxPi + 2xb*x)])/(2%b) - PolyLog[4, -E~(2*a - I*Pi + 2xb*x)]/(4*b"2))
/0))/(2¥6)))

| —

3.1.3.1 Defintions of rubi rules used

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ion0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

3.1.  [z3coth(a + bz)dx
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rule 3011 Int[Logl1l + (e_.)*((F_)~((c_.)*((a_.) + (b_)*_NND"(a_)1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))~n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLogl2, (-e)*(F~(cx(a + b*x)))°nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4201 Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x)"m*x(E~ (2% ((-I)*e + fxfz*x))/(1 + E"(2x((-I)*e + f*fz*x)))), x], x]
/; FreeQ[{c, d, e, f, £z}, x] && IGtQ[m, O]

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))~(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

rule 7163 Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x))) "pl/ (b*xc*p*Logl[F])), x] - Simp[f*(m/(b*c*p*Logl[F])) Int[(e + £*x)
“(m - 1)*PolyLog[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, 0]

3.1.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 199 vs. 2(79) = 158.

Time = 0.30 (sec) , antiderivative size = 200, normalized size of antiderivative = 2.30

method | result

risch ozt Qa;x . % + 3polylog(22,e’””+"):c2 . 6polylog(§,ebz+“)z + In(eb®+a41)g3 + 3polylog(2,2—13”“"’):1:2 __ 6pol
4 b 2b b b b b
N
inputLint(x“B*coth(b*x+a),x,method=_RETURNVERBOSE) J

3.1.  [z3coth(a + bz)dx
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output | -1/4*x~4-2/b"3*a”~3*x-3/2/b"4*a~4+3/b"2*polylog(2, exp (b*x+a))*x~2-6/b~3*pol
ylog(3,exp(b*xx+a))*x+1/b*1n(exp (b*x+a)+1)*x~3+3/b"2*polylog(2,-exp (b*x+a))
*x~2-6/b"3*polylog(3,-exp (b*x+a))*x+1/b*1ln(1-exp(b*x+a))*x~3-1/b"4*a~3*1n(
exp(b*x+a)-1)+2/b"4*a~3*1n(exp(b*x+a) ) +1/b~4*1n(1-exp(b*x+a) ) *a~3+6/b~4*po
lylog(4,-exp(b*x+a))+6/b~4*polylog(4,exp(b*x+a))

3.1.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 216 vs. 2(78) = 156.

Time = 0.27 (sec) , antiderivative size = 216, normalized size of antiderivative = 2.48

/x3 coth(a + bz) dz =
bzt — 4b323 log (cosh (bx + a) + sinh (bx + a) + 1) — 12 b%x2Liy(cosh (bx + a) + sinh (bz + a)) — 12b

input  integrate(x~3*coth(b*x+a),x, algorithm="fricas")

output | -1/4*(b~4*x~4 - 4*b~3*x"3*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 12*¥b72*
x"2*dilog(cosh(b*x + a) + sinh(b*x + a)) - 12%¥b"2*x"2xdilog(-cosh(b*x + a)
- sinh(b*x + a)) + 4%a~3*log(cosh(b*x + a) + sinh(b*x + a) - 1) + 24xb*xx
polylog(3, cosh(b*x + a) + sinh(b*x + a)) + 24xb*x*polylog(3, -cosh(b*x +
a) - sinh(b*x + a)) - 4*(b"3*x"3 + a~3)*log(-cosh(b*x + a) - sinh(b*x + a)
+ 1) - 24xpolylog(4, cosh(b*x + a) + sinh(b*x + a)) - 24*polylog(4, -cosh
(b*x + a) - sinh(b*x + a)))/b"4

3.1.6 Sympy [F]

/x3 coth(a + bz) dz = /x3 coth (a + bx) dx

inputLintegrate(x**3*coth(b*x+a),x) J

e

outputLIntegral(x**S*coth(a + b*x), x)

A >

3.1.  [z3coth(a + bz)dx



CHAPTER 3. LISTING OF INTEGRALS 50

3.1.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 170 vs. 2(78) = 156.
Time = 0.20 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.95

/z3 coth(a + bz) dz = 411 z* coth (br + a)

1 ( z* gt 2(b%z3log (et 4+ 1) + 3b22?Liy (—e®™+9)) — 6 bzLis(—e®™+*)) + 6 Liy(-

2 \ btz " p =

-/

input Lintegrate (x~3*coth(b*x+a) ,x, algorithm="maxima")

output | 1/4*x~4*coth(b*x + a) - 1/2%(x"4/(b*e~(2%b*x + 2%a) - b) + x~4/b - 2x(b~3x%
x~3*log(e~(b*x + a) + 1) + 3*b~2xx"2+dilog(-e~(b*x + a)) - 6*bxx*polylog(3
, —e"(b*x + a)) + 6*polylog(4, -e~(bxx + a)))/b"5 - 2x(b~3*x"3xlog(-e” (b*x
+ a) + 1) + 3%b"2xx"2+dilog(e”(b*x + a)) - 6*bxxxpolylog(3, e~ (b*x + a))
+ 6%polylog(4, e~ (b*x + a)))/b~5)*b

3.1.8 Giac [F]

/x?’ coth(a + bz) dz = /x3 coth (bx + a) dz

inputLintegrate(x“3*coth(b*x+a),x, algorithm="giac") J

-

outputtintegrate(x‘S*coth(b*x + a), x)

—

3.1.9 Mupad [F(-1)]

Timed out.
/ 23 coth(a + bx) dz = /z3 coth(a + bz) dx

—

input Lint(x‘s*coth(a + b*x),x)

output Lint(x‘s*coth(a + b*x), x) J

3.1.  [z3coth(a + bz)dx
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3.2 [ 2% coth(a + bz) dx

3.2.1 Optimalresult . . . ... .. . .. .

3.2.2 Mathematica [A] (verified) . . . . . ... ... ..o

3.2.3 Rubi [C] (verified) . . ... ... . ... ..
3.24 Maple [B] (verified) . . . . ... .. ...
3.2.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. ..
3.2.6 Sympy [F] . . . .
3.2.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ...
328 Giac [F] . . .
3.29 Mupad [F(-1)] . . . . o

3.2.1 Optimal result

Integrand size = 10, antiderivative size = 63

/a:2 coth(a + bz)dr = — = +

23 z?log (1 — eXatbo))

3

b

L7 PolyLog (2, e2@+%))  PolyLog (3, eX(a+t®))

b2

263

output‘—1/3*x“3+x“2*ln(1—exp(2*b*x+2*a))/b+x*polylog(2,exp(2*b*x+2*a))/b‘2—1/2*po
‘1y10g(3,exp(2*b*x+2*a))/b‘3

3.2.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.05

/x2 coth(a + bx) dz =

.Z'3 $2 log (1 _ 62a+2bz)

3

b

L7 PolyLog (2,e*™%%)  PolyLog (3, e?2+2>)

b2

263

-

input LIntegrate [x~2*Coth[a + b*x],x]

~—

Output‘—l/B*x‘S + (x"2xLog[1 - E~(2%a + 2*%b*x)])/b + (x*PolyLog[2, E~(2%a + 2%b*x

N\

)1)/b"2 - PolyLogl[3, E~(2*a + 2xbxx)]/(2*b~3)

3.2.

| 2? coth(a + bz) dz



CHAPTER 3. LISTING OF INTEGRALS 52

3.2.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.51 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.68,
number of steps used = 8, number of rules used = 7, Lumber of rules _ ( 700 Ryles used

integrand size
= {3042, 26, 4201, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z? coth(a + bz) dz

l 3042

/—zw tan za+sz+2)d
l 26

—i ztan( 2m+7r)—|—zba:>d

l_4201
' ] e2a+2bx—i7‘rx2 i$3
— <2Z | 1 e~ 3>
l 2620
ilo $2 log (1 + 62a+2bm—iﬂ') B f:clog (1 + e2a+2bz—i7r) dx _ @
2b b 3
l 3011
. __p2a+2bz—im _ ,2a+2bx—im
. 22 log (1 + e2a+2ba—ir) B J PolyLog (2, .- )dz wPolyLog(ZQbe ) B @
2b b 3
l 92720

3

. e—2a—2bz+i7r PolvLog(2 _e2a+2bz—iﬂ' de2a+2ba:—i7'r z PolyLog (2 _62a+2bm—i7r .
' (2' ($2 log (1 + 62a+2bx ur) S y g(47b2 ) _ yLog( ,2b ) iz
—1 2

2b b

l 7143

_imy  PolyLog(3,—e2@+2%2-im) g PolyLog(2,—e2e+2v—im ,
-4(%(ﬁbgu+£%HMlﬂ i - He AR

2b b

32.  [z?coth(a + bz)dx
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input‘ Int[x"2#Coth[a + b*x],x]

output((-I)*((-1/3*I)*x“3 + (2*xI)*((x"2%Log[1 + E~(2%a - I*Pi + 2%b*x)])/(2*b) -

rule 26

rule 2620

rule 2720

rule 3011

rule 3042

‘ (-1/2*(x*xPolyLog[2, -E~(2*a - I*Pi + 2*b*x)])/b + PolyLogl[3, -E~(2*a - I*P
i+ 24b*x)]/(4%b72)) /b))

-

3.2.3.1 Defintions of rubi rules used

Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

Int [(CCF)~((g_)*((e_.) + (£_)*(x_)))) " (@_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_I)*((e_.) + (£_)*(x_)))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*gknxLog[F]))*Log[1l + b*((F~(gx(e + f*x)))"n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_))))"(n_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Logl[F]1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))~°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

32.  [z?coth(a + bz)dx
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rule 4201 Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_]1)*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x) " m*x(E~(2%x((-I)*e + fxfz*xx))/(1 + E~(2%x((-I)*e + fxfz*xx)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((a_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
» €, I, P}, X] && EqQ[b*d, a*e]

3.2.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 165 vs. 2(59) = 118.

Time = 0.25 (sec) , antiderivative size = 166, normalized size of antiderivative = 2.63

method | result

. 3 4a3 In(1—eb®+a)q2 a?In(ebste—1 202 In(eb®+e 2 polylog(3,—eb®+a 2 polylog(3,eb=+@ 2a2
dsch | 2 4 de0 _ RO () | 2t lne) _ apobig(s e ) _ 2povks(s) | ga

~—

inputLint(x“Z*coth(b*x+a),x,method=_RETURNVERBOSE)

output(—1/3*x‘3+4/3/b‘3*a‘3—1/b‘3*1n(1—exp(b*x+a))*a‘2+1/b‘3*a‘2*ln(exp(b*x+a)—1)
‘—2/b‘3*a“2*1n(exp(b*x+a))—2/b*3*polylog(3,—exp(b*x+a))—2/b“3*polylog(3,exp
‘(b*x+a))+2/b“2*a“2*x+1/b*1n(exp(b*x+a)+1)*x”2+2/b“2*polylog(2,—exp(b*x+a))
L*x+1/b*1n(1-exp(b*x+a))*x“2+2/b“2*polylog(2,exp(b*x+a))*x

| —

3.2.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 168 vs. 2(58) = 116.

Time = 0.28 (sec) , antiderivative size = 168, normalized size of antiderivative = 2.67

/x2 coth(a + bx) dz =
b*z® — 3b%z% log (cosh (bx + a) + sinh (bz + a) + 1) — 6 bzLiy(cosh (bx + a) + sinh (bz + a)) — 6 bzLi;

-/

input Lintegrate (x"2*coth(b*x+a) ,x, algorithm="fricas")

32.  [z?coth(a + bz)dx
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output | -1/3*(b~3*x"3 - 3*b~2+x"2xlog(cosh(b*x + a) + sinh(b*x + a) + 1) - 6*bxx*d
ilog(cosh(b*x + a) + sinh(b*x + a)) - 6*b*x*dilog(-cosh(b*x + a) - sinh(bx*
x + a)) - 3*a"2+log(cosh(b*x + a) + sinh(b*x + a) - 1) - 3*(b"2*%x"2 - a~2)
*log(-cosh(b*x + a) - sinh(b*x + a) + 1) + 6xpolylog(3, cosh(b*x + a) + si
nh(b*x + a)) + 6*polylog(3, -cosh(b*x + a) - sinh(b*x + a)))/b~3

3.2.6 Sympy [F]

/x2 coth(a + bz) dr = /m2 coth (a + bz) dx

input ‘ integrate (x**2xcoth(b*x+a) ,x)

-

output LIntegral(x**2*coth(a + b*x), x)

~—

3.2.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 138 vs. 2(58) = 116.

Time = 0.21 (sec) , antiderivative size = 138, normalized size of antiderivative = 2.19

/w2 coth(a + bx) dz = % 23 coth (bz + a)

3 (b2

_3 be(2bz+2a) _ + b bt

input Lintegrate (x"2xcoth(b*x+a) ,x, algorithm="maxima")

output‘1/3*x‘3*coth(b*x + a) - 1/3%(2+x73/(b*e” (2*bxx + 2*a) - b) + 2*xx"3/b - 3*(
‘b‘2*x‘2*log(e‘(b*x + a) + 1) + 2xbkx*dilog(-e~(b*x + a)) - 2*polylog(3, -e
\“(b*x + a)))/b~4 - 3*%(b"2xx"2%log(-e~(b*x + a) + 1) + 2xb*x*dilog(e”(b*x +
‘ a)) - 2*polylog(3, e~ (b*x + a)))/b~4)*b

32.  [z?coth(a + bz)dx

1 < 23 223 3 (b2x2 log (e(b”“) + 1) + 2 bxLis (—e(b”“)) -2 Li3(—e(bx+“)))
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3.2.8 Giac [F]

/x2 coth(a + bz) dz = /mz coth (bz + a) dz

inputLintegrate(x“2*coth(b*x+a),x, algorithm="giac")

output Lintegrate(x‘Q*coth(b*x + a), x)

3.2.9 Mupad [F(-1)]
Timed out.

/x2 coth(a + bz) dz = /x2 coth(a + bz) dx

input Lint(x“Q*coth(a + b*x),x)

output tint(x“Q*coth(a + b*x), x)

32.  [z?coth(a + bz)dx
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3.3 [ z coth(a + bx) dz

3.3.1 Optimalresult . .. ... .. .. .. . ¥
3.3.2 Mathematica [A] (verified) . . . . . .. ... ... oo BT
3.3.3 Rubi [C] (verified) . . ... ... . ... ... bY
3.34 Maple [B] (verified) . ... ... . ... .. 59
3.3.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . .... 60
3.3.6 Sympy [F] . . . . 60
3.3.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 61
338 Giac [F] . . . o 611
3.3.9 Mupad [F(-1)] . . . . oo 611

3.3.1 Optimal result

Integrand size = 8, antiderivative size = 45

22 xlog (1 —eX@t)  PolyLog (2, e*+))
2 M b 252

/xcoth(a +bx)dr = —

outputL—1/2*x“2+x*ln(1—exp(2*b*x+2*a))/b+1/2*polylog(2,exp(2*b*x+2*a))/b“2

3.3.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.04

2 1 1 — 2a+2bx PolvL 2 2a+2bx
/xcoth(a+bx)dx:—%+xog< be ) > 0g2(b2,e )

input LIntegrate [x*Coth[a + b*x],x]

output‘ -1/2*%x"2 + (X*Log[l - E7(2%a + 2xb*x)])/b + PolyLogl[2, E~(2*a + 2xb*x)]1/(2
L*b‘Z)

3.3.  [zcoth(a+ bz)dz
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3.3.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.35 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.58, number
of steps used = 7, number of rules used = 6, Bumber of rules _ , 754 Ryjeg used = {3042,

integrand size
26, 4201, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ z coth(a + bz) do
| 3042
'/%MMGWHM+2%M
| 26

_i/mtan (;(21'(1 +7) + ibz) dz

l 4201
' ] e2a+2bx—iﬂ'w imZ
— (21/ 11 ot om0~ 2)
l 2620
[ 9 .’L‘].Og (1 + 62a+2bm—i7r) f log (1 + e2a+2bm—iﬂ') dz ix2
= % % 2
l 2715
(93 iL‘lOg (1 + e2a+2bz—i7r) f e—2a—2bm+iﬂ' log (1 + 62a+2bz—i7r) de2a+2bw—iﬂ' ix2
= % 42 2
l 2838
(93 PolyLog (2, _e2a+2ba:—i7r) N .’L‘lOg (1 + e2a+2bm—iﬂ') 2
S 42 % 2

input LInt [x*Coth[a + b*x],x]

~—

Output\/(—I)*((—1/2*I)*x‘2 + (2+¢I)*((x*Log[l + E~(2%a - IxPi + 2%b*x)])/(2%b) + Po

‘lyLogl2, -E~(2*a - I#Pi + 2#b*x)]/(4%b"2)))

—.

3.3.  [zcoth(a+ bz)dz
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3.3.3.1 Defintions of rubi rules used

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_)*x)N)"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2715(1nt[Log[<a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
| :> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d¥x)
L))"n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

~

rule 2838 | Int [Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLog[2
» (-c)*e*x™n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]
rule 4201(Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)], x )
‘_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[ ‘
‘(c + dxx) "m*(E”(2x((-I)*e + fxfz*x))/(1 + E-(2*x((-I)*e + fxfz*x)))), x], x] \
L /; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O] J
3.3.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 121 vs. 2(41) = 82.
Time = 0.27 (sec) , antiderivative size = 122, normalized size of antiderivative = 2.71
method | result
risch _%2 . y% . (;_5 + ln(ebm‘;“—f-l)x + polylog(ié—ebm‘*a) ln(l—e:””+“)x ln(l—z;’z‘*“)a + polylog(()g,ebz+a) __aln
input Lint (x*coth(b*x+a) ,x,method=_RETURNVERBOSE) J

3.3.  [zcoth(a+ bz)dz
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output‘-1/2*x“2-2/b*a*x—a“2/b“2+1/b*1n(exp(b*x+a)+1)*x+1/b“2*polylog(2,—exp(b*x+a
‘))+1/b*1n(1-exp(b*x+a))*x+1/b“2*ln(1-exp(b*x+a))*a+1/b“2*polylog(2,exp(b*x
‘+a))-1/b‘2*a*ln(exp(b*x+a)-1)+2/b“2*a*ln(exp(b*x+a)) ‘

3.3.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 112 vs. 2(40) = 80.

Time = 0.26 (sec) , antiderivative size = 112, normalized size of antiderivative = 2.49

/m coth(a + bx) dz =
b%x? — 2 bz log (cosh (bx + a) + sinh (bz + a) + 1) + 2 alog (cosh (bx + a) + sinh (bx + a) — 1) — 2 (bz

inputLintegrate(x*coth(b*x+a),x, algorithm="fricas") J

output‘ -1/2%(b"2*x"2 - 2*bxx*log(cosh(b*x + a) + sinh(b*x + a) + 1) + 2xa*log(cos ‘
‘h(b*x + a) + sinh(b*x + a) - 1) - 2*(b*x + a)*log(-cosh(b*x + a) - sinh(bx ‘
‘x + a) + 1) - 2#dilog(cosh(b*x + a) + sinh(b*x + a)) - 2*dilog(-cosh(b*x + ‘
‘ a) - sinh(b*x + a)))/b~2 ‘

3.3.6 Sympy [F]

/ z coth(a + bz) dr = /a: coth (a + bzx) dx

input Lintegrate (x*coth(b*x+a) ,x) J

output

Integral (x*coth(a + b*x), x)

N J

3.3.  [zcoth(a+ bz)dz
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3.3.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 98 vs. 2(40) = 80.

Time = 0.19 (sec) , antiderivative size = 98, normalized size of antiderivative = 2.18

/z coth(a + bx) dz = % 22 coth (b + a)

5 z? 2 bzlog (e®™* + 1) + Lip(—e®+))  bzlog (—et*t@) 4 1) + Liy (e®=+9))
O\ pelberea —p T B - b
inputLintegrate(x*coth(b*x+a),x, algorithm="maxima") J

output‘ 1/2*%x"2xcoth(b*x + a) - b*(x"2/(bxe”(2*b*x + 2¥a) - b) + x72/b - (b*x*log( ‘
le"(bxx + a) + 1) + dilog(-e”(bxx + a)))/b~3 - (bkxxlog(-e~(b*x + a) + 1) + |
‘ dilog(e~(b*x + a)))/b"3)

3.3.8 Giac [F]

/x coth(a + bz) dz = /z coth (bz + a) dz

-/

input Lintegrate (x*coth(b*x+a) ,x, algorithm="giac")

output Lintegrate(x*coth(b*x + a), x) J

3.3.9 Mupad [F(-1)]

Timed out.
/x coth(a + bz) dz = /x coth(a + bz) dx
input Lint (x*coth(a + b*x),x) J
output Lint (xxcoth(a + b*x), x) J

3.3.  [zcoth(a+ bz)dz
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3.4

3.4.1
3.4.2
3.4.3
3.4.4
3.4.5
3.4.6
3.4.7
3.4.8
3.4.9

f coth(a+bx) dx

Optimal result

X

Mathematica [N/A]

Rubi [N/A] . . .
Maple [N/A] (verified)

Fricas [N/A]

Sympy [N/A]
Maxima [N/A]

Giac [N/A] . . . o e

Mupad [N/A]

3.4.1 Optimal result

Integrand size = 10, antiderivative size = 10

h
/cot (c;-l—bz) dx=Int(

coth(a + bx)

X

)

p
output LUnintegrable (coth(b*x+a) /x,x)

~—

3.4.2 Mathematica [N/A]

Not integrable

Time = 13.89 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

o= [

/

coth(a + bx)

T

coth(a + bx) p

T

i

-

input LIntegrate [Coth[a + b*x]/x,x]

~—

output LIntegrate [Coth[a + b*x]/x, x]

~—

3.4.

f coth(;t-l—b:c) dx



input

output

rule 26

rule 3042
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3.4.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
26, 4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ coth(a + bx) iz

X

l 3042

dx

T

| 26

/ 7tan (ia + ibx + g)

y / tan (1(2ia + ) + ibz) s
x
l 4222
/ itan (3(—m — 2ia) — ibz) i
T
LInt [Coth[a + b*x]/x,x] J

$Aborted

N\

3.4.3.1 Defintions of rubi rules used

‘ Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
‘nt [Fx, x]1, x] /; FreeQl[a, x] && EqQ[a~2, 1]

e

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.4. f coth(a+bx) dz

x
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rule 4222 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)1"(n_.), x_Symbol]l :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - Ixf*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1) "n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQl[{c, d, e, £, m, n}, x] && Integ
erQ[n]

3.4.4 Maple [N/A] (verified)

Not integrable

Time = 0.04 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

h
/cot (Zx+a)dx

inputLint(coth(b*x+a)/X,X)

e

outputtint(coth(b*x+a)/x,x)

A >

3.4.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ coth(a + bx) P

T

/ coth (bz + a) s

T

inputtintegrate(coth(b*x+a)/x,x, algorithm="fricas")

-

output Lintegral(coth(b*x + a)/x, x)

-/

3.4. f coth(a+bx) dz

x
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3.4.6 Sympy [N/A]

Not integrable

Time = 0.47 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

Z T

/coth(a + bx) dp — / coth (a + bx) i

input Lintegrate (coth(b*x+a) /x,x)

output LIntegral(coth(a + b*x)/x, x)

3.4.7 Maxima [N/A]

Not integrable

Time = 0.41 (sec) , antiderivative size = 35, normalized size of antiderivative = 3.50

Z T

/coth(a + bx) dp — / coth (bx + a) i

inputLintegrate(coth(b*x+a)/x,x, algorithm="maxima")

output‘—integrate(l/(x*e“(b*x + a) + x), x) + integrate(1/(x*e”(b*x + a) - x), x)
‘ + log(x)

3.4.8 Giac [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ coth(a + bx) p

T

/ coth (bx + a) da

T

input Lintegrate (coth(b*x+a) /x,x, algorithm="giac")

output Lintegrate(coth(b*x + a)/x, x)

3.4. f coth(;t—l—b:c) dx
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3.4.9 Mupad [N/A]

Not integrable

Time = 1.88 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

T T

/coth(a + bx) dr — / coth(a + bx) da

input‘ int (coth(a + b*x)/x,x)

output Lint(coth(a + b*x)/x, Xx)

3.4. f coth(a+bx) dz

x
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35 f coth(a+bx) dx

72
3.5.1 Optimalresult . .. ... .. ... ... ... 67
3.5.2 Mathematica [N/A] . . . . . .. . 67
353 Rubi [N/A] . . . oot 68
3.5.4 Maple [N/A] (verified) . . . . . .. ... .o 69
3.5.,5 Fricas [N/A] . . . . . 69
3.5.6 Sympy [N/A] . . . . e [0
3.5.7 Maxima [N/A] . . . . . 70
3.5.8 Giac [N/A] . . . . o 70}
3.5.9 Mupad [N/A] . . .o [Tl

3.5.1 Optimal result

Integrand size = 10, antiderivative size = 10

/ coth(a + bx) o — Tot (coth(a + bx) x)

z2 z2

p
output LUnintegrable (coth(b*x+a)/x~2,x)

~—

3.5.2 Mathematica [N/A]

Not integrable

Time = 23.11 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/coth(a + bx) dr — / coth(a + bx) p

T
x2 x2

-

input LIntegrate [Coth[a + b*x]/x"2,x]

~—

output LIntegrate [Coth[a + b*x]/x"2, x]

~—

3.5. f cothf:;—l—b:c) dx



input

output

rule 26

rule 3042
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3.5.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
26, 4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ coth(a + bx) iz

2

l 3042

dx

2

| 26

/ 7tan (ia + ibx + g)

tan (1(2i ib
—i/ an (5( m—|2-7r)+z x)dx
x
| 4222
.t l _ _ . s
/2 an (5(—m 22za) me)dm
x
LInt [Coth[a + b*x]/x"2,x] J

$Aborted

N\

3.5.3.1 Defintions of rubi rules used

‘ Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
‘nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

e

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.5. f coth(a—l—b:c) d:l,‘

x2
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rule 4222 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)1"(n_.), x_Symbol]l :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - Ixf*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1) "n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQl[{c, d, e, £, m, n}, x] && Integ
erQ[n]

3.5.4 Maple [N/A] (verified)

Not integrable

Time = 0.05 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00
th (b
/ coth (bx + a) d

2

inputLint(coth(b*x+a)/x“2,X)

e

outputtint(coth(b*x+a)/x‘2,x)

A >

3.5.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ coth(a + bx) P

x2

/ coth (bz + a) s

T2

inputtintegrate(coth(b*x+a)/x‘2,x, algorithm="fricas")

-

outputtintegral(coth(b*x + a)/x"2, x)

-/

3.5. f coth(a+bx) dz

x2
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3.5.6 Sympy [N/A]
Not integrable

Time = 0.45 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

2 x2

/coth(a + bx) dp — / coth (a + bx) i

input Lintegrate (coth(b*x+a) /x**2,x)

output LIntegral(coth(a + b*x) /x*¥2, Xx)

3.5.7 Maxima [N/A]

Not integrable

Time = 0.32 (sec) , antiderivative size = 46, normalized size of antiderivative = 4.60

2 2

/coth(a + bx) dp — / coth (bx + a) i

input Lintegrate (coth(b*x+a)/x"2,x, algorithm="maxima")

output‘ -1/x - integrate(1/(x"2xe”(b*x + a) + x72), x) + integrate(1/(x"2*e~(b*x +
‘ a) - x72), x)

3.5.8 Giac [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ coth(a + bx) p

x2

/ coth (bx + a) da

T2

input Lintegrate (coth(b*x+a) /x"2,x, algorithm="giac")

output Lintegrate (coth(b*x + a)/x"2, x)

3.5. f coth(a+bx) dz

x2
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3.5.9 Mupad [N/A]

Not integrable

Time = 1.89 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

x2 xr2

/coth(a + bx) dr — / coth(a + bx) da

input‘ int (coth(a + b*x)/x"2,x)

output Lint(coth(a + b*x)/x"2, x)

3.5. f coth(a+bx) dz

x2
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3.6 [ 23 coth®(a + bz) dx

3.6.1 Optimalresult . .. ... ... . .. ... 72]
3.6.2 Mathematica [B] (verified) . . . . . ... ... L Lo 72
3.6.3 Rubi [C] (verified) . . ... ... . ... . ... . 73
3.6.4 Maple [B] (verified) . ... ... . ... ... 76
3.6.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. e
3.6.6 Sympy [F] . . . . . . (77
3.6.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 78
3.6.8 Giac [F] . . . . . 78
3.6.9 Mupad [F(-1)] . . . . o [78

3.6.1 Optimal result

Integrand size = 12, antiderivative size = 87

3 gt glcoth(a+bz) 3z%log (1 — e2e+to)
/x3coth2(a+bx)dx:_”%+%_x co éa $)+ g(b2 )
N 3z PolyLog (2, €2@+%)) 3 PolyLog (3, e(*+%))

b3 2b*

output‘—x‘3/b+1/4*x‘4—x‘3*coth(b*x+a)/b+3*x‘2*1n(1—exp(2*b*x+2*a))/b“2+3*x*polylo
‘g(2,exp(2*b*x+2*a))/b‘3—3/2*polylog(3,exp(2*b*x+2*a))/b‘4 ‘

3.6.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 222 vs. 2(87) = 174.

Time = 1.09 (sec) , antiderivative size = 222, normalized size of antiderivative = 2.55

74
/w3 coth?(a + bz) dx = T
e? (2632223 — 3b?(1 — e72*) 22 log (1 — e7*7*") — 3b?(1 — e72*) 22 log (1 4+ e727%) + 6b(1 — e™2*) z

L z3csch(a)csch(a + bx) sinh(bx)
b

input LIntegrate [x~3*Coth[a + b*x]~2,x] J

3.6.  [z®coth®(a+ bx)dz



output
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x74/4 - (E~(2*a)*((2%b~3*x73)/E~(2%a) - 3*b~2%(1 - E~(-2*a))*x"2*Log[1l - E
“(-a - bxx)] - 3*b"2x(1 - E~(-2*a))*x"2*Log[l + E"(-a - b*x)] + 6*%bx(1 - E
~(-2*a))*x*PolyLog[2, -E"(-a - b*x)] + 6*%b*x(1 - E~(-2*a))*x*PolyLog[2, E~(
-a - b*x)] + 6%(1 - E~(-2*a))#*PolyLog[3, -E"(-a - b*x)] + 6*(1 - E~(-2%a))
*PolyLog[3, E"(-a - b*x)]))/(b~4*(-1 + E~(2*a))) + (x"3*Csch[a]*Csch[a + b
*x]*Sinh [b*x]) /b

3.6.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.64 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.51,

_ _ number of rules _
number of steps used = 13, number of rules used = 12, integrand size 1.000, Rules

used = {3042, 25, 4203, 15, 26, 3042, 26, 4201, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z3 coth?(a + bx) dz
| 3042
2
/ —z3tan (ia + bz + g) dz
| 25
1 2
- /a:3 tan (2(2ia +7) + ibac> dx

l 4203

. . 2 h 3
_32fwc coth(a + bz)dx + /m3d:v _ z° coth(a + bz)
b b
| 15
3i [ iz? coth(a + bx)dz 3 coth(a + bx) 4 zt

b b 4

l 26

3 [ 2® coth(a + bx)dz 2 coth(a + bx) 4 zt

b b 1
l 3042

3.6.  [z®coth®(a+ bx)dz
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74

3f —iz? tan (ia + ibx + %) der 3 coth(a + bx) z*
b - b T

| 26

31 z? tan (1 (2ia + m) + ibz) dz _ z®coth(a + bx) N zt

>_-

b b 4
| 4201
2a+2bz i 3
(2’Lf 14e2at2bz fﬂ dx — %) I3 coth(a + b:v) N 24
b b 4
| 2620
. . w2 log(1+62a+2bz—i7r) fwlog(1+62a+2bz—i‘rr)d$ . 3
3 (2’< % - ) ) - %) a3 coth(a + bz)  z*
b b 4
| 3011
. [ PolyLo, 21_e2a+2bz—i7r dx x PolyLo 2,_e2a+2bz—i7r
m(m(ﬁ%méfmﬂﬂ_ s ); e )>_w>
B b
x3 coth(a + bx) 4 wj
b 4
| 2720
) fe_2a_2bm+i" PolyLog 2’_e2a+2ba:—i1r de2a+2bm—i7r z PolyLog 2,_E2a+2bm—iﬂ'
a b
x3 coth(a + bx) 4 aci
b 4
| 7143
. PolyLog 3,762a+2bz_i" z PolyLog 277620.—0—261:—1'#
— 5 —
x3 coth(a + bx) N xf‘*
b 4

input LInt [x"3*Coth[a + b*x]~2,x]

N J

3.6.  [z®coth®(a+ bx)dz
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Output‘x“4/4 - (x73xCoth[a + b*x])/b - ((3*I)*((-1/3*I)*x~3 + (2xI)*((x"2*Log[1 +
\ E~(2xa - I*Pi + 2xbxx)])/(2¥b) - (-1/2x(x*PolyLog[2, -E~(2*a - I*Pi + 2xb
‘*x)])/b + PolyLog[3, -E~(2%a - I*Pi + 2%b*x)]/(4*xb~2))/b)))/b

3.6.3.1 Defintions of rubi rules used

ruk315‘Int[(a_.)*(x_)‘(m_.), x_Symbol] :> Simp[a*x(x"(m + 1)/(m + 1)), x] /; FreeQl
‘{a, m}, x] && NeQ[m, -1]

-

rule 25

rule 26

rule 2620

rule 2720

rule 3011

rule 3042

N\

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a"2, 1]

Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*gkn*xLog[F]))*Log[1l + b*((F~(gx(e + f*x)))"n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

p

N\

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_.)*)I) " (a_)1*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(c*(a +
b*x)))~nl/(bkc*n*Log[F])), x] + Simp[g*(m/(b*ckn*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

3.6.  [z®coth®(a+ bx)dz



rule 4201

rule 4203
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Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x) " m*x(E~(2%x((-I)*e + fxfz*xx))/(1 + E~(2%x((-I)*e + fxfz*xx)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 7143

Int[((c_.) + (d_.)*(x_)) " (m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
0ol] :> Simp[b*(c + d*x) m*((b*xTan[e + f*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [bxd* (m/(f*x(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x]
,» x] - Simp[b”2 Int[(c + d*x) m*x(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

. 4 23 4a3 6 a2 6 polylog (3,e®*12) 6 polylog(3,—e®**2) 6 polylog(2,e®*t%)z | 3In(eb®t2+1
risch T T p@ermaoy) T e T T o - 5 3
inputLint(x‘B*coth(b*x+a)“2,x,method=_RETURNVERBOSE) J

output

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_.)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

3.6.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 197 vs. 2(83) = 166.

Time = 0.11 (sec) , antiderivative size = 198, normalized size of antiderivative = 2.28

method | result

1/4%x~4-2%x"3/b/ (exp (2*b*x+2*a)-1) +4/b~4*a~3+6*x/b~3*a~2-6/b~4*polylog(3,e
xp(b*x+a) )-6/b~4*polylog(3,-exp(b*x+a))+6/b"3*xpolylog(2,exp(b*x+a))*x+3/b”~
2x1n(exp (b*x+a)+1) *x~2+6/b~3*polylog(2,-exp(b*x+a) ) *x-2*x~3/b+3/b~2*1n(1-e
xp (b*x+a) ) *x~2-6/b"4*a~2*1n (exp (b*x+a) ) -3/b~4*1n(1-exp (b*x+a) ) *a~2+3/b"4*a
~2*1n(exp(b*x+a)-1)

3.6.  [z®coth®(a+ bx)dz
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3.6.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 632 vs. 2(82) = 164.

Time = 0.26 (sec) , antiderivative size = 632, normalized size of antiderivative = 7.26

/m3 coth®(a + bz) dx =
bizt — 8a® — (biz* — 8b32® — 8a) cosh (bz + a)® — 2 (b*z* — 8b32® — 84?) cosh (bz + a) sinh (bz + a

~—

inputLintegrate(x“S*coth(b*x+a)“2,x, algorithm="fricas")

output | -1/4%(b~4*x~4 - 8*a~3 - (b~4*x~4 - 8*b~3*x~3 - 8*a~3)*cosh(b*x + a)~2 - 2%
(b~4*x"4 - 8%b~3*x~3 - 8*a~3)*cosh(b*x + a)*sinh(b*x + a) - (b~4*x"4 - 8+%b
~3%x”3 - 8*a~3)*sinh(b*x + a)~2 - 24x*(b*x*cosh(b*x + a)~2 + 2*b*x*cosh(b*x
+ a)*sinh(b*x + a) + bxx*sinh(b*x + a)~2 - b*x)*dilog(cosh(b*x + a) + sin
h(b*xx + a)) - 24*(b*x*cosh(b*x + a)~2 + 2*bxx*cosh(b*x + a)*sinh(b*x + a)
+ b*x*sinh(b*x + a)~2 - b*x)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - 12x(b
~2*x~2*cosh(b*x + a)~2 + 2xb~2xx"2*cosh(b*x + a)*sinh(b*x + a) + b~2*x"2#*s
inh(b*x + a)~2 - b~2*x"2)*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 12*%(a"2
xcosh(b*x + a)~2 + 2#a”2*cosh(b*x + a)*sinh(b*x + a) + a"2*sinh(b*x + a)~2
- a”2)*log(cosh(b*x + a) + sinh(b*x + a) - 1) + 12x(b"2*x"2 - (b"2*x"2 -
a"2)*cosh(b*x + a)”2 - 2x(b~2*x"2 - a~2)*cosh(b*x + a)*sinh(b*x + a) - (b~
2*%x72 - a~2)*sinh(b*x + a)~2 - a~2)*log(-cosh(b*x + a) - sinh(b*x + a) + 1
) + 24x(cosh(b*x + a)~2 + 2*cosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)~2
- 1)*polylog(3, cosh(b*x + a) + sinh(b*x + a)) + 24*(cosh(b*x + a)~2 + 2%c
osh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)~2 - 1)*polylog(3, -cosh(b*x + a
) - sinh(b*x + a)))/(b"4*cosh(b*x + a)~2 + 2*b~4*cosh(b*x + a)*sinh(b*x +
a) + b74xsinh(b*x + a)~2 - b~4)

3.6.6 Sympy [F]

/ 7 coth?(a + bz) dr = / z® coth® (a + bz) dx

e A
integrate (x**3*coth (b*x+a)**2,x)

- J

input

output‘ Integral (x**3*coth(a + b*x)**2, x) ‘

3.6.  [z®coth®(a+ bx)dz
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3.6.7 Maxima [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.68

2 13 bx4e(2bx+2 a) _ b.’L‘4 _ 8.’L‘3
3 . 112 _
/x coth (a + bx) dz = b * 4 (be(2 br+2a) _ b)
N 3 (b*z?log (et 4+ 1) + 2bzLip (—e®*+®)) — 2 Liz(—elota)))
bt
| 3 (0P log (=€) + 1) + 2baLip (7+) — 2Lig e )
b

inputLintegrate(x‘3*coth(b*x+a)“2,x, algorithm="maxima")

OUtput | -2#x~3/b + 1/4*(bkx"4ke” (2+brx + 2%a) - bxx"4 - 8%x"3)/(bxe” (24bxx + 2%a)
- b) + 3x(b™2*x"2xlog(e”(b*x + a) + 1) + 2%bxx*dilog(-e~(b*x + a)) - 2xpol
'ylog(3, -e~(b*x + a)))/b™4 + 3x(b~2%x"2xlog(-e”(bxx + a) + 1) + 2¥bkxxdilo
‘g(e‘(b*x + a)) - 2xpolylog(3, e~ (bxx + a)))/b~4

3.6.8 Giac [F]

/x3 coth®(a + bx) dx = /x3 coth (bz + a)® dz

inputLintegrate(x*3*coth(b*x+a)“2,x, algorithm="giac")

output‘ integrate(x~3*coth(b*x + a)~2, x)

3.6.9 Mupad [F(-1)]
Timed out.

/xS coth®(a + bx) dx = /x3 coth(a + bz)* dz

input Lint(x‘s*coth(a + b*x)~2,x)

output Lint(x‘B*coth(a + b*x)"2, x)

3.6.  [z®coth®(a+ bx)dz
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3.7 [ x? coth®*(a + bz) dx

3.71 Optimalresult . . . . .. ... . .. . 79]
3.7.2 Mathematica [A] (verified) . . . . . .. ... ... Lo oL 79
3.7.3 Rubi [C] (verified) . . ... ... . ... ... R0
3.7.4 Maple [B] (verified) . . . ... ... ... ’2
3.7.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... . ]R3
3.7.6  Sympy [F] . . . . . 34
3.7.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... k!
3.7.8 Giac [F] . . . o !
3.79 Mupad [F(-1)] . . . . o 85

3.7.1

Optimal result

Integrand size = 12, antiderivative size = 65

z? x> z%coth(a + bx)

/wz cothz(a + bz) dz = - 4 3

N 2z log (1 — e(a+to))

b

N PolyLog (2, e2(+))

b2

b3

output ‘ -X"2/b+1/3*x~3-x"2*coth (b*x+a) /b+2*x*1n(1-exp (2*xb*x+2*a) ) /b~ 2+polylog(2,ex
Lp(2*b*x+2*a))/b”3

3.7.2

Mathematica [A] (verified)

Time = 1.58 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.80

/x2 coth?(a + bzx) dz = —

2 PolyLog (2, —e‘“‘bz) 2 PolyLog (2, e‘“‘b”)

b3
1 6z

b3

6log (1 — e‘“_b’”) N 6log (1 + e‘“‘bx)

1 2
+3x<b—be2“ +z° +

b? b2

n 3zcsch(a)csch(a + bz) sinh(bz)

b

)

input ‘ Integrate[x"2*Coth[a + b*x]~2,x]

3.7.

[ z? coth®(a + bx) dz
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output‘ (-2%PolyLog[2, -E~(-a - b*x)])/b~3 - (2*PolyLogl[2, E~(-a - b*x)])/b"3 + (x ‘
‘*((G*X)/(b - b*E~(2%a)) + x~2 + (6xLog[1 - E"(-a - b*x)])/b~2 + (6*Logl[l + \
\ E~(-a - b*x)])/b~2 + (3*x*Csch[al*Csch[a + b¥x]*Sinh[b*x])/b))/3 \

3.7.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.47 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.48, number

of steps used = 12, number of rules used = 11, number of rules _ 0.917, Rules used =
integrand size

{3042, 25, 4203, 15, 26, 3042, 26, 4201, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/:v2 coth?(a + bx) dx
| 3042
2
/ —2? tan (ia + bz + g) dz
| 25
1 2
— /m2 tan (2(21'(1 + )+ ibac> dz

l 4203

2 . . h 2
_ 2i [ iz coth(a + bz)dzr 4 /:c2dx _ x”coth(a + bz)
b b
| 15
2i [izcoth(a + bz)dz  z%coth(a +bx) 3
B b - b ME

l 26

2 [ zcoth(a + bx)dxr  z?coth(a + bx) 3
b B b T3

l 3042

2 [ —iztan (ia +ibz + 5)dz  2?coth(a+bx) 23
b - b T3

| 26

3.7.  [z?coth®(a + bx) dz
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_ 2i [ztan (3(2ia + m) + ibz) dz 22 coth(a + bx) N z3

b - b 3
| 4201
2a+2b:v T .2
(2Zf 1fe2at2bz— Trezataha—iz AT — %) _ 72 coth(a + bz) . :Li,
b b 3
| 2620
. . xlog(1+e2a+26z—i7r) flog(1+62a+2b:v—i7r)dz iz?
_2’ (2Z< % - % ) - T) __ z”coth(a + bz) N z?
b b 3
| 2115
. . wlog(1+e2“+2bz—i”) fe—2a—2bz+i7r log(1+62u+2bz—i1r)de2a+2bz—i7r 2
_22(2’1:( 20 - 452 > - T) _.’L'2 coth(a+bx) 3
b
| 2838
PolyLog(2,—e?at2bz—im)  glog(14e2at2ba—im) 2
21 (2 ( 452 + 2% ) - %) $2 coth(a + b.’I}) .’L'3
B b - b T3

3

input LInt [x~2xCoth[a + b*x]~2,x]

output x°3/3 - (x"2*Cothla + b¥x])/b - ((2D)*((-1/2*D)*x"2 + (2¥D*((xxLog[1 + E
\“(2*a - IxPi + 2xb*x)])/(2%b) + PolyLog[2, -E~(2*a - I*Pi + 2%b*x)]/(4*b~2
DN /b

3.7.3.1 Defintions of rubi rules used

rule 15 ‘(Int[(a_.)*(x_)‘(m_.), x_Symbol] :> Simp[a*x(x"(m + 1)/(m + 1)), x] /; FreeQl
{a, m}, x] && NeQ[m, -1

~

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

rule 26 ‘ Int [(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al]) I
‘nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

/)

3.7.  [z?coth®(a + bx) dz



rule 2620

rule 2715

rule 2838

rule 3042

rule 4201

rule 4203
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Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*gkn*xLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x) " m*x(E~(2%x((-I)*e + fxfz*xx))/(1 + E~(2%x((-I)*e + fxfz*xx)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*((b*xTan[e + f*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [bxd* (m/ (£x(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x]
, Xx] - Simp[b~™2 Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

3.7.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 155 vs. 2(63) = 126.

Time = 0.12 (sec) , antiderivative size = 156, normalized size of antiderivative = 2.40

method | result

z3 222 222 daz 2a2 2Iln (ebz+a+1)m

2polylog(2,—ebz+“) + 2ln(1—ebz+“)m

2 ln(l—eb“’“:

risch 3 T ble®erzaci) T b b2 B 5 + b

b2

b3

3.7.  [z?coth®(a + bx) dz



CHAPTER 3. LISTING OF INTEGRALS 83

input‘int(x”2*coth(b*x+a)”2,x,method=_RETURNVERBOSE) ‘

output(1/3*x‘3-2*x“2/b/(exp(2*b*x+2*a)-1)-2*x“2/b-4*a*x/b“2-2/b“3*a“2+2/b“2*1n(ex
‘p(b*x+a)+1)*x+2/b‘3*polylog(2,—exp(b*x+a))+2/b‘2*ln(1-exp(b*x+a))*x+2/b“3*
‘1n(1-exp(b*x+a))*a+2/b‘3*polylog(2,exp(b*x+a))-2/b‘3*a*ln(exp(b*x+a)-1)+4/
Lb‘3*a*ln(exp(b*x+a))

|

3.7.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 453 vs. 2(62) = 124.

Time = 0.26 (sec) , antiderivative size = 453, normalized size of antiderivative = 6.97

/ z? coth®(a + bz) dz =
B33 — (bPz3 — 66222 + 6a?) cosh (b + a)® — 2 (323 — 66222 + 6 a2) cosh (bx + a) sinh (bz + a) — (b?:

inputLintegrate(x“2*coth(b*x+a)“2,x, algorithm="fricas")

~—

output | -1/3*(b"3*x"3 - (b"3%x"3 - 6*b"2*x"2 + 6*a”2)*cosh(b*x + a)~2 - 2*x(b~3*x~3
- 6*%b"2*x"2 + 6*%a~2)*cosh(b*x + a)*sinh(b*x + a) - (b~3*x"3 - 6%¥b~2%x"2 +
6*xa~2)*sinh(b*x + a)~2 + 6%a”~2 - 6x(cosh(b*x + a)~2 + 2xcosh(b*x + a)*sin
h(b*x + a) + sinh(b*x + a)”~2 - 1)*dilog(cosh(b*x + a) + sinh(b*x + a)) - 6
*(cosh(bxx + a)~2 + 2*cosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)~2 - 1)*d
ilog(-cosh(b*x + a) - sinh(b*x + a)) - 6*(b*x*cosh(b*x + a)~2 + 2xb*x*cosh
(b*x + a)*sinh(b*x + a) + b*x*sinh(b*x + a)~2 - b*x)*log(cosh(b*x + a) + s
inh(b*x + a) + 1) + 6*x(a*cosh(b*x + a)~2 + 2*axcosh(b*x + a)*sinh(b*x + a)
+ a*sinh(b*x + a)~2 - a)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - 6*%((b*x
+ a)*cosh(b*x + a)~2 + 2x(b*x + a)*cosh(b*x + a)*sinh(b*x + a) + (b*x + a
)*sinh(b*x + a)~2 - b*x - a)*log(-cosh(b*x + a) - sinh(b*x + a) + 1))/(b"3
xcosh(b*x + a)~2 + 2+b~3*cosh(b*x + a)*sinh(b*x + a) + b~3*sinh(b*x + a)~2
- b73)

3.7.  [z?coth®(a + bx) dz
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3.7.6 Sympy [F]

/352 coth?(a + bz) dz = /a:2 coth® (a + bz) dx

inputLintegrate(x**2*coth(b*x+a)**2,x)

output LIntegral(x**Z*coth(a + bxx)**2, x)

3.7.7 Maxima [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.66

2 2 _ _2302 brde(bzt2a) _ py3 _ 6 12
/ @ coth™(a + bz)do = === + 3 (be@ba+2a) _p)
2 (bzlog (e + 1) 4 Lig(—e®o+9))
+ 73
2 (bz log (—e®9) 4 1) 4 Liy (el=+9)))
+ 73

inputLintegrate(x“2*coth(b*x+a)“2,x, algorithm="maxima")

output‘ -2xx"2/b + 1/3*(b*x"3*e” (2%b*x + 2*a) - b*x"3 - 6*x"2)/(b*e” (2*b*x + 2%*a)
‘— b) + 2x(b*x*log(e~(b*x + a) + 1) + dilog(-e~(b*x + a)))/b~3 + 2*(b*x*log
\(-e*(b*x +a) + 1) + dilog(e~(b*x + a)))/b~3

3.7.8 Giac [F]

/m2 coth?(a + bz) dx = /m2 coth (bz + a)® dz

inputLintegrate(x‘2*coth(b*x+a)“2,x, algorithm="giac")

output Lintegrate(x“Q*coth(b*x + a)”2, x)

3.7.  [z?coth®(a + bx) dz
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3.7.9 Mupad [F(-1)]
Timed out.

/x2 coth®(a + bx) dx = /x2 coth(a + bz)® dz

inputtint(x‘2*coth(a + b*x)~2,x)

output Lint(x‘2*coth(a + b*x)"2, x)

3.7.  [z?coth®(a + bx) dz
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3.8 [ x coth®(a + bx) dz

3.8.1 Optimalresult . .. ... ... .. ... 80

3.8.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 36
3.8.3 Rubi [C] (verified) . . . . . ... . ... ¥
3.84 Maple [A] (verified) . . . ... ... ... ]9
3.8.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... ]9
3.8.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... )
3.8.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 90
3.8.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... OTl
3.8.9 Mupad [B] (verification not implemented) . . ... ... ... ... .. ..., OT]

3.8.1 Optimal result

Integrand size = 10, antiderivative size = 31

2 .
/wcothQ(a +bz) do = % _ xcoth(: + bx) N log(smhb(2a + bx))

-

output Li/ 2%x~2-x*coth(b*x+a) /b+1n(sinh(b*x+a))/b~2

~—

3.8.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.48

/x coth®(a + bx) dz
_ b%x? — 2bx coth(a) + 2log(sinh(a + bx)) + 2bxcsch(a)csch(a + bx) sinh(bx)
B 22
input LIntegrate [x*Coth[a + b*x]~2,x] J

output | (b~2#x~2 - 2*b*x*Coth[a] + 2*Log[Sinh[a + bxx]] + 2xb*x*Csch[al#Cschla + b |
‘*x]*Sinh[b*x])/(2*b“2) \

3.8.  [zcoth’(a+ bx)dx
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3.8.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.26 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.13, number
of steps used = 8, number of rules used = 8, Bumber of rules _ , g5 Ryles used = {3042,

integrand size
25, 4203, 15, 26, 3042, 26, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z coth?(a + bz) dz
l 3042
. . T2
/—wtan (za + ibx + 5) dx
l 25
1 2
—/mtan <2(2ia+7r) +ibx> dx

l 4203

i [icoth(a + bx)dz N /:cdx _ zcoth(a + bx)
b b
| 15
i [icoth(a+bz)dr xcoth(a+bz) 22
B b T T

| 26

[ coth(a + bz)dz  zcoth(a+bz) z?
b - b 2

l 3042

[ —itan (ia +ibz + ) dz _ zcoth(a + bz) + z?
b b 2
| 26
i [tan (3(2ia+7) +ibz)dx  zcoth(a+bx) 22
- - +
b b 2
| 3956

log(—isinh(a +bz)) =z coth(a + bz) + z?

b2 b 2

3.8.  [zcoth’(a+ bx)dx
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inputLInt[x*Coth[a + b*x]~2,x]

outputtx“2/2 - (x*Coth[a + b*x])/b + Log[(-I)*Sinh[a + b*x]]/b"2

3.8.3.1 Defintions of rubi rules used

ruk315‘Int[(a_.)*(x_)‘(m_.), x_Symbol] :> Simp[a*x(x"(m + 1)/(m + 1)), x] /; FreeQl
L{a, m}, x] && NeQ[m, -1]

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, x]

rule 4203 | Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tanl[(e_.) + (£f_.)*(x_)1)"(n_), x_Symb
0l] :> Simp[b*(c + d*x) m*((b*xTan[e + f*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [bxd* (m/ (£x(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

3.8.  [zcoth’(a+ bx)dx
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3.8.4 Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.74

method result size
. 2 2 2 2 In e2bw+2a_1)
risch 2on_k_ ol il 54
. —2In(1—tanh(bz+a)) tanh(bz+a)+2 In(tanh(bz+a)) tanh(bz+a)+xb(—2+ (bz—2) tanh(bz+a))
parallelrisch 552 tanh bz +a) 66
input int (x*coth(b*x+a)“2,x,method=_RETURNVERBOSE) J

-

output L1/2*x‘2—2*x/b—2*a/b‘2—2*x/b/ (exp (2*b*x+2%a)-1)+1/b~2*1n (exp (2*b*x+2*a)-1)

—J/

3.8.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 189 vs. 2(29) = 58.

Time = 0.26 (sec) , antiderivative size = 189, normalized size of antiderivative = 6.10

/x coth®(a + bz) dz =

b2z? — (b2x? — 4bx) cosh (bx + a)® — 2 (%22 — 4 bx) cosh (bz + a) sinh (bz + a) — (b2z? — 4 bz) sinh (b
2 (b2 cosh (bz + a)® + 2b2 cosh (bz +

inputtintegrate(x*coth(b*x+a)‘2,x, algorithm="fricas") J

output | -1/2%(b"2*xx"2 - (b"2*x"2 - 4xb*x)*cosh(b*x + a)~2 - 2*x(b"2*x"2 - 4%*b*x)*co
sh(b*x + a)*sinh(b*x + a) - (b7"2%x"2 - 4xb*x)*sinh(b*x + a)~2 - 2x(cosh(bx*
X + a)”2 + 2xcosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)~2 - 1)*log(2*sinh
(bxx + a)/(cosh(b*x + a) - sinh(b*x + a))))/(b~2*cosh(b*x + a)~2 + 2*b~2*c
osh(b*x + a)*sinh(b*x + a) + b"2*sinh(b*x + a)~2 - b~2)

3.8.  [zcoth’(a+ bx)dx
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3.8.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 190 vs. 2(26) = 52.

Time = 0.68 (sec) , antiderivative size = 190, normalized size of antiderivative = 6.13

/ z coth®(a + bz) dx
(22 coth? (a) .
L oot o) forb=0
_—bx _—bz _o—bx 2 2 _—bz
- __zlog (—eb2) cothz (bz-+log (—e~"7)) _ log (—e=b=) cot};bz(bx-l—log (—e=?7)) for a — IOg (_e_bz>
- 1 —bx h2 b. 1 —bx 1 —bx)2 h2 b. 1 —bx _
__zlog (e”®) cot b( z+log (e7°))  log (e~b*) cot2b2( z+log (e~0%)) fora — lOg (6 bx)
z? z z log (tanh (a+bz)+1) log (tanh (a+bz)) .
L2 + b~ btanh (atbx) b2 + b2 otherwise

input | integrate (x*coth(b*x+a)**2,x)

output | Piecewise ((x**2xcoth(a)**2/2, Eq(b, 0)), (-x*log(-exp(-b*x))*coth(b*x + lo
g(-exp(-b*x)))**2/b - log(-exp(-b*x))**2*coth(b*x + log(-exp(-b*x)))**2/(2
*b**x2) , Eq(a, log(-exp(-b*x)))), (-x*log(exp(-b*x))*coth(b*x + log(exp(-b*
x)))**x2/b - log(exp(-b*x))**2*coth(b*x + log(exp(-b*x)))**2/(2*b*x*2), Eq(a
, log(exp(-b*x)))), (x**2/2 + x/b - x/(b*xtanh(a + b*x)) - log(tanh(a + b*x
) + 1)/b**2 + log(tanh(a + b*x))/b**2, True))

3.8.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 115 vs. 2(29) = 58.

Time = 0.23 (sec) , antiderivative size = 115, normalized size of antiderivative = 3.71

5 1‘6(2 bz+2a) bx2 — (b.’l)2€(2a) _ 2w6(2a)>e(2bx)
/xcoth (a+bz)dz = " pe@bzt2a) _p 2 (bebet2a) _ p)
log ((e®+9 +1)e=9))  log ((e®=+®) — 1)el=%)
" b2 * b2

inputLintegrate(x*coth(b*x+a)‘2,x, algorithm="maxima")

output‘ —x*e” (2*%b*x + 2+%a)/(bxe”(2%b*x + 2%a) - b) - 1/2%(b*x"2 - (b*x"2%e”~(2*a) -
‘ 2*x*e” (2%a)) xe” (2xb*x) ) / (b*e~ (2*%b*x + 2*a) - b) + log((e~(bxx + a) + 1)*e
“(-2))/b72 + log((e”(b*x + a) - 1)*e~(-a))/b"2

-/

3.8.  [zcoth’(a+ bx)dx
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3.8.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 98 vs. 2(29) = 58.

Time = 0.29 (sec) , antiderivative size = 98, normalized size of antiderivative = 3.16

/w coth®(a + bx) dz

B b2x2e(2bz+2a) — b2 — 4bxe(2bz+2a) + 26(2bz+2a) log (e(2bz+2a) _ 1) -9 log (e(2bm+2a) _

1

2 (b2e(2 bz+2a) _ b2)

input Lintegrate (x*coth(b*x+a)~2,x, algorithm="giac")

Output‘1/2*(b‘2*x‘2*e‘(2*b*x + 2%a) - b72*x"2 - 4xb*xxe” (2%bxx + 2*a) + 2*xe” (2xbx*
‘x + 2+a)*log(e” (2#b*x + 2*a) - 1) - 2+log(e”(2xbxx + 2¥a) - 1))/(b"2xe” (2%
‘b*x + 2%a) - b~2)

3.8.9 Mupad [B] (verification not implemented)

Time = 1.89 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.55

In (e??e?*® —1) 22 g? 2
h? = T T
/xmt(a+MﬁM B2 b4_2 b (e2a+2be _ 1)

input‘ int(x*coth(a + b*x)~2,x)

output‘ log(exp(2*a)*exp(2*b*x) - 1)/b~2 - (2*x)/b + x72/2 - (2*x)/(b*(exp(2*a + 2
¥bxx) - 1))

3.8.  [zcoth’(a+ bx)dx
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3.9 f coth? (a+bzx) dx

T
39.1 Optimalresult . .. ... .. ... ... ... 92
3.9.2 Mathematica [N/A] . . . . ... . 92
3.9.3 Rubi [N/A] . . . . . 93
3.9.4 Maple [N/A] (verified) . . . . .. . ... L 94
3.9.5 Fricas [N/A] . . . . . 94
3.9.6 Sympy [N/A] . . . . 95
3.9.7 Maxima [N/A] . . . . . . e 95
3.9.8 Giac [N/A] . . . . o 951
3.99 Mupad [N/A] . ..o 96

3.9.1 Optimal result

Integrand size = 12, antiderivative size = 12

T T

2 2
/ coth”(a + bx) dz — Int (coth (a + bx) , z)

output LUnintegrable (coth(b*x+a) ~2/x,x)

3.9.2 Mathematica [N/A]
Not integrable

Time = 25.94 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/coth (Z+bx) dr — / coth (;L+ bx) i

input

Integrate[Coth[a + b*x]~2/x,x]

N J

output LIntegrate [Coth[a + b*x]~2/x, x] J

3.0. f coth?(a+bx) dr

T




input

output

rule 25

rule 3042

CHAPTER 3. LISTING OF INTEGRALS 93

3.9.3 Rubi [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
25, 4222)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ coth?(a + bx) iz

x
l 3042
. 2
t b T
/_ an (ia + bz + §) i
x
l 25
t 1 2 b 2
_/ an (3(2ia + ) + ibz) s
x
l 4222
tan? (1 (-7 — 2ia) — ib
/_ an® (5(—m — 2ia) — i w)dx
x
.
LInt [Coth[a + b*x]~2/x,x] J
$Aborted
3.9.3.1 Defintions of rubi rules used
LInt [-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x], x] J

‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
LQ[u, x] J

3.9. f COth2(d+b$) dx

T
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rule 4222 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)1"(n_.), x_Symbol]l :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - Ixf*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1) "n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQl[{c, d, e, £, m, n}, x] && Integ
erQ[n]

3.9.4 Maple [N/A] (verified)

Not integrable

Time = 0.04 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ coth (bz + a)’ i

T

-

inputLint(coth(b*x+a)*2/x,x)

-/

output Lint (coth(b*x+a)~2/x,x)

-/

3.9.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/coth (Z+bx) dr — / coth (b;H—a) i

input  integrate(coth(b*x+a)~2/x,x, algorithm="fricas")

N

output‘integral(coth(b*x + a)~2/x, x)

3.0. f coth?(a+bx) dr

T
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3.9.6 Sympy [N/A]
Not integrable

Time = 0.52 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

2 2
/coth (Z—i-bx) dp — / coth (Z+bx) s

inputLintegrate(coth(b*x+a)**2/x,x)

-

output tIntegral(coth(a + bxx)**2/x, x)

e—

3.9.7 Maxima [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 69, normalized size of antiderivative = 5.75

i
T T

2 2
/ coth®(a + bx) dr = / coth (bx + a) p

inputLintegrate(coth(b*x+a)”2/x,x, algorithm="maxima")

output‘-2/(b*x*e“(2*b*x + 2%a) - b*x) + integrate(1l/(b*x~2%e”(b*x + a) + bxx"2),
‘x) - integrate(1/(b*x~2*e~(b*x + a) - b*x"2), x) + log(x)

3.9.8 Giac [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/ coth®(a + bx) dr — / coth (bx + a) s

T T

inputLintegrate(coth(b*x+a)‘2/x,x, algorithm="giac")

output Lintegrate(coth(b*x + a)~2/x, x)

3.0. f coth?(a+bx) dr

T
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3.9.9 Mupad [N/A]

Not integrable

Time = 1.91 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

T T

/ coth?(a + bx) dp — / coth(a + bz)? i

input tint (coth(a + b*x)~2/x,x%)

outputLint(coth(a + b*x)"2/x, %)

3.0. f coth?(a+bx) dr

T
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3.10 f coth?(a+bz) dz

72
3.10.1 Optimal result . . . . . . . . . . . . e 97
3.10.2 Mathematica [N/A] . . . . . . . . 9T
3.10.3 Rubi [N/A] . . . . 98]
3.10.4 Maple [N/A] (verified) . . . . . . ... .. L 99
3.10.5 Fricas [N/A] . . . . o 99
3.10.6 Sympy [N/A] . . . . 100
3.10.7 Maxima [N/A] . . . . . . e 100
310.8 Giac [N/A] . . . . o 00
3.10.9 Mupad [N/A] . . . o 101
3.10.1 Optimal result
Integrand size = 12, antiderivative size = 12
2 2
/ coth (a2+ bx) iz — Tot (coth (c12+ bx) , z)
x x

output LUnintegrable (coth(b*x+a) ~2/x72,x) J
3.10.2 Mathematica [N/A]
Not integrable
Time = 25.75 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/coth (a2+ bz) dr — / coth (a2+ bx) i
x x
input | Integrate[Coth[a + b*x]~2/x72,x]
output LIntegrate [Coth[a + b*x]~2/x"2, x] J

3.10. [ cothiletba) gy

2




input

output

rule 25

rule 3042
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3.10.3 Rubi [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
25, 4222)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ coth?(a + bx) iz

72
l 3042
tan (ia + ibz + %)2
/ — 5 dx
X
l 25
tan (1(2ia + m) + ib:v)2
— / 5 dz
X
l 4222
t 2 l _ _ 2. _ .
/_ an? (5(—m : ia) zba:)dx
X
.
LInt[Coth[a + bxx]~2/x"2,x] J
$Aborted
3.10.3.1 Defintions of rubi rules used
LInt [-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x], x] J

‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
LQ[u, x] J

3.10. [ cothiletba) gy

2
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rule 4222 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)1"(n_.), x_Symbol]l :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - Ixf*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1) "n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQl[{c, d, e, £, m, n}, x] && Integ
erQ[n]

3.10.4 Maple [N/A] (verified)

Not integrable

Time = 0.05 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ coth (bz + a)’ i

2

-

inputLint(coth(b*x+a)‘2/x‘2,x)

-/

outputLint(coth(b*x+a)‘2/x‘2,x)

-/

3.10.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/coth (a+ bx) dp — / coth (bz + a) i

x2 x2

input integrate(coth(b*x+a)~2/x"2,x, algorithm="fricas")

N

output‘integral(coth(b*x + a)72/x72, x)

3.10. [ cothiletba) gy

2
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3.10.6 Sympy [N/A]
Not integrable

Time = 0.49 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

2 2
/coth (a2+ bx) p /coth (c;+bx) i
T z

inputLintegrate(coth(b*x+a)**2/x**2,x)

output tIntegral(coth(a + bxx)**2/x**2, x)

3.10.7 Maxima [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 91, normalized size of antiderivative = 7.58

2 2
/ coth®(a + bx) p / coth (bx + a) s

xr2 T2

inputLintegrate(coth(b*x+a)”2/x“2,x, algorithm="maxima")

output‘ - (b*x*e” (2xb*x + 2%a) - bxx + 2)/(b*x"2xe” (2*%b*x + 2%a) - bxx~2) + 2*integ
‘rate(l/(b*x“B*e‘(b*x + a) + b*x73), x) - 2+integrate(1l/(b*x"3xe”(b*x + a)
‘— b*x~3), x)

3.10.8 Giac [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/ coth®(a + bx) dr — / coth (bx + a) i

x2 2

inputLintegrate(coth(b*x+a)‘2/x“2,x, algorithm="giac")

output Lintegrate(coth(b*x + a)~2/x72, x)

3.10. [ cothiletba) gy

2
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3.10.9 Mupad [N/A]

Not integrable

Time = 1.86 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

x2 2

/ coth?(a + bx) dp — / coth(a + bz)? i

inputtint(coth(a + b*x)"2/x72,%)

outputLint(coth(a + b*x)"2/x"2, x)

3.10. [ cothiletba) gy

2
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3.11 [ 23 coth®(a + bx) dz

3.11.1 Optimalresult . . . . . . .. . ... 102l
3.11.2 Mathematica [B] (verified) . . . . . . .. ... ... L Lo oL 102
3.11.3 Rubi [C] (verified) . . ... ... ... . . 103
3.11.4 Maple [B] (verified) . .. . ... ... . ... 109
3.11.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 1101
3.11.6 Sympy [F] . . . . . 110
3.11.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 111
3.11.8 Giac [F] . . . o o 111
3.11.9 Mupad [F(-1)] . . . . o o 1121

3.11.1 Optimal result

Integrand size = 12, antiderivative size = 179

> .3 .4 2 3 ot h2
/xS coth®(a + bz) dz = _?;% + % B a:z 3z cot;b(za +bz) coth2§)a + bx)
3zlog (1 — eetb2))  z3]og (1 — e2(atba)
| o1 et g1 )
3PolyLog (2, e2@+*))  3z? PolyLog (2, e2(*%))
2b* 202
_ 3z PolyLog (3, e2latba)) N 3 PolyLog (4, e*(atto))
2b3 4b4

e N

-3/2*x"2/b"2+1/2*x"3/b-1/4%x"4-3/2*x" 2*coth(b*x+a) /b~2-1/2*x"3*coth (b*x+a)
| ~2/b+3%x*1n(1-exp (2+b*x+2%a)) /b~3+x~3*1n(1-exp (2¥bxx+2%a)) /b+3/2%polylog (2
,exp (2x¥bxx+2%a) ) /b~4+3/2*x~2xpolylog (2, exp (2*¥b*x+2*a) ) /b~2-3/2*x*polylog(3
,exp (2x¥bxx+2%a) ) /b~3+3/4*polylog(4,exp (2xb*x+2%a)) /b4

N\ J

output

3.11.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 422 vs. 2(179) = 358.

3.11.  [x®coth®(a+ bz)dz
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Time = 3.71 (sec) , antiderivative size = 422, normalized size of antiderivative = 2.36

2x3csch?(a + bx)
b

2% (6b%e~ 222 + ble 2%zt — 6b(1 — e72*) zlog (1 — e7*7b%) — 2b%e2%(—1 + %) 23 log (1 — e7*7*) -

/m3 coth®(a + bz) dx = }1 <x4 coth(a) —

6z2csch(a)csch(a + bz) sinh(bx))
+ ®)

-

input LIntegrate [x~3*%Coth[a + b*x]~3,x] J

output | (x~4*Coth[a] - (2*x~3*Csch[a + b*x]~2)/b - (2*E~(2*a)*((6*%b~2*x~2)/E~(2*a)

+ (b"4xx74) /E~(2%a) - 6*%bx(1 - E~(-2*a))*x*Log[l - E~(-a - b*x)] - (2*b~3
*(-1 + E~(2%a))*x"3*Log[l - E~(-a - b*x)])/E~(2%a) - 6%bx(1 - E~(-2%a))*x*
Log[l + E"(-a - bxx)] - (2%b"3*(-1 + E~(2%a))*x"3*Log[l + E~(-a - b*x)])/E
~(2xa) + 6x(1 - E~(-2*a))*PolyLog[2, -E~(-a - b*x)] + 6*%b~2x(1 - E~(-2*a))
*x~2%PolyLog[2, -E~(-a - b*x)] + 6x(1 - E~(-2*a))*PolyLog[2, E"(-a - b*x)]
+ 6%b"2%(1 - E~(-2%a))*x"2%PolyLog[2, E~(-a - b*x)] + 12xbx(1 - E~(-2*a))
*x*PolyLog[3, -E~(-a - b*x)] + 12%b*(1 - E~(-2%a))*x*PolyLogl[3, E~(-a - bx*
x)] + 12%(1 - E~(-2%a))*PolylLogl[4, -E~(-a - b*x)] + 12%(1 - E~(-2%a))*Poly
Logl[4, E"(-a - b*x)]))/(b"4*(-1 + E~(2*a))) + (6*x"2+Csch[al*Csch[a + bxx]
*Sinh [b*x])/b~2) /4

3.11.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.45 (sec) , antiderivative size = 266, normalized size of antiderivative = 1.49,

number of steps used = 24, number of rules used = 23, number of rules _ 1.917, Rules
integrand size

used = {3042, 26, 4203, 25, 26, 3042, 25, 26, 4201, 2620, 3011, 4203, 15, 26, 3042, 26, 4201,
2620, 2715, 2838, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ x3 coth3(a + bx) dz

l 3042

3.11.  [x®coth®(a+ bz)dz
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. 3 . . ™ 3
/z:c tan (za+sz+ 2) dx
l 2
1 3
z'/:c3tan <2(2ia+7r) +ibx> dz

l 4203

3i [ —2? coth?(a + bx)dz iz coth®(a + bx)
% * %

l 25
: 2 h2 . 3 2
i(— /m_;g coth(a + bz)dz — 3i [ z* cot 2b(a + bx)dzx 4 ix coth2£a + bx)>

l 26

i(— / iz coth(a + bz)dx +

i —{/m%wﬂma+b@dx—3’ﬂﬁcmh%“+b@dx+if%mh%a+b@
2b 2b
| 3042
3i [ —z?tan (ia+ibz + T)’dz 23 coth?
i(—i/—ix3tan (ia+ibm+g) e — i [ —z*tan (ng—l-z c+ %) dz L@ coth2l§a+ba:)>

l 25

3i [ 22 tan (L(2i ibr)’dz i3 coth?
) —i/—ix?’tan (ia+ibx+z> dr + i) o tan (5 (ia + ) + ibo) x+zx coth’(a + be)
2 2b 2b
l 2

3i [x?tan (%(26 b 2 dr i3 coth?
i(‘/w?’tan <;(2ia+ﬂ')+ibx> i 4. S0 @ tan (5(26a + ) +ibe)"de iz coth (a+bm)>

2b 2b
| 4201
Y 62““””_“93:"’ o + 3i [ z?tan (3(2ia + ) + ibx)2 dz N iz® coth?(a + bx) N i’
14+ e2a+2bx—z7r 2b 20 4
| 2620
_ <3i [ 2 tan (3(2ia + ) + z'ba:)2 dz o; <z3 log (1 4 e?et2b=im) 3 [z2]og (1 + e2a+2ba—im) dz) N ix3 coth?
i -2 —
2b 2b 2b 2

l 3011

3.11.  [x®coth®(a+ bz)dz
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-2

—2i

—24

—2

—2i

—2i

—24

$3 log (1 + 62a+2bx—

T

) 3 ( J z PolyLog(2,—e?e+2b2—im) 4y 22 PolyLog(
. _

2b

2 _62a+2bx7i7r) )
)

2b

I3 log (1 + 62a-|—2b;1:—

l 4203

T

2b

3i [ z? tan (3(2ia
+ 26

) 3 ( J z PolyLog(2,—e2e+2b2—im) 4y 22 PolyLog(
. _

2b

2 _62a+2ba:—i1'r) )
)

3 < 2i [iz cot?(a—i—bw)

2b

.,133 lOg (1 + 62a+26m—

| 15

T

2b

+

b

) 3(fzPolyLog(2,—e2“+2bw_i”)dz _

z2 PolyLog (2,—62"""2“_”) >

2b

. (24 [ iz coth(a+bx)
(2o

2b

m3 log (1 + 62a+2bx—

| 26

2b

+

T

b

) 3(facPolyLog(2,—@2‘”'2’””—1'")dac _

z2 PolyLog (2,—@2‘”'2”“”_”) )

2b

3 (_ 2 [z cothb(a—i-ba:

2b

I3 log (1 + 62a-|-2b;1:—

l 3042

J = PolyLog(2,—e2a+2bz—im) 4g

2b

+

m) 3( 5

22 PolyLog (2,—e2a+2bz—im) >

2b

3 (_ 2 [ —iz tan(i;z—}-

2b

z3log (1 + e?ot2bo—

| 26

J = PolyLog(2,—e2a+2bz—im) g _

2b

+

m) 3( 5

2b

z? PolyLog (2,—e2a+2b’”—i“) )

.(2i [ ztan(3(2ia+
Btz

2b

$3 lOg (1 + 62a+2bz—

l 4201

2b

+

2a+2bx—

"

3 ( J z PolyLog(2,—e?e+2b2—im) 4y 22 PolyLog(
. —

2b

2% <2i N i i
2’_e2a+2bz—i7r) ) 3Z (jwa-‘riba

2b

l 2620

2b

_|_

3.11.

[ z° coth®(a + bz) dz
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2 (2i (:v log(1+e%
| -
. J = PolyLog(2,—e2e+2b2—im) gy g2 PolyLog(2,—e2a+2bz—ir
] 3 log (1 + 62a+2bx—m) 3( ( 5 ) _ ( . )) N
1 7 5 o
l 2715
) = log(1+82a+2bw—i1r) I e—2a—2bz+im log(1+e2a+2bw—i7r>d62a+2bw—i7r in2
. 2i| 21 2b - 4b2 T2 22 coth(a-+b) 8
3 3 + b -3
3
z° log (1
i = g el
l 2838
0; <2i (PolyLog(2
3| -
. J= PolyLog(2,_e2a+2bw—i7r dx z2 PolyLog(2,_62a+2b1}—’i‘R)
) 0 3 log (1 + 62a+2ba:—m) 3( 5 ) _ - ) N
a— Z p—
’ 2 2
l 7163
= Po o _e2a+2ba:—'i7r o o _62a+2bm—i7r -
5 PolyL g(3, - )_.}"P lyL g(3, o )d 3 22 PolyLog(z’_e2a+2bm—i7r)
_ 3 log (1 + 62a+2bx—i7r) b 2b
1 7 5 %
l 2720
3.11.  [x®coth®(a+ bz)dz
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z polyLog(gy,eza-szz—‘iﬂ') [ e—2a—2batim PolyLog(3,7e2a+2bx—iw)d62a+2bz—i7r
3 2b _ . 462
] x3 log (1 + 62a+2bx—m)
1| —4t _
2b 2b
l 7143
z PolyLog 3’_e2a+2b:1:7i7r PolyLog 4,_e2a+2bm7i7r 4
3 ( 5 )b_ ( yTe ) _ 2 PolyLog(25262a+2bz—z7r)
] $3 log (1 + 62a+2bz—z7r)
1| —4t —

2b 2b

input Int[x~3*Coth[a + b*x]~3,x]

N\

output | Ix((I/4)*x"4 + ((I/2)*x"3*Coth[a + b*x]~2)/b + (((3*I)/2)*(-1/3*x"3 + (x72
*Coth[a + b*x])/b + ((2*xI)*((-1/2*I)*x"2 + (2*I)*((x*Logl[l + E~(2*a - I*Pi
+ 2xb*xx)])/(2%b) + PolyLog[2, -E~(2%a - IxPi + 2%b*x)]/(4%¥b~2))))/b))/b -
(2*I)*((x~3*Log[1 + E"(2%a - I*Pi + 2*b*x)])/(2%b) - (3*(-1/2%(x"2*PolyLo
gl2, -E~(2*%a - I*Pi + 2*b*x)])/b + ((x*PolyLogl[3, -E~(2%a - I*Pi + 2xb*x)]
)/(2%b) - PolyLogl[4, -E~(2%a - I*Pi + 2xb*x)]/(4%b~2))/b))/(2%b)))

3.11.3.1 Defintions of rubi rules used

rule 15‘Int[(a_.)*(x_)“(m_.), x_Symbol] :> Simp[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[
\{a, m}, x] && NeQ[m, -1]

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 26‘ Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
‘ nt[Fx, x], x] /; FreeQla, x] && EqQ[2"2, 1]

-—

3.11.  [x®coth®(a+ bz)dz
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rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*gkn*xLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

ruk32715/1nt[Log[(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 2838 Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx™n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3011 Int[Log[1l + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x_)))) " (n_.)1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/ (bxc*n¥Log[F1)), x] + Simp[g*(m/(b*c*n*LoglF1))  Int[(f + gxx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4201 Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x)"m*(E" (2% ((-I)*e + fxfz*xx))/(1 + E~(2%((-I)*e + f*xfz*x)))), x], xI]
/; FreeQ[{c, d, e, f, £z}, x] && IGtQ[m, O]

3.11.  [x®coth®(a+ bz)dz
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rule 4203 | Int [((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£f_.)*(x_)1)"(n_), x_Symb
ol] :> Simp[b*(c + d*x) m*((b*Tan[e + f*x])~(n - 1)/(f*(n - 1))), x] + (-Si
mp [b*d* (m/(f*(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + £*x])"(n - 1), x]
, x] - Simp[b~2 Int[(c + d*x) "mx(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

ruk37143/Int[PolyLog[n_, (c_)x((a_.) + (b_)*(x))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

rule 7163 Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(cx(a
+ b*x)))"pl/ (bxcxp*Log[F1)), x] - Simp[f*(m/(bxc*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLogln + 1, dx(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, O]

3.11.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 374 vs. 2(161) = 322.

Time = 0.17 (sec) , antiderivative size = 375, normalized size of antiderivative = 2.09

method | result

risch _3a* ozt a®lIn(eb*ta_1) 2a° In(ebo+2) . 6 polylog(3,e®*+4)z + 3 polylog(2,—e?®ta)z2 . 6 polylog(3,—eb*+2);
2b4 4 b4 bt b3 b2 b3
inputLint(x“B*coth(b*x+a)“3,x,method=_RETURNVERBOSE) J

output | -3/2/b~4*a"~4-1/4%x"4-1/b"4*a"3*1n(exp(b*x+a)-1)+2/b"4*a~3*1n(exp(b*x+a))-6
/b~3*polylog(3,exp (b*x+a))*x+3/b"2*polylog(2,-exp (b*x+a))*x~2-6/b~3*polylo
g(3,-exp(b*x+a)) *x-2/b"3%a"3*x-3/b"2%x"2-x"2% (2*exp (2*xb*x+2%a) ¥b*x+3*exp (2
*b*x+2%a)-3) /b~2/ (exp (2¥b*x+2%*a)-1) "2-3/b~4*a~2+3/b~4*polylog(2,-exp(b*x+a
))+6/b"4*xpolylog(4,-exp(b*x+a))+3/b~4*polylog(2,exp (b*x+a))+6/b~4*polylog(
4,exp(b*x+a))-6/b"3*a*x+3/b"2*polylog(2, exp (b*x+a) ) *x~2+3/b~3*1n(exp (b*x+a
)+1) *x+3/b~3*1n(1-exp (b*x+a) ) *x+1/b*1n(exp (bxx+a)+1) *x~3+1/b*1n(1-exp (b*x+
a))*x~3+1/b"4*1n(1-exp (b*x+a) ) *a~3+3/b~4*1n(1-exp (b*x+a))*a-3/b~4*ax1ln(exp
(b*x+a)-1)+6/b " 4*ax1n(exp (b*x+a))

3.11.  [x®coth®(a+ bz)dz
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3.11.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1985 vs. 2(159) = 318.

Time = 0.31 (sec) , antiderivative size = 1985, normalized size of antiderivative = 11.09

/ 23 coth®(a + bx) dr = Too large to display

e A
input | integrate (x~3*coth(b*x+a)~3,x, algorithm="fricas")

output | -1/4*%(b~4*xx~4 + (b~4*x"4 - 2*xa~4 + 12%b~2%xx~2 - 12%a~2)*cosh(b*x + a)~4 +
4x(b~4*x"4 - 2¥a”4 + 12%b"2%x"2 - 12*a~2)*cosh(b*x + a)*sinh(b*x + a)~3 +
(b™4xx~4 - 2*a~4 + 12+%b"2%x"2 - 12*a~2)*sinh(b*x + a)~4 - 2*xa~4 - 2x(b~4*x
~4 - 4xb"3%x"3 - 2*a~4 + 6*%b"2*xx"2 - 12*a~2)*cosh(b*x + a)~2 - 2x(b"4*x"4
- 4xb~3%x"3 - 2*a~4 + 6*b"2*xx"2 - 3% (b~4*x"4 - 2*xa~4 + 12*xb"2*x"2 - 12*a”2
Y*cosh(b*x + a)~2 - 12*¥a"2)*sinh(b*x + a)~2 - 12%a”2 - 12*x((b"2*x"2 + 1)*c
osh(b*x + a)~4 + 4x(b"2*x"2 + 1)*cosh(b*x + a)*sinh(b*x + a)~3 + (b"2*x"2
+ 1)*sinh(b*x + a)~4 + b™2*x"2 - 2% (b"2*%x"2 + 1)*cosh(b*x + a)~2 - 2% (b"2%
x~2 - 3*(b"2*x~2 + 1)*cosh(b*x + a)~2 + 1)*sinh(b*x + a)~2 + 4x((b™2%x"2 +
1)*cosh(b*x + a)~3 - (b™2*x"2 + 1)*cosh(b*x + a))*sinh(b*x + a) + 1)*dilo
g(cosh(b*x + a) + sinh(b*x + a)) - 12%((b"2%x"2 + 1)*cosh(b*x + a)~4 + 4x(
b~2%x"2 + 1)*cosh(b*x + a)*sinh(b*x + a)~3 + (b™2%x"2 + 1)*sinh(b*x + a)~4
+ b72*x"2 - 2% (b"2*x"2 + 1)*cosh(b*x + a)~2 - 2% (b"2*x"2 - 3*(b"2*%x"2 + 1
Y*xcosh(b*x + a)~2 + 1)*sinh(b*x + a)~2 + 4%((b"2%x"2 + 1)*cosh(b*x + a)~3
- (b"2*x"2 + 1)*cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(-cosh(b*x + a) - s
inh(b*x + a)) - 4*(b~3*x"3 + (b"3*x"3 + 3*b*x)*cosh(b*x + a)~4 + 4x(b~3*x~
3 + 3xb*x)*cosh(b*x + a)*sinh(b*x + a)~3 + (b~3*x"3 + 3*b*x)*sinh(b*x + a)
~4 - 2x(b~3*x"3 + 3*b*x)*cosh(b*x + a)~2 - 2x(b"3*x"3 - 3*(b"3*x"3 + 3*bx*x
)*xcosh(b*x + a)~2 + 3xbxx)*sinh(b*x + a)~2 + 3xbxx + 4*((b~3*x"3 + 3*b*x)*
cosh(b*x + a)~3 - (b~3*x"3 + 3*b*x)*cosh(b*x + a))*sinh(b*x + a))*log(c...

N J

3.11.6 Sympy [F]

/ z® coth®(a + bx) dx = / z® coth® (a + bz) dz

e A
integrate (x**3*coth (b*x+a)**3,x)

N J

input

output‘Integral(x**S*coth(a + b¥x)**3, x) ‘

3.11.  [x®coth®(a+ bz)dz
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3.11.7 Maxima [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 302, normalized size of antiderivative = 1.69

/ z® coth®(a + bx) dx
B b21346(4bz+4a) + b2.’E4 +12 1'2 -9 (b2$46(2a) + 4b$36(2a) + 6$26(2a))€(2bw) b4.’II4 + 6b2x2
- 4 (b2e(tba+ia) _ Qp2e(2but2a) 4 p2) - 2 b4
N b33 log (e®+9) + 1) + 3b2x?Liy (—e®+®)) — 6 brLiz(—e®*+?)) + 6 Liy(—e=+)
b
b33 log (—e®*t®) 4+ 1) + 3b2x%Lis (e®F)) — 6 baLiz(e®*+)) + 6 Liy(eb2+9)
b
3 (brlog (e®+ 4+ 1) + Lip(—e®+9)) 3 (bzlog (—e®+9) 4 1) + Liy (et2+9)))
* b - b

input‘integrate(x“3*coth(b*x+a)“3,x, algorithm="maxima")

output | 1/4% (b~ 2xx~4*e” (4*xbxx + 4%a) + b~ 2*%x"4 + 12*%x"2 - 2% (b~2*xx"4*xe”~(2*a) + 4x*b
*x"3xe” (2%a) + 6xx"2xe”(2%a))*e” (2%b*x))/(b"2*%e” (4*b*x + 4*a) - 2xb~2xe” (2
*b*x + 2*%a) + b72) - 1/2%x(b"4*x"4 + 6*%b~2%x"2)/b"4 + (b~ 3*x"3*log(e”(b*x +
a) + 1) + 3%b"2*x"2*dilog(-e~(b*x + a)) - 6*bxx*polylog(3, -e~(b*x + a))

+ 6*xpolylog(4, -e~(b*x + a)))/b~4 + (b~3*x"3*log(-e~(b*x + a) + 1) + 3*b~2
*x"2*%dilog(e~(b*x + a)) - 6%b*x*polylog(3, e~ (b*x + a)) + 6xpolylog(4, e~ (
bxx + a)))/b"4 + 3x(bxx*xlog(e~(b*x + a) + 1) + dilog(-e~(b*x + a)))/b"4 +

3% (b*x*log(-e~(bxx + a) + 1) + dilog(e”(b*x + a)))/b"4

3.11.8 Giac [F]

/x3 coth®(a + bzx) dx = /x3 coth (bz + a)® dz

inputLintegrate(x‘3*coth(b*x+a)“3,x, algorithm="giac")

-

output Lintegrate(x‘S*coth(b*x + a)73, x)

~—

3.11.  [x®coth®(a+ bz)dz
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3.11.9 Mupad [F(-1)]

Timed out.
/x3 coth®(a + bx) dx = /x3 coth(a + bz)® dz

inputtint(x‘3*coth(a + b*x)~3,x)

output Lint(x"S*coth(a + b*x)~3, x)

3.11.  [x®coth®(a+ bz)dz



CHAPTER 3. LISTING OF INTEGRALS 113

3.12 [ 2% coth®(a + bx) dz

3.12.1 Optimalresult . . . . . . . . . .. 113l
3.12.2 Mathematica [B] (verified) . . . . . . .. ... .. L Lo oL 113
3.12.3 Rubi [C] (verified) . . . . . . . ... .. 114
3.12.4 Maple [B] (verified) . . . ... . ... .. 118
3.12.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 119
3.12.6 Sympy [F] . . . . . 119
3.12.7 Maxima [B] (verification not implemented) . . . . . . .. ... .. ... ... 1201
3.12.8 Giac [F] . . . o o 120
3.12.9 Mupad [F(-1)] . . . . o o 121]

3.12.1 Optimal result

Integrand size = 12, antiderivative size = 114

2 3 2 2 2 _ 2(a+bx)
9 13 2?2 1° zcoth(a+bz) z2coth’(a+bz)  2’log(l—e )
/x coth (a+bx)dx_2—b—§_ 2 — 5 + -
log(sinh(a + bz)) z PolyLog (2,€%®*%*))  PolyLog (3, e2(@*%2))
+ B + B — ob3

output ‘ 1/2%x~2/b-1/3%x~3-x*coth(b*x+a) /b~2-1/2%x"2*coth (b*x+a) “2/b+x~2*1n(1-exp(2
‘ *b*x+2%a)) /b+1n(sinh(b*x+a)) /b~ 3+x*polylog(2, exp (2*b*x+2*a)) /b~2-1/2%polyl
og(3,exp(2xb*x+2*a)) /b3

N J

3.12.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 314 vs. 2(114) = 228.

Time = 3.54 (sec) , antiderivative size = 314, normalized size of antiderivative = 2.75

1 2 h2 b
/m2 coth®(a + bz) dx = §x3 coth(a) — Z~CsC 2(; + bx)

e?(6be™2"z + 6b(1 — e72%) z + 2b%e 2%z — 3b%e2%(—1 + €2*) 22 log (1 — e7*%) — 3b2e~2%(—1 + €**

zesch(a)cesch(a + bx) sinh(bx)
+ b2

3.12.  [z%coth®(a+ bz)dz



CHAPTER 3. LISTING OF INTEGRALS 114

input ‘ Integrate[x~2*Coth[a + b*x]~3,x]

output | (x~3*Coth[a]l)/3 - (x~2%Csch[a + b*x]~2)/(2%b) - (E~(2%a)*((6%b*x)/E~(2%a)

+ 6*%bx(1 - E7(-2%a))*x + (2%b”3*x"3)/E~(2#a) - (3*b~2x(-1 + E~(2%a))*x"2*L
ogl[l - E"(-a - b*x)])/E~(2%a) - (3*%b"2*(-1 + E~(2*a))*x"2xLog[1 + E~(-a -

b*x)])/E~(2%a) - 3*(1 - E~(-2%a))*Logl[l - E~(a + b*x)] - 3*x(1 - E~(-2%a))*
Logl[l + E~(a + b*x)] + 6xb*(1 - E~(-2xa))*x*PolyLogl[2, -E~(-a - b*x)] + 6%
bx(1 - E~(-2%a))*x*PolyLog[2, E~(-a - b*x)] + 6%(1 - E~(-2*a))*PolyLogl[3,

-E"(-a - b*x)] + 6%(1 - E~(-2%a))*PolyLog[3, E~(-a - b*x)]))/(3*b~3%(-1 +
E~(2*a))) + (x*Csch[al*Csch[a + b*x]*Sinh[b*x])/b~2

N\

3.12.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.95 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.47,
number of rules _ | 583, Rules

number of steps used = 20, number of rules used = 19, = :

integrand size
used = {3042, 26, 4203, 25, 26, 3042, 25, 26, 4201, 2620, 3011, 2720, 4203, 15, 26, 3042, 26,
3956, 7143}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z% coth®(a + bx) dz
| 3042
3
/i:c2 tan (ia + ibx + 5) dz
| 26
1 3
i/:c2 tan <2(2ia +7) + ibx> dx

l 4203

i [ —zcoth?(a + bz)dz | iz? coth?
i<—/im2coth(a+ba:)dx+zf T co b(a—i— z) z i cot 2;a+bm)>

l25

' th’(a + bz)dx  iz? coth?
i(—/iwzcoth(a+bx)dg;_waco £a+ x) O cot 2I§a+bx)>

3.12.  [z%coth®(a+ bz)dz
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i(—i / z? coth(a + bz)dz

l 26

i [xcoth?(a+bx)dz  iz?coth?(a + bx)
b 2b
| 3042

2b

. . , 2
—rt b ™\ d P2 2
i(—i/—ixztan<ia+ibx+g> dw—zf ° an(w;—z :r+2) m+w: coth (a+bx)>

S a2 . . m
z( z/ 1T tan(za+zbm+2)dx+ b

i(— /:v2 tan (;(Zia+ ) —I—ibw) dx + 2

62a+2bm—iﬂ'x2

14+ e2a+2bx—i7r

l 25

i [ ztan (3(2ia + ) + ibx)zdm

+ ix? coth?(a + bx)
2b

| 26

i [ztan (1(2ia+7) + ibx)zdm

4 iz? coth?(a + bx)
2b

l 4201

dx +

i [ ztan (3(2ia + ) + ibx)2 dz  iz?coth®(a+bz) ix3
b * 2 M)

l 2620

iz? coth?(a

i<—2i

( 22 log (1 + e2a+2bz—

) _ Jzlog (1 + e?at2be—im) d:r) N i [ ztan (1(2ia+ ) + ibx)z dx

2b b b 2b
| 3011
. _ 2a+2bx—im _ ,2a+2bx—iw
z?log (1 + e2at+2be—im) J PolyLog(2 " Jdo _ wPOlyLog(z’Qbe ) i [ztan ($(2ia + m) + ¢
1| —2¢ — +
2b b b
| 2720
) —2a—262+i1rp 1vL 2’_ 2a+2bx—im d 2a+2bx—1im PolvL 2,_ 2a+2bx—im .
(s, 22 log (1 + e2a+2ba—ir) B Je oly 0g(4b26’ )de _ @ PolyLog( - ) . i [ ot
2b b
| 4208
2 2 Qbz—i f e—2a—2bm+i7r PolyLog (2’_e2a+2bz—i7r)d62a+2bx—i7r z PolyLog (2’_62a+2bm—i7r) . (m
Ny a?log (1 4 e2++2e—im) i - 2 _|_z

2b

b

3.12.

[ 2% coth®(a + bz) dz
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l 15

x2 log (1 + 62a+2bz—iﬂ') f e—2a—2bm+i7r PolyLog (27_e2a+2bz—i7r)d62a+2bx—i7r T PolyLog (2’_62a+2bm—i7r) 'L (i
. . 2 -
il —2i o _ b - 25 n
| 26
332 ]og (1 + 62a+2bm—iﬂ') f e—2a—2bz+im POlyLOg(27—62a+2bz_iﬂ—)d62a+2bm_iﬂ- T POlyLOg(?,—€2a+2bz_i7r) Z(—i
. . 2 —
1| —2: 5 — 4b ; 2b +
| 3042
x2 log (1 + 62a+2bx—iﬂ') f e—2a—2bz+i7r PolyLog (27_e2a+2bz—iﬂ')d62a+2ba:—i7'r T PolyLog (2’_e2a+2bm—i7r) ’L (_ i
. . 2 -
1| =21 % - 4b b 2 +
| 26
x2 log (1 + 62a+2baz—iﬂ') f e—2a—2bm+i7r PolyLog (2’_e2a+2bz—i7r)d62a+2bx—i7r T PolyLog (2’_62a+2bm—i7r) ’L (m
. . 2 -
il —21 5% _ 4b ; 2b +
| 3956
xz log (1 + e2a+2bm—i7r) f e—2a—2bz+i7r PolyLog (27_62a+2bz—iﬂ')de2a+2ba:—i7'r T PolyLog (2’_€2a+2bm—i7r) ’L (_ E
. . 2 -
il =2 5% _ 4b ; 2b +
| 7143
22 log (1 N e2a+2bm—iﬂ-) PolyLog(3,—¢?+262=i7) g PolyLog(2,—e2+2bz—im) i (_ log(—i Sizl;l(a-i-bx)) 4+ coth
. . 42 — 2b
1| —2: - +
2b b b

-

inputLInt[x‘2*Coth[a + b*x]"3,x]

N J

output‘ I*x((I/3)*x~3 + ((I/2)*x~2*Coth[a + b*x]~2)/b + (I*(-1/2*x"2 + (x*Coth[a +
'b*x1)/b - Log[(-I)*Sinh[a + b*x]11/b72))/b - (2xI)x((x"2%Log[1 + E"(2*a - I
\*Pi + 2%b*x)])/(2%b) - (-1/2*(x*PolyLog[2, -E~(2*a - I*Pi + 2%b*x)])/b + P
‘olyLogl3, -E"(2%a - I*Pi + 2¥bxx)1/(4%b"2))/b))

/]

3.12.  [z%coth®(a+ bz)dz



rule 15

rule 25

rule 26

rule 2620

rule 2720

rule 3011

rule 3042

rule 3956
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3.12.3.1 Defintions of rubi rules used

‘Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simp[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[
\{a, m}, x] && NeQ[m, -1]

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

‘ Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
‘nt [Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

Int [(C(FL)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxf*g*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*x(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)* )N~ (a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(c*x(a +
b*x))) 0]/ (brcHnxLog[F1)), x] + Simplg*(m/(bxcxnrLog[F1))  Int[(f + grx)(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]11/d4, x] /; FreeQ[{c, d}, x]

3.12.  [z%coth®(a+ bz)dz
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rule 4201 Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_]1)*(f_.)*(x_)], x

_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x) " m*x(E~(2%x((-I)*e + fxfz*xx))/(1 + E~(2%x((-I)*e + fxfz*xx)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 4203 | Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£f_.)*(x_)1)"(n_), x_Symb
0ol] :> Simp[b*(c + d*x) m*((b*xTan[e + f*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [bxd* (m/(f*x(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x]
,» x] - Simp[b”2 Int[(c + d*x) m*x(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((a_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

3.12.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 245 vs. 2(106) = 212.

Time = 0.16 (sec) , antiderivative size = 246, normalized size of antiderivative = 2.16

method | result

.'E3 2z (ebe+2abx+e2bw+2a_1)

n(ebota—_1) + In(eb®ta41) 2In(eb*t2) . 2 polylog(3,—eb2+2)

. 4a3 I
I‘lSCh 3 b2 (e2bz+2a_1)2 + 353 + b3 b3 b3

b3

2po

-

inputLint(x”2*coth(b*x+a)“3,x,method=_RETURNVERBOSE)

| —

output | -1/3%x”3-2*x* (exp (2*b*x+2*a) *b*x+exp (2*xb*x+2+a)-1) /b~2/ (exp (2*b*x+2*a)-1) "
2+4/3/b"3*a~3+1/b"3*1n(exp (b*x+a)-1)+1/b"3*1n(exp (b*x+a)+1)-2/b~3*1n(exp (b
*x+a))-2/b~3*polylog(3,-exp(b*x+a))-2/b~3*polylog(3,exp(b*x+a))+1/b*x1n(1-e
xp(b*x+a) ) *x~2+2/b"2*polylog(2, exp (b*x+a) ) *x+1/b*1n(exp (b*x+a)+1) *x~2+2/b"
2xpolylog(2,-exp(b*x+a)) *x+2/b"2%a~2+x+1/b~3*a"~2*1n(exp (b*x+a)-1)-2/b"3*a"
2x1n (exp(b*x+a))-1/b~3*1n(1-exp (b*x+a))*a~2

3.12.  [z%coth®(a+ bz)dz
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3.12.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1467 vs. 2(105) = 210.

Time = 0.28 (sec) , antiderivative size = 1467, normalized size of antiderivative = 12.87

/ x% coth®(a + bx) dr = Too large to display

e A
input | integrate (x~2*coth(b*x+a)~3,x, algorithm="fricas")

output | -1/3*(b~3%x~3 + (b~3*x~3 + 2*a~3 + 6xbxx + 6*a)*cosh(b*x + a)~4 + 4*x(b~3*x
=3 + 2%a”3 + 6%b*x + 6%a)*cosh(b*x + a)*sinh(b*x + a)~3 + (b"3*x"3 + 2*a~3
+ 6*b*x + 6*a)*sinh(b*x + a)~4 + 2¥a”~3 - 2% (b"3*x"3 - 3*b~2*x"2 + 2%a”3 +
3xbxx + 6%a)*cosh(b*x + a)~2 - 2% (b~3*x"3 - 3*b"2*%x"2 + 2*xa~3 - 3*(b~3*x~
3 + 2*%a”3 + 6*bxx + 6*a)*cosh(b*x + a)”2 + 3*b*x + 6+*a)*sinh(b*x + a)~2 -
6* (bxx*cosh(b*x + a)~4 + 4%bxx*kcosh(b*x + a)*sinh(b*x + a)~3 + b*x*sinh(b*
X + a)”4 - 2*xb*x*xcosh(b*x + a)~2 + 2x(3*b*x*cosh(b*x + a)~2 - b*x)*sinh(b*
X + a)”2 + b*x + 4x(b*x*cosh(b*x + a)~3 - b*x*cosh(b*x + a))*sinh(b*x + a)
)*dilog(cosh(b*x + a) + sinh(b*x + a)) - 6*(b*x*cosh(b*x + a)~4 + 4xb*x*co
sh(b*x + a)*sinh(b*x + a)~3 + b*x*sinh(b*x + a)~4 - 2*b*x*cosh(b*x + a)~2
+ 2% (3xb*x*xcosh(b*x + a)~2 - b*x)*sinh(b*x + a)~2 + b*x + 4*(b*x*cosh(b*x
+ a)~3 - b*x*cosh(b*x + a))*sinh(b*x + a))*dilog(-cosh(b*x + a) - sinh(b*x
+ a)) - 3*x((b72%x"2 + 1)*cosh(b*x + a)~4 + 4*x(b"2*xx"2 + 1)*cosh(b*x + a)*
sinh(b*x + a)~3 + (b"2*%x"2 + 1)*sinh(b*x + a)~4 + b™2*x"2 - 2x(b"2*x"2 + 1
Y*xcosh(b*x + a)~2 - 2x(b"2*x"2 - 3*%(b"2*x"2 + 1)*cosh(b*x + a)~2 + 1)*sinh
(b*x + a)~2 + 4x((b"2*%x"2 + 1)*cosh(b*x + a)~3 - (b"2*x"2 + 1)*cosh(b*x +
a))*sinh(b*x + a) + 1)*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 3x((a"2 +
1)*cosh(b*x + a)~4 + 4%(a”2 + 1)*cosh(b*x + a)*sinh(b*x + a)~3 + (a”2 + 1)
*sinh(b*x + a)~4 - 2+%(a”2 + 1)*cosh(b*x + a)~2 + 2*(3*(a"2 + 1)*cosh(b*x +
a)"2 - a”2 - 1)*sinh(b*x + a)~2 + a~2 + 4%((a~2 + 1)*cosh(b*x + a)~3 -...

N J

3.12.6 Sympy [F]

/x2 coth®(a + bx) dx = /x2 coth® (a + bz) dx

e A
integrate (x**2*coth (b*x+a)**3,x)

N J

input

output‘Integral(x**2*coth(a + b¥x)**3, x) ‘

3.12.  [z%coth®(a+ bz)dz
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3.12.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 226 vs. 2(105) = 210.

Time = 0.25 (sec) , antiderivative size = 226, normalized size of antiderivative = 1.98

/ z% coth®(a + bx) dz

B ) 5 b2x3e(4bz+4a) + b2r3 — 2 (b2$36(2a) + 3b$2€(2a) + 3xe(2a))e(2bz) + 6z
=-3 z° + 3 (bze(4bx+4a) — 2b2e(2bat+20a) b?)
2z b*z?log (e®**9) + 1) + 2bzLi (—e®*+9)) — 2 Lis(—elbeta))
- -+
b2 b3
N b2z log (—e®*t®) 4+ 1) + 2 bzLis (e®9)) — 2 Lis(e®=+o))
b3
log (e(bz+a) + 1) log (e(bm+a) _ 1)
+ B3 + B

inputLintegrate(x“2*coth(b*x+a)“3,x, algorithm="maxima"

output | -2/3%x73 + 1/3*(b"2*x"3*e” (4*b*x + 4*a) + b~2*x"3 - 2% (b"2*x"3*e~(2*a) + 3
*b*x"2%e” (2%a) + 3xx*e”(2%a))*e” (2xb*x) + 6*x)/(b"2xe” (4xb*x + 4*a) - 2*b~
2xe~(2xbxx + 2*%a) + b~2) - 2*x/b"2 + (b"2*x"2xlog(e”(b*x + a) + 1) + 2xb*x
*dilog(-e~(b*x + a)) - 2*polylog(3, -e~(b*x + a)))/b~3 + (b~2*x"2xlog(-e~(
bxx + a) + 1) + 2+bxxxdilog(e~(b*x + a)) - 2*polylog(3, e~ (b*x + a)))/b~3
+ log(e“(b*x + a) + 1)/b~3 + log(e~(b*x + a) - 1)/b"3

3.12.8 Giac [F]

/x2 coth®(a + bzx) dx = /xz coth (bz + a)® dz

inputtintegrate(x‘2*coth(b*x+a)“3,x, algorithm="giac")

-

output Lintegrate(x‘2*coth(b*x + a)73, x)

-/

3.12.  [z%coth®(a+ bz)dz
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3.12.9 Mupad [F(-1)]

Timed out.
/x2 coth®(a + bx) dx = /x2 coth(a + bz)® dz

input tint(x’?*coth(a + b*x)~3,x)

output Lint(x‘2*coth(a + b*x)~3, x)

3.12.  [z%coth®(a+ bz)dz
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3.13 [ x coth®(a + bx) dx

3.13.1 Optimalresult . . . . .. .. . ... . 1221
3.13.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 122
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3.13.1 Optimal result

Integrand size = 10, antiderivative size = 82

/ x coth®(a + bz) dz

_z  z* coth(a+bzr) wcoth’(a+ bx)
2% 2 22 2b
zlog (1 — e@tt2))  PolyLog (2, e2(**2))
b 2b?

p
output ‘ 1/2%x/b-1/2%x"2-1/2%coth(b*x+a) /b~2-1/2*x*coth (b*x+a) "2/b+x*1n(1-exp (2*b*x

L+2*a))/b+1/2*polylog(2,exp(2*b*x+2*a))/b*2

3.13.2

Time = 1.53 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.60

/zcoth3(a + bz)dz = % (—m + 2? coth(a) —

Mathematica [A] (verified)

222

xcsch?(a + bx)

2z log (1 — e‘a_bx)

b

b

N 2z log (1 + e_“_bx) 2 PolyLog (2, —e‘a_bx)

b
2PolyLog (2,e77")

b2

b2

b2

N csch(a)csch(a + bx) sinh(bx))

input LIntegrate [x*xCoth[a + b*x]~3,x]

3.13.

[z coth®(a + bx) dx
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output‘ ((-2%x~2) /(-1 + E~(2%a)) + x"2*Coth[a] - (x*Csch[a + b*x]~2)/b + (2*x*Logl[ ‘
‘1 - E"(-a - b*x)])/b + (2*x*Log[l + E~(-a - b*x)])/b - (2*PolyLog[2, -E~(- ‘
'a - b¥x)])/b"2 - (2*PolyLogl[2, E"(-a - b*x)]1)/b~2 + (Csch[al*Csch[a + b¥x] |
‘ *Sinh [b*x])/b~2) /2 ‘

3.13.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.52 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.37,

_ _ number of rules _
number of steps used = 15, number of rules used = 14, integrand size 1.400, Rules

used = {3042, 26, 4203, 25, 26, 3042, 25, 26, 3954, 24, 4201, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ z coth®(a + bz) dz
l 3042
/ia:tan (ia + ibx + I)3 dr
2
l 2

3
i/mtan <;(2ia+7r) +iba:> dx

l 4203
. 2 . 2
; i [ —coth®(a + bz)dz /zm coth(a + bz)dz + iz coth®(a + bx)
2b 2b
| 25
) th? bx)d. ; 2
; 4 [ coth®(a + bz) x—/ixcoth(a+bw)dm+mmth (a+bx)
2b 2b
| 26
) th? bx)d ) 2
; i [ coth®(a + bz)dz —i/mcoth(a+ba:)da:+ iz coth®(a + bx)
2b 2b
| 302
N ) ) ) T i [ —tan (ia + ibx + %)2 dr iz coth2(a + bx)
i (—z / —iztan (m + ibx + 5) dx — 2% + %

3.13. [ zcoth®(a+ bx)dzx
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| 25

; [tan (1(2: ibz) 2 d
i(—z’/—iwtan(ia+ibx+;)dm_i_zf an(z( la2—;7r)+z m) x+

| 26

iz coth?(a + bx)
2b

t (2 bx)dx i 2
/wtan (2ia + 7) + ibo d:v—l—zf an (3(2ia + ) +1 x) +m:coth (a + bx)
2b 2%
| 3954
. [ coth(a+bz
’ (% -/ 1dac) iz coth?(a + bz)
xtan 27,a +7) +ibx | dx + 5 + o

| 24

: 2
i (— /mtan <;(2ia +7)+ ibx> do+ % cothzg) a + bx)

l 4201

;((cothlatba) _

(aﬂwww)_x>>
2b

| —o; 62‘”21’””_"”@ o+ iz coth?(a + bx) N ( )
14+ e2a+2bz—im 2% 2%

l 2620

iz coth?(a + bx)

) o; T log (1 + 62a+2bz—i7r) f log (1 + e2a+2bz—i7r) dx
A 2b - 2b

l 2715

2b

(M m) ix2>

2b 2

; ( coth(ad
b

2b Ap2

. ( o (mlog (1 + 62a+2bz—i7r) fe—2a—2bx+i7r log (1 + e2a+2bw—i7r) de2a+2bx—iﬂ'> N i coth2(a + b.’L‘) N 1
1| —4t —

l 2838

iz coth?(a + bz)

2b D

PolvL 2 — 2a+2bx—im 1 1 2a+2bx—im
i ai[ PolvLos (2, —e )  zlog(l+e AN
4b2 2

2b

Z(%W—x) i:I:Q)
_|_

2b 2

313. [z coth®(a + bz) dz



input

output
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‘ Int [x*Coth[a + b*x]~3,x]

\/I*((I/2)*x‘2 + ((I/2)*x*Coth[a + b*x]~2)/b + ((I/2)*(-x + Coth[a + b*x]/b)
\)/b - (2%xI)*((xxLog[1l + E~(2*a - IxPi + 2xb*x)])/(2%b) + PolyLogl[2, -E~ (2%
'a - I#Pi + 24b*x)]/(4%b72)))

-

3.13.3.1 Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 25

rule 26

rule 2620

rule 2715

rule 2838

rule 3042

rule 3954

-

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a"2, 1]

Int [(C(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*gxn*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + 4
*x])"(n - 1)/(@*(n - 1))), x] - Simp[b~2 Int[(b*Tan[c + d*x])"(n - 2), x]

, x]1 /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

3.13. [ zcoth®(a+ bx)dzx
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rule 4201 Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_]1)*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x) " m*x(E~(2%x((-I)*e + fxfz*xx))/(1 + E~(2%x((-I)*e + fxfz*xx)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 4203 | Int[((c_.) + (d_.)*(x_))"(m_.)*((b_.)*tan[(e_.) + (£f_.)*(x_)1)"(n_), x_Symb
0ol] :> Simp[b*(c + d*x) m*((b*xTan[e + f*x])"(n - 1)/(f*(n - 1))), x] + (-Si
mp [bxd* (m/(f*x(n - 1))) Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x]
,» x] - Simp[b”2 Int[(c + d*x) m*x(b*Tan[e + f*x])~(n - 2), x], x]) /; Free
Ql{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

3.13.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 163 vs. 2(72) = 144.

Time = 0.14 (sec) , antiderivative size = 164, normalized size of antiderivative = 2.00

method | result

z? 2e2b2+2apy | e2bot2a 1 2az _ a? In(eb*te41)a + polylog (2,—eb**4) In(1—eb+e)g

ln(l—eb“"‘) a

risch T2 T b2 (e2ba+2a 1) T b T2 b b2 b

b2

input | int (x*coth(b*x+a) ~3,x,method=_RETURNVERBOSE)

N

output ‘ -1/2%x"2-(2%exp (2xb*x+2+%a) ¥b*x+exp (2¥b*x+2*a)-1) /b~2/ (exp (2*b*x+2*a) -1) ~2-
‘ 2/bxa*x-a~2/b"2+1/bx1n(exp (b*x+a)+1) *x+1/b~2*polylog(2,-exp(b*x+a))+1/b*1ln
‘ (1-exp(b*x+a)) *x+1/b~2*1n(1-exp (b*x+a) ) *a+1/b"2*polylog(2,exp(b*x+a))-1/b~
‘ 2xa*1n(exp(b*x+a)-1)+2/b"2*a*1ln(exp (b*x+a))

3.13.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 975 vs. 2(71) = 142.

Time = 0.32 (sec) , antiderivative size = 975, normalized size of antiderivative = 11.89

/ z coth®(a + bz) dz = Too large to display

input ‘ integrate (x*coth(b*x+a)~3,x, algorithm="fricas")

3.13. [ zcoth®(a+ bx)dzx




output
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-1/2%((b~2%x"2 - 2%a”2)*cosh(b*x + a)~4 + 4*(b"2*x"2 - 2*a~2)*cosh(b*x + a
Y*sinh(b*x + a)~3 + (b™2%x"2 - 2%a”2)*sinh(b*x + a)~4 + b™2*x"2 - 2% (b~ 2#*x
2 - 2%¥a”2 - 2xb*x - 1)*cosh(b*x + a)~2 - 2*%(b"2*x"2 - 3*(b"2*x"2 - 2%a”~2)
*cosh(b*x + a)”2 - 2*%a”™2 - 2xb*x - 1)*sinh(b*x + a)~2 - 2¥a~2 - 2x(cosh(b*
X + a)”4 + 4*cosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2%(3*cosh(b
*x + a)~2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)~2 + 4*(cosh(b*x + a)~3 -
cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(cosh(b*x + a) + sinh(b*x + a)) - 2
*(cosh(b*x + a)”"4 + 4*cosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2%
(3xcosh(b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)~2 + 4x(cosh(b*x
+ a)”3 - cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(-cosh(b*x + a) - sinh(b*x
+ a)) - 2x(b*x*xcosh(b*x + a)~4 + 4xb*x*cosh(b*x + a)*sinh(b*x + a)~3 + bx
x*sinh(b*x + a)~4 - 2%b*x*kcosh(b*x + a)~2 + 2*(3*b*x*cosh(b*x + a)~2 - b*x
Y*sinh(b*x + a)~2 + b*x + 4x(b*x*cosh(b*x + a)~3 - b*x*cosh(b*x + a))*sinh
(b*x + a))#*log(cosh(b*x + a) + sinh(b*x + a) + 1) + 2*k(a*cosh(b*x + a)~4 +
4*xa*xcosh(b*x + a)*sinh(b*x + a)~3 + a*sinh(b*x + a)~4 - 2*a*cosh(b*x + a)
~2 + 2x(3*a*cosh(b*x + a)~2 - a)*sinh(b*x + a)”~2 + 4x(a*cosh(b*x + a)~3 -
axcosh(b*x + a))*sinh(b*x + a) + a)*log(cosh(b*x + a) + sinh(b*x + a) - 1)
- 2% ((b*x + a)*cosh(b*x + a)~4 + 4*(b*x + a)*cosh(b*x + a)*sinh(b*x + a)~
3 + (b*x + a)*sinh(b*x + a)~4 - 2x(b*x + a)*cosh(b*x + a)~2 + 2x(3*(bxx +
a)*cosh(b*x + a)~2 - b*x - a)*sinh(b*x + a)~2 + b*x + 4x((b*x + a)*cosh...

3.13.6 Sympy [F]

/x coth®(a + bz) dz = /x coth® (a + bz) d

-

inputLintegrate(x*coth(b*x+a)**3,x)

-/

outputtlntegral(x*coth(a + b*x)**3, Xx)

~—

3.13. [ zcoth®(a+ bx)dzx
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3.13.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 149 vs. 2(71) = 142.

Time = 0.24 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.82

/:c coth®(a + bz) do = —x?
BRr2eldtr4e) 1 h22 _ 9 (h222e2%) 4 2bze®) 4 £(29))28) 4 2

2 (b26(4bx+4a) — 2}b2e(2bz+2a) + b2)
bz log (€2 + 1) 4 Liy (—eleta)
+ B2
bz log (—e®™t®) + 1) + Liy (1))
+ ®)

inputLintegrate(x*coth(b*x+a)‘3,x, algorithm="maxima")

~—

Output‘ -x"2 + 1/2%(b"2%x"2%e” (4*b*x + 4%a) + b~2*x"2 - 2x(b"2%x"2%e”~(2%a) + 2%b*x
(xe~(2%a) + e”(2%a))*e”(2xbxx) + 2)/(b 2%e”(4xbxx + 4%a) - 2%b"2xe” (2¥bxx +
‘ 2%a) + b~2) + (b*x*log(e~(b*x + a) + 1) + dilog(-e~(b*x + a)))/b~2 + (b*x
L*log(-e“(b*x + a) + 1) + dilog(e~(b*x + a)))/b~2

A —

3.13.8 Giac [F]

/x coth®(a + bz) dz = /x coth (bz + a)° dz

inputLintegrate(x*coth(b*x+a)‘3,x, algorithm="giac")

~—

-

output

integrate(x*coth(b*x + a)~3, x)

N\

i

3.13. [ zcoth®(a+ bx)dzx
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3.13.9 Mupad [F(-1)]
Timed out.

/a: coth®(a + bx) dx = /x coth(a + bz)® dx

input tint (x*coth(a + b*x)~3,x)

output Lint (x*coth(a + b*x)~3, x)

3.13. [ zcoth®(a+ bx)dzx
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3.14 f coth3(a+bx) dz

T
3.14.1 Optimalresult . . . . . . . . . . . . . . . e 130
3.14.2 Mathematica [N/A] . . . . . . . . . 130
3.14.3 Rubi [N/A] . . . . o 131
3.14.4 Maple [N/A] (verified) . . . . . . ... ... o 132
3.14.5 Fricas [N/A] . . . . . o 132
3.14.6 Sympy [N/A] . . . o 133
3.14.7 Maxima [N/A] . . . . . . 133
3.14.8 Giac [N/A] . . . . o 133l
3.14.9 Mupad [N/A] . . .. 134

3.14.1 Optimal result

Integrand size = 12, antiderivative size = 12

3 3
/ coth®(a + bx) dz — Int (coth (a + bx) , z)

T T

output LUnintegrable (coth(b*x+a) ~3/x,x) J

3.14.2 Mathematica [N/A]
Not integrable

Time = 21.67 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/coth (a+ bx) dr — / coth®(a + bx) i

T Z

input Integrate[Coth[a + b¥x]~3/x,x]

N\ J

output LIntegrate [Coth[a + b*x]~3/x, x] J

314, [ cthilarbe) gy

x




inputLInt[Coth[a + b*x]~3/x,x]

output

rule 26

rule 3042

-
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3.14.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
26, 4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ coth®(a + bx) iz
z

l 3042

) . 3
/ztan(za+sz+2) i
x
l 2
,/tan(%(Zia-ﬁ-w)—l—ibw)Sd
i
x

X

l 4222
/ _itan3 (3(—m — 2ia) — ibx) p

T

i

~—

i

$Aborted

N\ J

3.14.3.1 Defintions of rubi rules used

Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a"2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

314, [ cothllatba) gy
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rule 4222 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)1"(n_.), x_Symbol]l :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - Ixf*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1) "n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQl[{c, d, e, £, m, n}, x] && Integ
erQ[n]

3.14.4 Maple [N/A] (verified)

Not integrable

Time = 0.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ coth (bz + a)® i

T

-

inputLint(coth(b*x+a)‘3/x,x)

-/

output Lint (coth(b*x+a)~3/x,x)

-/

3.14.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/coth (Z+bx) dr — / coth (b;H—a) i

input  integrate(coth(b*x+a)~3/x,x, algorithm="fricas")

N

output‘integral(coth(b*x + a)~3/x, x)

314, [ cthilarbe) gy
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3.14.6 Sympy [N/A]
Not integrable
Time = 0.60 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

3 3
/coth (a + bx) dr = / coth” (a + bx) s

T Z

input Lintegrate (coth(b*x+a)**3/x,x)

outputtlntegral(coth(a + b*x)**3/x, x)

3.14.7 Maxima [N/A]

Not integrable

Time = 0.31 (sec) , antiderivative size = 144, normalized size of antiderivative = 12.00

/ coth®(a + bz) dr — / coth (bz + a)® s

T T

inputLintegrate(coth(b*x+a)“3/x,x, algorithm="maxima")

output‘—((2*b*x*e“(2*a) - e~ (2*xa))*xe~ (2xb*xx) + 1)/(b"2%x"2*e”~ (4xbxx + 4*a) - 2%b~
‘2*x“2*e“(2*b*x + 2%a) + b"2*x"2) - integrate((b~2*x"2 + 1)/(b"2xx"3%e” (b*x
‘ + a) + b™2*x"3), x) + integrate((b”2*x"2 + 1)/(b"2*x"3*%e~(b*x + a) - b™2x%
‘X‘S), x) + log(x)

3.14.8 Giac [N/A]

Not integrable

Time = 0.31 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ coth®(a + bz) dr — / coth (bz + a)® i

T T

inputLintegrate(coth(b*x+a)‘3/x,x, algorithm="giac")

—

output Lintegrate(coth(b*x + a)~3/x, x)

314, [ cthilarbe) gy

x
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3.14.9 Mupad [N/A]

Not integrable

Time = 1.81 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

T T

/ coth®(a + bx) dp — / coth(a + bz)® i

input tint (coth(a + b*x)~3/x,x)

outputLint(coth(a + b*x)"3/x, x)

314, [ cthilarbe) gy
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3.15 f coth3(a+bx) dz

72
3.15.1 Optimal result . . . . . . . . . . ... . 135]
3.15.2 Mathematica [N/A] . . . . . . . . . 135
3153 Rubi [N/A] . . o oot 136
3.15.4 Maple [N/A] (verified) . . . . . . . ... . 137
3.15.5 Fricas [N/A] . . . . . L 137
3.15.6 Sympy [N/A] . . . . 138
3.15.7 Maxima [N/A] . . . . . . 138
3.15.8 Giac [N/A] . . . . o o 138
3.15.9 Mupad [N/A] . . . . 139

3.15.1 Optimal result

Integrand size = 12, antiderivative size = 12

3 3
/ coth®(a + bx) dz — Int (coth (a + bx) , z)

2 T2

output LUnintegrable (coth(b*x+a)~3/x72,x) J

3.15.2 Mathematica [N/A]
Not integrable

Time = 15.90 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/coth (a+ bx) dr — / coth®(a + bx) i

x2 x2

input

Integrate[Coth[a + b*x]~3/x72,x]

N\ J

output LIntegrate [Coth[a + b*x]~3/x72, x] J

3.15. [ cothiletba) gy

2




input

output

rule 26

rule 3042

CHAPTER 3. LISTING OF INTEGRALS 136

3.15.3 Rubi [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
26, 4222}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3
/coth El;az—i- bx) iz

l 3042

) L 3
/ztan (ia +21ba:+ ) i
x

l 2
_ [ tan (3(2ia + ) + iba:)3
1,/ 2 d

X

l 4222
/ _itan3 (3(—m — 2ia) — ibx) p

2

i

LInt [Coth[a + b*x]~3/x~2,x]

~—

i

-

$Aborted

N\ J

3.15.3.1 Defintions of rubi rules used

Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a"2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.15. [ cothiletba) gy

2



CHAPTER 3. LISTING OF INTEGRALS 137

rule 4222 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£_.)*(x_)1"(n_.), x_Symbol]l :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)], If[MatchQ[e, (el_.) + Pi/2], I~
n*Unintegrable[(c + d*x) m*Coth[(-I)*(e - Pi/2) - Ixf*x]"n, x], I"n*Uninteg
rable[(c + d*x) "m*Tanh[(-I)*e - I*f*x] n, x]], If[MatchQ[e, (el_.) + Pi/2],
(-1) "n*Unintegrable[(c + d*x) m*Cot[e - Pi/2 + f*x]"n, x], Unintegrablel[(c
+ d*x) “m*Tan[e + f*x]°n, x]]1], x] /; FreeQl[{c, d, e, £, m, n}, x] && Integ
erQ[n]

3.15.4 Maple [N/A] (verified)

Not integrable

Time = 0.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ coth (bz + a)® i

2

-

inputLint(coth(b*x+a)‘3/x‘2,x)

-/

output Lint (coth(b*x+a)~3/x"2,x%)

-/

3.15.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3 3
/coth (a+ bx) dp — / coth (bz + a) i

x2 2

input integrate(coth(b*x+a)~3/x"2,x, algorithm="fricas")

N

output‘integral(coth(b*x + a)~3/x72, x)

3.15. [ cothiletba) gy

2
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3.15.6 Sympy [N/A]
Not integrable
Time = 0.54 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

3 3
/coth (a + bx) dr = / coth” (a + bx) s

x2 2

inputLintegrate(coth(b*x+a)**3/x**2,x)

outputtlntegral(coth(a + b*x)**3/x**2, x)

3.15.7 Maxima [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 175, normalized size of antiderivative = 14.58

/ coth®(a + bz) dr — / coth (bz + a)® s

xr2 x2

inputLintegrate(coth(b*x+a)“3/x“2,x, algorithm="maxima")

Output‘—(b“2*x“2*e”(4*b*x + 4%a) + b"2%xx"2 - 2% (b"2%x"2%e”(2%a) - bkx*e~(2*a) + e
\“(2*a))*e‘(2*b*x) + 2)/(b"2xx"3*e” (4*%bxx + 4%a) - 2%b~2*x"3%e” (2xb*x + 2*a
‘) + b"2%x73) - integrate((b"2*x"2 + 3)/(b"2*x"4xe” (b*x + a) + b"2*x"4), x)
‘ + integrate((b”2*x72 + 3)/(b"2*x"4*e” (b*x + a) - b™2*x"4), x)

3.15.8 Giac [N/A]

Not integrable

Time = 0.30 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ coth®(a + bz) dr — / coth (bz + a)® i

x2 2

inputLintegrate(coth(b*x+a)‘3/x“2,x, algorithm="giac")

—

output Lintegrate(coth(b*x + a)~3/x72, x)

3.15. [ cothiletba) gy

2
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3.15.9 Mupad [N/A]

Not integrable

Time = 1.82 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

x2 2

/ coth®(a + bx) dp — / coth(a + bz)® i

input tint (coth(a + b*x)~3/x"2,x)

outputLint(coth(a + b*x)~3/x"2, x)

3.15. [ cothiletba) gy

2
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3.16 [ gy

a+a coth(e+fx)
3.16.1 Optimal result . . . . . . ... ... ... 140
3.16.2 Mathematica [A] (verified) . . . . . . . ... .. ... Lo L 1401
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3.16.4 Maple [A] (verified) . .. . ... . .. .. 143
3.16.5 Fricas [A] (verification not implemented) . . . . . ... ... ... ... ... 144
3.16.6 Sympy [B] (verification not implemented) . . . ... ... ... ... ... .. 144
3.16.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 145
3.16.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... 146
3.16.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 146l

3.16.1 Optimal result

Integrand size = 20, antiderivative size = 169

(c+dx)? 33z 3d(c+dz)®? (c+dz)® (c+dx)
/a—i— acoth(e + fx) = 8a f3 + 8a f? + daf + 8ad
3d3 3d?(c + dzx)
~ 8f%(a+acoth(e+ fz)) 4f3(a+ acoth(e + fz))
3d(c + dz)? (c+dzx)?

~ 4f%2(a+acoth(e+ fz)) 2f(a+ acoth(e + fz))

output‘3/8*d‘3*x/a/f‘3+3/8*d*(d*x+c)“2/a/f‘2+1/4*(d*x+c)‘3/a/f+1/8*(d*x+c)“4/a/d—
‘3/8*d“3/f“4/(a+a*coth(f*x+e))-3/4*d“2*(d*x+c)/f“3/(a+a*coth(f*x+e))-3/4*d*
L(d*x+c)“2/f‘2/(a+a*coth(f*x+e))-1/2*(d*x+c)“3/f/(a+a*coth(f*x+e)) J

3.16.2 Mathematica [A] (verified)

Time = 0.93 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.44

(c+dx)3
/ a + acoth(e + fz) dz

_ csch(e + fz)(cosh(fz) + sinh(fz)) ((4c3 f3 + 6c2df?(1 + 2fz) + 6cd® f(1 + 2fx + 2f2x2) + d3(3 + 6 fx -

inputLIntegrate[(c + d*x)~3/(a + axCoth[e + f*x]),x] J

(c+dz)?
316. [ crmehiirs 9T



output
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(Cschle + f*x]*(Cosh[f*x] + Sinh[f*x])*((4*c™3*f~3 + 6kxc 2*xd*xf~2+ (1 + 2*fx*
X) + 6kckd"2xf*x (1 + 2%Ffxx + 2%Ff72%x72) + d73*%(3 + 6kf*x + 64FT2kx"2 + 4*f”
3*%x73) ) *Cosh [2*f*x] * (Cosh[e] - Sinh[e]) + 2*%f~4*xx*(4*c™3 + 6*c”2*d*x + 4*cC
*d"2*%x"2 + d"3*x"3)*(Cosh[e] + Sinh[e]) + (4*c™3*f~3 + 6*c”~2xd*xf~2*(1 + 2%
fkx) + 6%ckd™2*f*x (1 + 2xfxx + 2%xf"2%x"2) + d73*(3 + 6xf*xx + 6kf"2kx"2 + 4%
£f~3*%x"3))*(-Cosh[e] + Sinh[e])*Sinh[2*f*x]))/(16*a*xf~4*x(1 + Coth[e + f*x])
)

3.16.3 Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.06,

_ _ o humber of rules _
number of steps used = 9, number of rules used = 9, integrand size 0.450, Rules used

= {3042, 4206, 3042, 4206, 3042, 4206, 3042, 3960, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+dz)3
/ acoth(e + fz) +a de

l 3042

/ (c+ dzx)? .
a—iatan (ie +ifz+ %)

l_4206
d. 2
3d f coth((ce_:-fmz))a+a dx . (C + d$)3 (C + d$)4
2f 2f(acoth(e + fz) + a) 8ad
| 3042
(c+dz)?
3d | a—iatan (ie+ifz+%) dz B (c+dz)? (c+ dx)*
2f 2f(acoth(e + fz) +a) 8ad
l 4206
3d df mdw _ (c+dz)? + (c+dzx)®
f 2f(acoth(e+fx)+a) 6ad B (C + dCC)3 (C + dx)4
2f 2f(acoth(e + fz) +a) 8ad
| 302
df ———<tde —_dg
3d a—zatan(ze+1fz+7) _ (C+d:1})2 + (c+d:)3
f 2f(acoth(e+fz)+a) 6a. - (C + d.’E)3 (C + dm)4
2f 2f(acoth(e + fz) + a) 8ad

(c+dz)?
316. [ ramthirs 9%
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| 4206
d(‘” R Dt T crde | (etda)?
3d 2f 2f(a coth(e+fz)+a) 4ad (C+d(1})2 (c+dac)3
f ~ 2f(acoth(e+fz)+a) + 6ad
2f B
(c+ dx)3 (c+ dz)*
2f(acoth(e + fx) + a) 8ad
| 3042
df 1 da
d a—iatan(ie-ﬁ-ifz-k%) _ ctdx n (c+dz)2
2f 2f(acoth(e+fz)+a) 4ad ) ( p )3
(c+dz) ctdz
3d 7 ~ 3f(acoth(et fo)¥a) T~ 6ad
2f a
(c+ dx)? (c+ dx)*
2f(acoth(e + fz) +a) 8ad
| 3960
d(d(%_m‘(a coth(1e+fx)+a)) _ c+dx +(c+d:1:)2
2f 2f(a coth(e+fz)+a) 4ad 5 3
3d . (c+dzx) + (c+dzx)
f 2f(acoth(e+fz)+a) 6ad
2f a
(c+ dx)? (c+ dx)*
2f(acoth(e + fz) +a) 8ad
| 24
(c+ dz)? +
2f(acoth(e + fz) +a)
_ ctda (ctda)2 d(%’zf(a coith(le-i—fz)-‘-a))
( rd )2 d 2f(acoth(e+fz)+a)+ 4ad + 2f ( +d )3
C X C T
3d| - 2f(acoth(e+fz)+a) + f + 6ad
of *
(c+ dx)*
8ad

-

input LInt[(c + dxx)~3/(a + axCoth[e + f*x]),x]

~—

(ctdz)?

a+acoth(e+fz) dx

3.16.

J
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output‘ (c + d*x)~4/(8*a*xd) - (c + d*x)~3/(2*xfx(a + a*Coth[e + f*x])) + (3*d*x((c +

\ d*x)~3/(6xa*d) - (c + d*x)"2/(2*f*(a + a*Coth[e + f*x])) + (d*((c + d*x)~
\2/(4*a*d) - (c + d*x)/(2xfx(a + a*Coth[e + f*x])) + (d*x(x/(2%a) - 1/(2%f*(
‘a + a*Cothl[e + £*x]))))/(2%£)))/£))/(2%£f)

3.16.3.1 Defintions of rubi rules used

rule 24 LInt [a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule 3042

rule 3960

rule 4206

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[ax((a +
b*Tan[c + d*x]) n/(2*%bxd*n)), x] + Simp[1/(2*a) Int[(a + b*Tan[c + d*x])~
(n + 1), x], x] /; FreeQ[{a, b, c, 4}, x] && EqQ[a"2 + b~2, 0] && LtQ[n, O]

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(2*axd*(m + 1)), x] + (Simp[a*d*(m/(2%b*f))

Int[(c + d*x)"(m - 1)/(a + b*Tan[e + f*x]), x], x] - Simp[a*x((c + d*x)"m
/(2xb*f*(a + b*Tan[e + f*x]))), x]) /; FreeQ[{a, b, ¢, d, e, £}, x] && EqQ[
a”2 + b2, 0] && GtQ[m, O]

3.16.4 Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.98

method result

(4d3:c3f3+120 d? f3z24+12c%d f3x+6d3 f2x2+4c3 f3+12c d2 f2x+6c%

s d3zt d?cz3 3d 2z Az ct
risch 5o T2 T t o tsaT

parallelrisch

16a f4

((d3x4+4d20 x346d 02x2+403x) f4+(—2d3x3 —6¢ d2x2—602da:—403)f3+(—3d3952—60 d?2z—6d 02)f2+(—3d3x—6d2c).

derivativedivides | Expression too large to display

default Expression too large to display

input tint ((d*x+c) "3/ (a+a*xcoth(f*x+e)) ,x,method=_RETURNVERBOSE)

(c+dz)?
316. [ crmehiirs 9T

8f%a(1+tanh(fz-
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output‘1/8/a*d“3*x“4+1/2/a*d”2*c*x”3+3/4/a*d*c“2*x”2+1/2/a*c“3*x+1/8/a/d*c“4+1/16

‘ * (4xdQ" 3+ "3%xX"3+12%Cckd 2% E " 3*xT2+12% 7 2xA*f " 3kx+6%d "3k f " 2%x"2+4*Cc"3*f"3+12 ‘
‘*c*d“2*f‘2*x+6*c‘2*d*f“2+6*d“3*f*x+6*c*d“2*f+3*d“3)/a/f“4*exp(-2*f*x-2*e)

3.16.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 304, normalized size of antiderivative = 1.80

(c+ dz)?
/ a + acoth(e + fz) dz

Q@ f'z +4S2f2 +6Pdf* +6cd®f +4(2cd* f* + dPf2)x® + 3d® + 6 (2Pdf* + 2cd* f2 + d° f?)® + 2

inputLintegrate((d*x+c)“3/(a+a*coth(f*x+e)),x, algorithm="fricas") J

output

1/16x((2*A"3*f"4%x"4 + 4*c”3*f"3 + 6kc™2*%d*f72 + 6*xckxd™2xf + 4k (2kckd~2*f~
4 + d73*%f"3)*x"3 + 3%d"3 + 6*%(2kc"2xd*f"4 + 2xc*kd"2*f"3 + d"3*f"2)*x"2 + 2
*(4*xc”3*f"4 + 6kc”2*%d*f"3 + 6*cxd"2*xf"2 + 3kd"3*f)*x)*cosh(f*x + e) + (2*d
“3*%f"4xx"4 - 4%c”3xf"3 - 6kcT2xd*f"2 - 6xckd"2*f + 4x(2*ckd"2xf~4 - d73*%f”
3)*x"3 - 3*%d"3 + 6x(2xc”2%d*f"4 - 2%c*kd"2*%f"3 - d73*kf"2)*x"2 + 2% (4*c”3*f”
4 - 6xc”2xd*f"3 - 6xcxd"2xf"2 - 3*xd"3*f)*x)*sinh(f*x + e))/(a*f ~4*cosh(f*x
+ e) + a*f~4xsinh(f*x + e))

3.16.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 864 vs. 2(144) = 288.

Time = 0.76 (sec) , antiderivative size = 864, normalized size of antiderivative = 5.11

¢+ dz)3
/ ( ) s
a + acoth(e + fz)
4¢3 f4x tanh (e+f1x) 4c3 f4x 433 6c2dfz? tanh (e+fx) 6c2df 4>
8af% tanh (e+ fx)+8af4 + 8af% tanh (e+fx)+8af4 + 8af% tanh (e+fx)+8af4 + 8af4tanh (e+fz)+8af + 8af4 tanh (e+ fz)+8af*

2,2 3,4
c3x+3° 2da: ~|—Cd2-’153+d 4z
acoth (e)+a

input | integrate ((d*x+c)**3/(ata*coth(f*x+e)),x)

(c+dz)?
316. [ crmehiirs 9T



output
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Piecewise ((4xcx*3xfx*4xxxtanh(e + f*x)/(8*axf*x4*xtanh(e + fxx) + 8xaxf*x4)
+ 4xckx*x3xfxxd*xx/ (8ka*xfx*4xtanh(e + f*x) + 8Ska*xfx*4) + 4xck*x3kxf**x3/(8ka*xfx*
*4xtanh(e + f*x) + 8kaxf*x*4) + Gkxckx*2kd*f*x4dxx*x*2xtanh(e + f*x)/(8*axf**x4x*
tanh(e + f*xx) + 8xakxf*x4) + Gxckkkdxfr*k4xxx*2/(8xa*f**x4xtanh(e + f*x) + 8
xaxf**4) — Gkcxk2*kd*xf**k3*xxtanh(e + f*x)/(8*axfx*k4+tanh(e + f*x) + 8kaxfxx*
4) + 6xcx*2kxd*xf*x*3*x/ (8*axf*x*4*tanh(e + f*x) + 8ka*xf*x4) + BGkck*x2xd*xf*x*x2/ (
8xaxfxkdxtanh(e + f*x) + 8xakfxx4) + 4xckdx*k2xf**xdkx*xx3*xtanh(e + f*x)/(8*a
*fxxdxtanh(e + f*x) + 8*a*xf**4) + 4kxckd**x2xfx*4kxx**x3/(8*kaxf**x4*xtanh(e + fx*
X) + 8%axf*x4) - Gkckd*x2xfx*3*kx*kx2xtanh(e + f*xx)/(8*axf**4xtanh(e + f*xx)
+ 8xaxf*kx4) + Gkckdx*2xfxx3kx**x2/(8*a*f**4*tanh(e + f*x) + 8kaxf**4) - 6%c
*Q*xx2xf4x2+x*ktanh (e + f*x)/(8*axf*x4dxtanh(e + £*xx) + 8ka*xf*k*4) + Gkckxdr*k2x*
fx*x2xx/ (8xa*xf*x*4xtanh(e + f*xx) + 8xa*xfx*4) + Gkckxd**2*xf/(8*axf*x4*xtanh(e +
f*x) + 8*axf**4) + d**3xfr*kd*xxxd*stanh(e + f*xx)/(8xa*f+x4dxtanh(e + f*x) +
8kxaxf**x4) + dx*3kxfxkbkx*k*4/(8kxaxfx*k4d*xtanh(e + f£*xx) + 8ka*xf*x4) — 2kd*x*3*f
*x3xx**3*tanh(e + f*x)/(8*a*xf**x4*xtanh(e + f*x) + 8kaxfx*4) + 2xd*x*3*kf*k*x3*x
*x*3/ (8xaxfx*4*xtanh(e + f*x) + 8kakxf*x4d) — kdk*3*f+*kkx*k*x2+tanh(e + £*xx)/(
8xaxf**4xtanh(e + f*x) + 8*axf**4) + Ikd**x3kf**2xx**2/(8*a*f*x4*xtanh(e + f
*x) + 8xaxf*kx4) — 3kdx*3xfxx*ktanh(e + f*x)/(8xaxf**x4*xtanh(e + f*x) + 8xaxf
*¥x4) + 3kd**3xfxx/(8*kaxfx*4*xtanh(e + fxx) + 8ka*xf*x4) + 3xd**x3/(8kaxf*x*4xt
anh(e + f*xx) + 8*axf*x*4), Ne(f, 0)), ((c**3*x + 3Jkck*x2kd*x**2/2 + cxd**...

3.16.7 Maxima [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 183, normalized size of antiderivative = 1.08

/ (c+dz)3 dx_lcg(Z(fx—l-e) +e(_2f””_26))

a+acoth(e+ fz) =~ 4 af af
3 (2 f222e?9 + (2 fz + 1)e(-2/2)) c2de(-2°)
_|_
8af?
(4 f32%e9 + 3 (2 f22% + 2 fz 4+ 1)e(=2/2)) cd2e(=29)
+
8af3

+

(2 f4$46(2e) + (4 f3563 + 6f2$2 + 6f$ + 3)6(—2fa:))d3e(—26)

16 af*

input‘integrate((d*x+c)‘3/(a+a*coth(f*x+e)),x, algorithm="maxima")

(c+dz)?
316. [ ramthirs 9%
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output | 1/4*c~3* (2x(f*x + e)/(a*xf) + e~ (-2xf*x - 2xe)/(axf)) + 3/8%(2*f"2xx"2*e” (2
x@) + (2xf*xx + 1)*e” (-2*f*x))*c 2xd*e” (-2*xe) /(a*xf~2) + 1/8*(4*xf~3*xx"3*e~ (2
*xe) + 3x(2xf"2%x"2 + 2*f*x + 1)*e”(-2xf*xx))*ckd"2*e” (-2%e)/(a*xf~3) + 1/16%*
(2%f~4xx"4xe” (2%e) + (4*f73%x73 + 6*xf"2%xx"2 + 6*kf*x + 3)*e” (-2*f*x))*d"3*e
~(-2xe)/(axf~4)

3.16.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 188, normalized size of antiderivative = 1.11

/ (c+ dz)? i

a + acoth(e + fzx)

(2 AP fizte?frt2e) L 8ed? fAxle?frt2e) 4 12 Pdfia?e®Ffz+2) 4 4 B 323 4 8 c3 frae?f7+2¢) 1 12 cd? f3x
B 16 af*

inputLintegrate((d*x+c)‘3/(a+a*coth(f*x+e)),x, algorithm="giac") J
output | 1/16* (2xd~3*f"4*xx"4*e” (2*%f*x + 2%e) + 8xcxd " 2xf"4*x"3*e” (2*f*x + 2xe) + 12
*xCT2kd*f "4xx"2%e” (2kfxx + 2%e) + 4xd73*#f73*%x"3 + 8kcT3*f "4dkxke” (2xfxx + 2%
e) + 12%cxd”™2+f73*%x"2 + 12%c”2kd*f 3*%x + 6*xd"3*%f"2%x"2 + 4*c”3*f"3 + 12*cx
d72+f72%x + 6%CT2%d*f72 + 6%d"3*kf*x + 6xckd"2xf + 3*d"3)*e” (-2xf*x - 2%e)/
(axf~4)
3.16.9 Mupad [B] (verification not implemented)
Time = 2.16 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.32
c+dzx)3

/ ( ) i

a + acoth(e + fx)
Al flet+e6dfiat+6tdfPr+dcd flat+6cd fPat+6cd fPa+d flat+2d8 fPat+3d f

8a f4
AP +12ddfPr+6dfP+12¢d fPa? +12cd® fPo+6cd f+4d° fPr’ +6d° fPa? + 64 f
8a f* (coth(e+ fz)+1)

inputtint((c + d*x)~3/(a + a*coth(e + f*x)),x) J

(c+dz)?
316. [ crmehiirs 9T
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output | (3*%d~3*f*xx + 4*c~3*f "4*x + 3*d 3% 2*%x"2 + 2%d"3*f"3*x"3 + d"3*%f"4*x"4 + 6
*Cckd"2¥f73*%x72 + 6kcT2kd*fT4*xxT2 + 4kckdT2*xfT4*%x"3 + 6kckd"2*xf72%xx + 6%xc”2
*d*xf~3*xx) /(8*a*xf~4) - (3*%d"3 + 4*c”3*f"3 + 6xd"3*kf*x + 6*c”2*%d*f"2 + 6xd"3
*¥f72%x72 + 4%d"3*%f73%x"3 + 6kckd"2*%f + 12%ckdT2*f73*%x72 + 12%ckxd"2xf72%xx +
12xc”™2xd*f~3*x) / (8*a*f~4*(coth(e + f*x) + 1))

(c+dz)?
316. [ crmehiirs 9T
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3.17.1 Optimal result

Integrand size = 20, antiderivative size = 122

/ (c+ dz)? dp — d?’z  (c+dz)? (c+dx)3 d?
a + acoth(e + fz) v 4a f? + daf + 6ad  4f3(a+ acoth(e + fz))
d(c+ dz) (c+dz)?

~ 2f%(a+acoth(e+ fz)) 2f(a+ acoth(e + fx))

output‘1/4*d“2*x/a/f“2+1/4*(d*x+c)“2/a/f+1/6*(d*x+c)‘3/a/d—1/4*d“2/f“3/(a+a*coth(
‘f*x+e))-1/2*d*(d*x+c)/f‘2/(a+a*coth(f*x+e))-1/2*(d*x+c)‘2/f/(a+a*coth(f*x+
‘e))

3.17.2 Mathematica [A] (verified)

Time = 0.59 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.39

(c+dz)?
/ a + acoth(e + fx) de

_ csch(e + fx)(cosh(fz) + sinh(fz)) (22 f% + 2cdf (1 + 2fz) + d*(1 + 2fz + 2f?z?)) cosh(2fz)(cosh(e)

input Integrate[(c + d*x)~2/(a + a*Coth[e + f*x]),x]

N J

(c+dz)?
317 [ craeihiers 9o
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output | (Csch[e + f*x]*(Cosh[f*x] + Sinh[f*x])*((2*c™2*f~2 + 2kc*kd*f*(1 + 2xfxx) +

d"2%(1 + 2xf*xx + 2*xf~2%x”2))*Cosh[2*f*x]*(Cosh[e] - Sinh[e]) + (4*f~3x*x*(
3*%c”2 + 3xckd*x + d"2*x”2)*(Cosh[e] + Sinh[e]))/3 + (2*xc™2*%f~2 + 2xcxd*f*(
1 + 2%f*xx) + d72%(1 + 2%f*xx + 2*%f~2%x~2))*(-Cosh[e] + Sinh[e])*Sinh [2*f*x]
))/(8*axf~3%(1 + Cothl[e + f*x]))

3.17.3 Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.04,
number of steps used = 7, number of rules used = 7, Bumber of rules _ 350 Ryles used

integrand size
= {3042, 4206, 3042, 4206, 3042, 3960, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+ dzx)?
/ acoth(e+ fz)+a de

| 3042
/ (c+ dz)?
a — iatan (ie +ifx+ %)
l 4206
d:
d f coth(gifﬁ)a+a dzx _ (C + dSL')z (C + dﬂ?)?’

f 2f(acoth(e + fz) + a) 6ad
| 3042

ct+dx

d f a—iatan (ie+ifz+%) dzx _ (C + dw)z (C + diE)?’

f 2f(acoth(e + fx) + a) 6ad

l 4206
d af mdw _ ct+dx + (ct+dx)?
2f 2f(acoth(e+fz)+a) 4ad B (C + dx)2 N (C 4 d:L‘)B

f 2f(acoth(e + fx) + a) 6ad

| 3042
d 1 dz
d f a—iatan(2i6+if:c+%) — Ch+dz + (C—Zd::zl:)z
f f(acoth(e+fx)+a) a ~ (C i da:)z (c 4 d.’L‘)3

f 2f(acoth(e + fz) +a) 6ad

| 3960

(c+dz)?
317 [ craeihiers 9o
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d(M_ 1 ) )
d 2a 2f(a2coth(e+fw)+a) — tch-i-d:c + (cl-d;v)
f f(acoth(e+fz)+a) a ~ (c+ diL‘)2 (c+ dac)3
f 2f(acoth(e + fx) + a) 6ad
l 24
al - cda +_@T%V_+d(%‘ﬂﬁgmé?ﬁﬁ6)
~ (C—i—dI)z . 2f(acoth(e+fz)+a) a f . (C-+—d.’17)3
2f(acoth(e + fz) +a) f 6ad

inputLInt[(c + d*x)~2/(a + a*Cothl[e + f*x]),x]

~—

output((c + d*x) "3/ (6*axd) - (c + d*x)~2/(2*«f*(a + a*Coth[e + f*x])) + (d*((c + d
\*x)*2/(4*a*d) - (c + d*x)/(2*fx(a + a*xCoth[e + f*x])) + (d*(x/(2*%a) - 1/(2
\*f*(a + axCothle + £*x]))))/(2%£f)))/f

————

3.17.3.1 Defintions of rubi rules used

-

rule 24 Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]
ym

—/

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3960 Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[a*((a +
bxTan[c + d*x]) n/(2*b*d*n)), x] + Simp[1/(2%#a) Int[(a + b*Tan[c + d*x])~
(n + 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b2, 0] && LtQ[n, O]

rule 4206 Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*tanl[(e_.) + (f_.)*(x_)1), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2%axd*(m + 1)), x] + (Simp[a*d*(m/(2%b*f))

Int[(c + d*x)"(m - 1)/(a + bxTan[e + £*x]), x], x] - Simp[ax((c + d*x)"m
/(2xbxf*(a + bxTan[e + f*x]))), x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[
a2 + b™2, 0] && GtQ[m, O]

(c+dz)?
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3.17.4 Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.84

method result

. 423 dez? 2 c3 (2d%2? f2+-4cd f2z+2c? f242d? fz+2cdf +d?)e2/2—2¢
risch 6a + 2a + 2a + 6da 8a f3

lelrisch ((2d2z3+6dc?+6c2z) f3+(—3z2d2—6cdz—6c2) f2+(—3x d2—6cd) f—3d2)tanh(fm+e)+6z((§z2d2+cda:+c2)f2+d
parallelrisc 12f3a(1+tanh(fz+e))

ey (cosh(fm+6)2sinh(fm+e) itz 5) +2dect ( cosh(fa-te) sinh(fate) _ fo_ 5) —2def ( (fo+e) cosh(fo-+e) sinh(fate) _{

derivativedivides
d f lt _czfg(Cosh(f:v+e)2sinh(f:v+e) _%_%)+2decf(cosh(f:c+e)251nh(f:v+e) —%—%)—Qdcf((fw+e) cosh(f:c;—e) sinh(fz+e) |
erau
input Lint ((d*x+c) "2/ (a+a*coth(f*x+e)) ,x,method=_RETURNVERBOSE) J

Output‘1/6*d‘2/a*x‘3+1/2*d/a*c*x‘2+1/2/a*c‘2*x+1/6/d/a*c‘3+1/8*(2*d‘2*f‘2*x‘2+4*c
‘*d*f‘2*x+2*c‘2*f‘2+2*d‘2*f*x+2*c*d*f+d‘2)/a/f‘3*exp(—2*f*x—2*e)

3.17.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.57

(c+ dx)?
/ a + acoth(e + fx) dz

(4d%f323 +6c2f2+ 6cdf +6(2cdf® + df2)z? +3d% + 6 (222 + 2cdf? + d*f)x) cosh (fr +e) + (4d
24 (af3cosh (fx +e)+af

input Lintegrate ((d*x+c)~2/(ata*xcoth(f*x+e)) ,x, algorithm="fricas") J

output | 1/24% ((4*d~2+f~3*x"3 + 6%c~2*xf~2 + 6Gkckd*f + 6% (2kxckd*f~3 + d~2*%f~2)*x"2 +

3*%d"2 + 6% (2%c”™2%f"3 + 2xckd*f"2 + d"2+f)*x)*kcosh(f*x + e) + (4*d~2%f 3*x
~3 - 6%C”2+f"2 - 6xckd*f + 6% (kckd*f"3 - AT2*f"2)*x"2 - 3*%d"2 + 6% (2%c”2*
£73 - 2kcxd*f"2 - d72+f)*x)*sinh(f*x + e))/(axf~3*cosh(f*x + e) + a*f 3*si
nh(f*x + e))

(c+dz)?
317 [ craeihiers 9o
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3.17.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 522 vs. 2(95) = 190.

Time = 0.63 (sec) , antiderivative size = 522, normalized size of antiderivative = 4.28

/ (c+ dx)?

dz
a + acoth(e + fz)

6¢? f3z tanh (e+fx) + 6c2 f3x + 6c2 2 + 6cdf3x? tanh (e+fx) + 6cdf®

12af3 tanh (e+fz)+12af3 12af3 tanh (e+fx)+12af3 12af3 tanh (e+fz)+12af3 12af3 tanh (e+fx)+12af3 12af3 tanh (e

= 2 3
cx+edr?+ dTm

acoth (e)+a

inputLintegrate((d*x+c)**2/(a+a*coth(f*x+e)),x) J

output

Piecewise ((6*c**2xf**x3xxxtanh(e + f*x)/(12*a*f**3xtanh(e + f*xx) + 12*a*xf**
3) + 6*cHk*2xfxx3xx/ (12%a*f**3*tanh(e + f*x) + 12*xaxf**k3) + Gkck*2*xf**2/(12
xaxf**3xtanh (e + f*x) + 12xaxf**3) + 6xcxd*f*x3*xx**2xtanh(e + f*x)/(12*axf
*x3ktanh(e + f*xx) + 12*%a*f*x*3) + Gkxckd*xf**k3*x*x*x2/(12*xa*f**x3*xtanh(e + f*x)
+ 12xaxf*x3) - Gkckd*fx*2xxxtanh(e + f*x)/(12*xa*xf**x3*tanh(e + f*x) + 12xa*
f*x3) + 6xckd*xf**2*xx/(12*xa*f*x*3xtanh(e + f*x) + 12xa*f**3) + 6xcxd*xf/(12*a
xfxx3xtanh(e + £*xx) + 12kaxf**3) + 2xdA**x2+f*x3*x**x3*%tanh(e + f£*x)/(12*a*xfx*
*3xtanh(e + f*x) + 12%axf*x3) + 2xd**kf*x3*kx**3/(12*xa*f**3xtanh(e + f*x)
+ 12xa*xf**3) - 3kdrk2*kfx*x2kx**x2xtanh(e + f£*x)/(12*xa*f**3*xtanh(e + f*x) + 1
2ka*xf**3) + 3Ikd*kk2xfx*kkx*kx2/(12*axf**3*xtanh(e + f*x) + 12*%a*f*%*3) - 3Ixd**
2+f*x*tanh(e + fxx)/(12*a*f**3*tanh(e + f*x) + 12xaxf**3) + 3*kd**2*f*x/(12
*axf*xx3xtanh(e + f*x) + 12%a*xf*x3) + 3xd**2/(12*a*f**3*tanh(e + f*xx) + 12%
axfxx3), Ne(f, 0)), ((ck*2xx + ckd*x*x*2 + d**2xx**3/3)/(a*xcoth(e) + a), Tr
ue))

3.17.7 Maxima [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.02

/ (c+dz)? dx=102(2(fx+e) +e(‘2f””‘26))
a + acoth(e + fz) 4 af af
(2 f22%e®9) + (2 fz + 1)e(~2/2)) cde(~2¢)
4af?
(4 F32°e®9) + 3(2 f22? + 2 fo + 1)e(-2/2)) @2e(~29)
+ 24 af3

+

(c+dz)?
317 [ craeihiers 9o
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input‘integrate((d*x+c)“2/(a+a*coth(f*x+e)),x, algorithm="maxima")

p

output‘1/4*c“2*(2*(f*x + e)/(a*f) + e~ (-2xf*x - 2%e)/(axf)) + 1/4%(2xf~2%xx"2%e”~ (2
\*e) + (2%fxx + 1)*e” (-2xf*x))*ckxd*e” (-2*e)/(axf~2) + 1/24%(4*f~3xx"3xe” (2%
‘e) + 3% (2*xf"2%xx"2 + 2xf*x + 1)*e” (-2%f*x))*d~2*%e”~ (-2*e)/(axf~3)

3.17.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 119, normalized size of antiderivative = 0.98

/ (c+dz)?
dx
a + acoth(e + fz)
(4 d2f3x36(2f:c+2e) +12 Cdf3$26(2fz+2e) +12 sz31'6(2fz+26) + 6d2f2$2 +12 Cdfz.’L' +6 c2f2 + 6d2f.’17 +6
24 af3

inputLintegrate((d*x+c)‘2/(a+a*coth(f*x+e)),x, algorithm="giac") J

Output‘ 1/24% (4%d"2%f"3%x"3%e” (2*xf*xx + 2%e) + 12kckd*f~3*x"2%e” (2xf*x + 2%e) + 12%
‘c"2*f“3*x*e“(2*f*x + 2%e) + 6*%d"2xf"2%x"2 + 12%c*d*f"2*x + 6*%c”2*%f"2 + 6%d ‘
L“2*f*x + Bxckdkf + 3%d~2)xe” (-2kf*x - 2%e)/(a*f~3) J

3.17.9 Mupad [B] (verification not implemented)

Time = 1.97 (sec) , antiderivative size = 186, normalized size of antiderivative = 1.52

(c + dzx)? e 2e2/e (122 pe?et2/% L 4?3 24217 1 12 cda? €221 2)
€Tr =
a + acoth(e + fz) 24qa
e—2e—2fz (3d2+3d2e2e+2fz) fe—25—2fz (66d+6d2m+ﬁcdeze+2fz) + f2e—2e—2fz (6C2+602925+2fz+6d2w2+12cd:1:)
24 + 24 24
* 3
af

e

inputtint((c + d*x)"2/(a + a*coth(e + f*x)),x)

~—

output | (exp(- 2*e - 2xf*xx)*(12%c”2*x*exp(2*e + 2*f*x) + 4*d"2*x"3%exp(2%e + 2*f*x
) + 12xckd*x"2xexp(2*e + 2xfx*x)))/(24*a) + ((exp(- 2*e — 2xf*x)*(3*d"2 + 3
*d"2xexp(2%e + 2%f*x)))/24 + (f¥exp(- 2%e - 2kfxx)*(6xckd + 6*%d~2%x + 6*c*

d*exp(2%e + 2%f*x)))/24 + (£~2%exp(- 2xe - 2xf*x)*(6xc™2 + 6%c™2*exp(2*e +
2%£*x) + 6xd"2*x"2 + 12%cxd*x))/24)/(axf"3)

(c+dz)?
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3.18.1 Optimal result

Integrand size = 18, antiderivative size = 74

/ c+dx dp — dx +(c+dx)2_ d
a + acoth(e + fx) 4af 4ad 4f2(a + acoth(e + fx))
c+dz
"~ 2f(a+ acoth(e + fz))

e B

output | 1/4*d*x/a/f+1/4%(d*x+c)~2/a/d-1/4xd/f"2/ (a+a*xcoth(f*x+e))+1/2*x(-d*x-c)/f/(
‘ ataxcoth(fxx+e)) ‘
3.18.2 Mathematica [A] (verified)
Time = 0.71 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.09
/ c+dx s
a + acoth(e + fz)

_ 2cf(-142fx)+d(—1—2fx+2f%x?) + (2cf(1 + 2fx) + d(1 + 2fzx + 2f*x?)) coth(e + fz)
B 8af2(1 + coth(e + fz))

input LIntegrate[(C + d*x)/(a + a*Coth[e + f*x]),x] J

OUtPUt | (2*cHfx (=1 + 2kfkx) + dk(-1 - 2kfkx + 24E"2%x"2) + (kckEx(1 + 24fxx) + dx |
‘ (1 + 2%f*x + 2xf"2*%x72))*Coth[e + f*x])/(8*axf~2%(1 + Cothle + f*x])) \

c+dzx
318, [ ety da



input LInt[(c + dxx)/(a + axCoth[e + f*x]),x]

output‘ (c + d*x)~2/(4*a*xd) - (c + d*x)/(2*xfx(a + a*Coth[e + f*x])) + (d*(x/(2%a)
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3.18.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.05, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 97g Ry jjeg ysed = {3042,

integrand size
4206, 3042, 3960, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ c+dx -
acoth(e+ fx)+a
l 3042

/ c+dx
. — dx
a — iatan (ze+zfac+ %)

l 4206
d f coth(e—}-lfa:)a+adw _ c+dx + (C + d$)2
2f 2f(acoth(e + fx) + a) 4ad
| 3042
1
af a—iatan(ie+ifo+T) dz B c+dz + (c+ dx)?
2f 2f(acoth(e + fz) + a) 4ad
| 3960
ldz
d(f2a, ~ 2f(a coth(le-i-fx)-i-a)) B c+dz + (c+ dz)?
2f 2f(acoth(e + fz) + a) 4ad
l 24
x 1
_ c+dx n (C+d$)2 n d(% - 2f(ac0th(e+fz)+a))
2f(acoth(e + fz) +a) 4ad 2f

-

-/

\— 1/(2%fx(a + a*Cothle + £*x1))))/(2%£f)

N

N J

c+dzx
318, [ ety da
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3.18.3.1 Defintions of rubi rules used

rule 24‘Int [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

rule 3042

rule 3960

rule 4206

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[a*x((a +
bxTan[c + d*x]) n/(2*b*d*n)), x] + Simp[1/(2*a) Int[(a + bxTan[c + d*x])~
(n+ 1), x1, x] /; FreeQl[{a, b, c, d}, x] && EqQ[a"2 + b2, 0] && LtQ[n, O]

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(2*a*d*(m + 1)), x] + (Simp[a*d*(m/(2*b*f))

Int[(c + d*x)"(m - 1)/(a + bxTan[e + £*x]), x], x] - Simp[a*x((c + d*x)"m
/(2xb*f*(a + b*Tan[e + £*x]))), x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[
a~2 + b"2, 0] & GtQ[m, O]

3.18.4 Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.62

method result
. dz? ez (2dzf+2cf+d)e2fz—2e
risch G ts5. t+ 80 /2
lelrisch ((dz2+2cx) f2+(—dz—2c) f—d) tanh(fx+e)+2:1:f((d7z+c) f+%>
paralelrisc 4f2a(1+tanh(fz+e))
—cf ( cosh(f:c+e)2sinh(fw+e) _ %t_g) +de(cosh(fw+e)25inh(f:c+e) _fl_ﬁ) —d( (fz+e) cosh(fac2+e) sinh(fz4e) (fwj;e)2 _
derivativedivides a
. . : 2
d f l —cf ( cosh(f:t+e)2smh(f:t+e) _ _%v_;) +de(cosh(fa:+e)2smh(fm+e) _%_E) —d( (fz+e) cosh(fa:2+e) sinh(fz+e) (fa::e) _
etault 2a
input Lint ((d*x+c)/(ataxcoth(f*x+e)) ,x,method=_RETURNVERBOSE) J
output L1/4/a*d*x“2+1/2/a*c*x+1/8* (2%d*f*xx+2xc*f+d) /a/f~2xexp (-2*f*x-2%e) J

c+dzx
318. [ craeieir

dz
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3.18.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.36

c+dx d
/a+acoth(e+ fz) v
(2df?z* +2cf +2(2cf? + df)x + d) cosh (fx +e€) + (2df?z% — 2cf +2(2cf? — df)x — d) sinh (fz +
8 (af?cosh (fz + €) + af?sinh (fz +e))

inputLintegrate((d*x+c)/(a+a*coth(f*x+e)),x, algorithm="fricas") J

Output| 1/8#((2+d*E"2%x"2 + 2kckf + 2x(2kcKE2 + dkE)*x + d)kcosh(f*x + e) + (2+dx
\f*2*x*2 - 2xcxf + 2% (2%c*f~2 — d*f)*x - d)*sinh(f*x + e))/(a*f~2%cosh (f*x
\+ e) + axf~2xsinh(f*x + e))

3.18.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 250 vs. 2(58) = 116.

Time = 0.54 (sec) , antiderivative size = 250, normalized size of antiderivative = 3.38

/ c+dx s
a + acoth(e + fx)

2¢f?z tanh (e+fx) 2cf3x 2¢cf df?z? tanh (e+fx) df?z?
4af? tanh (e+ fz)+4af? + 4af? tanh (e+ fz)+4af? + 4af? tanh (e+fx)+4af? + 4af? tanh (e+fx)+4af? + 4af? tanh (e+fx)+4af*
= CZ*_#
acoth (e)+a
input Lintegrate ((d*x+c)/ (ataxcoth(f*x+e)) ,x) J

output | Piecewise ((2*ckxf**2%x*tanh(e + f*x)/(4*axf*x*2xtanh(e + f*x) + 4*axf*x*x2) +
2xckfx*2xx/ (4xa*xf**2xtanh (e + f*xx) + 4xa*xfx*2) + 2kcxf/(4*xa*xf**2xtanh(e +
fxx) + 4%a*xf**2) + dkfr*kxx*2ktanh(e + f*x)/(4*a*f**2xtanh(e + f*x) + 4*a
*fxk2) + dxfxx2kx*k*2/(4dkaxfx*x2%tanh(e + f*xx) + 4d*ra*fxx2) - dxf*x+tanh(e +
£*x)/(4*xaxfx*x2xtanh(e + f*x) + 4*axf*xx2) + dxfxx/(4d*a*f**2+tanh(e + f*xx) +
dxaxf**2) + d/(4*a*f*k2xtanh(e + f*xx) + 4*xaxfxx2), Ne(f, 0)), ((ckx + d*x
*%x2/2) /(a*coth(e) + a), True))

c+dzx
318, [ ety da
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3.18.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.97
6(_2 fz—2e) )

/ c+dz dw:16<2(fz+e)+
a + acoth(e + fz) 4 af af

(2 f22%29 + (2 fz + 1)e=2/2)) de(=29)
+ 8af?

| —

-

output‘ 1/4%c* (2% (fxx + e)/(axf) + e~ (-2xfxx - 2%e)/(a*xf)) + 1/8%(2*f " 2xx"2xe”~ (2%e

inputLintegrate((d*x+c)/(a+a*coth(f*x+e)),x, algorithm="maxima")

\) + (2%f*x + 1)%e~ (-2%f*x))*d*e" (-2%e)/(a*xf~2)

3.18.8 Giac [A] (verification not implemented)
Time = 0.29 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.84
(2df?z%ef7+29) 4 4 cfpefo+2¢) 4 2dfy + 2¢f + d)el-2f7729)

8af?

/ c+dx dp —
a+acoth(e + fr) =~

integrate((d*x+c)/(ata*coth(f*x+e)),x, algorithm="giac")

N

input
Output‘ 1/8% (2xd*xf~2xx"2%e”~ (2%f*x + 2%e) + 4*cxf~2%x*e” (2%f*xx + 2%e) + 2xd*xf*x + 2

‘*c*f + d)*e~ (-2%f*x - 2%e)/(a*f~2)

Mupad [B] (verification not implemented)

3.18.9
Time = 1.94 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.03
dyef
i k1) R R )

f2
a+ acoth (e + f x)

dxz? d

a

/ c+dz "
a + acoth(e + fz)

input Lint((c + dxx)/(a + axcoth(e + f*x)),x)

output‘ (x*(c/2 + d/(4xf)) + (d*x~2)/4)/a - ((d/4 + (c*£)/2)/£72 - x*(c/2 - d/(4xf

\)) + xx(c/2 + d/(4%£)))/(a + a*coth(e + f*x))
3.18. f a-l—amc):-l?(i—f-fw) dx
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1
3.19 f (c+dz)(a+acoth(e+fx)) dz

3.19.1 Optimal result . . . . . . . .. ... . 159
3.19.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo o 150
3.19.3 Rubi [C] (verified) . . . . . . .. . .. .. 160
3.19.4 Maple [A] (verified) . . . ... . ... ... 1631
3.19.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 163
3.19.6 Sympy [F] . . . . . 164
3.19.7 Maxima [A] (verification not implemented) . . . ... ... ... ... ... .. 164
3.19.8 Giac [A] (verification not implemented) . . . ... ... ... ... ... .. 164
3.19.9 Mupad [F(-1)] . . . . oo 1651

3.19.1 Optimal result

Integrand size = 20, antiderivative size = 157

1 __cosh (2e — %) Chi(% +2fz) 4 log(c + dx)
(c+dz)(a + acoth(e + fx)) = 2ad 2ad
N Chi(% + 2fx) sinh (26 — %)
) 2ad ,
N cosh (2e - %f) Shi(%f + 2fz)
2ad
B sinh (26 — z%f) Shi(% + 2fx)
2ad

output ‘ -1/2%Chi (2xc*f/d+2*f*x) *xcosh (-2*%e+2*xc*xf/d) /a/d+1/2*1n(d*x+c) /a/d+1/2*cosh(
\—2*e+2*c*f/d)*Shi(2*c*f/d+2*f*x)/a/d—1/2*Chi(2*c*f/d+2*f*x)*sinh(—2*e+2*c*
£/d) /a/d+1/2%Shi (2%c*f/d+2*f*x) *sinh (-2*e+2*c*f/d) /a/d

N\ J

3.19.2 Mathematica [A] (verified)

Time = 0.63 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.78

1
/ (c+ dz)(a+ acoth(e 1 f2)) ™
B csch(e + fz)(cosh(fz) + sinh(fz)) (log(f(c + dz))(cosh(e) + sinh(e)) + Chi(@) (—cosh (e — 2_2i
B 2ad(1 + coth(e + fx)

L dz

3.19. f (c+dzx)(a+a coth(e+fx))
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input‘ Integrate[1/((c + d*x)*(a + a*Coth[e + f*x])),x] ‘

output‘f(Csch[e + f*x]*(Cosh[f*x] + Sinh[f*x])*(Log[f*(c + d*x)]*(Cosh[e] + Sinhl[e

‘]) + CoshIntegral [(2xf*(c + d#*x))/d]*(-Cosh[e - (2%c*f)/d] + Sinh[e - (2%c
‘*f)/d]) + (Cosh[e - (2%c*f)/d] - Sinh[e - (2*c*f)/d])*SinhIntegral [(2*f*(c
|+ axx))/d]))/(2xaxdx(1 + Cothle + £xx1))

|

3.19.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.75 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.00,

_ _ number of rules _
number of steps used = 12, number of rules used = 12, integrand size 0.600, Rules

used = {3042, 4209, 25, 26, 3042, 26, 3784, 26, 3042, 26, 3779, 3782}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
d
/ (c+dz)(acoth(e + fz) + a) *
l 3042
/ 1
: : : dz
(c+dzx) (a —iatan (ze +ifr+ %))
l 4209
o) e[t dr tog(e+ da)
%, %2, 2ad
l 25
i [ ROt gy [ et gy . log(c+ da)
% 2 2ad
l 26
[ g e [ EGH N dr | 1og(c + da)
% 2 2ad
l 3042

e o o in(2ie+2ifr+Z
[ e Pdr [ R e tog(e +da)

2a B 2a 2ad

l26

L dz

3.19. f (c+dzx)(a+a coth(e+fx))
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. sin(2ie+2ifx in (2ie+21 us
_ﬁ%d B fs(w;;wﬂwderlog(de)
2a 2a 2ad
| 3784
h(2zf+ 2t isinh(2zf+2<f
z(z sinh (2e - %) [ m&#‘i)dfc 1 cosh (26 _ g) i WW)
_ < . f) 2a ( ] f) -
2% cosh ( 2z f+ =5 o % isinh( 2z f+ %5
cosh (26 - Tf) Ik Tdm —4sinh (ze f) [ de log(c + dz)
+
2a 2ad

| 26

z(z sinh (26 - M) J Mdﬂt + i cosh (2e — ﬁ) [ mnh(%ﬂmdm)

ctdx ct+dz
. G o (o (or+2¢) )
. 9 sinh 2zf+2% 2 cosh 293f+2%
sinh (26 — %f) f wa + cosh (26 - %) f sz lOg(C + d.’L')
+
2 2ad
| 302
i sin ( 26z f+ 2t in(2ix f+2icf 4 o
sinh (26 — %) i —mgi#d)dm + cosh (26 - M) / Sm( mtj;rdmd 2> dx
2a
.. 9 sin(2izf+ 2ol 41 ) 9 isin(2izf+ 2L
z(z sinh (26 - %f) / < c+dxd 2>dm + i cosh (26 - %f) i —%dm log(e + do)
+

2a 2ad

| 26

cosh ( . M) [ sin(2iof+20 + 7 ) dz — isinh ( e— M) [ de

. ct+dx ct+dx _
osiiing) (o250
in(2izf+2el sin ( 2izf+ =3 Zicf
i| isinh (2e — 2¢f = 4 "2) da + cosh (2e — 2¢f 9 gy
( ( ) I crde ( I ) I crd 4 log(c + dx)
2a 2ad
l 3779
inh ( 2e— 2¢f \Shi 2cf in(2i 2icf | w
o )d i(or+) + cosh (26— %) J il mf—:dmd +2>dac
_ o _
. . 2ic, T . 2c 3 2c
i( isinh (2¢ - %) J Sln(zw({:dzdf+5> dz + zCOSh@e_Tf)f hi(2e7+74)
+ log(c + dx)
2a 2ad
l 3782

L dz

3.19. f (c+dzx)(a+a coth(e+fx))



CHAPTER 3. LISTING OF INTEGRALS 162

. < iChi(20f+ %{2 sinh (2e— 25/ ) | fouh (2e- %)dShi (207+2) )

2
Chi (2:cf+%> cosh (26— %) sinh (22— %) Shi <2wf+%>

v + 7 + log(c + dx)
2a 2ad

input‘Int[l/((c + d*x)*(a + a*Coth[e + f*x])),x]

output‘Log[c + d*x]/(2xa*d) - ((I/2)*((I*CoshIntegral[(2xc*f)/d + 2*f*xx]*Sinh[2*e
‘ - (2%cxf)/d]l)/d + (I*Cosh[2*e - (2*c*f)/d]*SinhIntegral [(2*c*f)/d + 2*f*x
‘])/d))/a - ((Cosh[2%e - (2*c*f)/d]*CoshIntegral [(2*c*f)/d + 2*f*x])/d + (S
‘inh[Z*e - (2%cx*f)/d]*SinhIntegral [(2*c*f)/d + 2xfxx])/d)/(2*a)

3.19.3.1 Defintions of rubi rules used

-

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—/

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3779 Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[I*(SinhIntegral [cxf*(fz/d) + f*fz*x]/d), x] /; FreeQl{c, 4, e, f
, £z}, x] &% EqQldxe - c*fxfzxI, 0]

rule 3782 Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [cxf*(fz/d) + f*fz*x]/d, x] /; FreeQl{c, 4, e, £, fz
}, x] && EqQld*(e - Pi/2) - cxf*xfzxI, 0]

rule 3784 Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*
e - c*xf)/d] Int[Sin[c*(f/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
£)/d] Int[Cos[cx(f/d) + f*x]/(c + d*x), x], x] /; FreeQl{c, 4, e, £}, x]
&& NeQ[d*e - c*f, 0]

1
3.19. f (c+dzx)(a+a coth(e+fx)) dx



CHAPTER 3. LISTING OF INTEGRALS 163

rule 4209‘Int[1/(((c_.) + (d_)*(x_))*((a) + (b_.)*tan[(e_.) + (£_.)*(x_)1)), x_Symb
‘ol] :> Simp[Loglc + d*x]/(2*axd), x] + (Simp[1/(2*a) Int[Cos[2*e + 2*fx*x]
‘/(c + d*x), x], x] + Simp[1/(2+%Db) Int[Sin[2*e + 2*xfxx]/(c + d*x), x], x])
‘ /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a"2 + b~2, 0]

3.19.4 Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.39

method | result pr.
2cf—2d
i In(dz+c) e% Ei; (2fz+2e+%;2de>
risch - ki 61

inputLint(1/(d*x+c)/(a+a*coth(f*x+e)),x,method=_RETURNVERBOSE)

output ‘ 1/2+1n(d*x+c) /a/d+1/2/a/d*exp (2% (cxf-dxe) /d) *Ei (1, 2*f*x+2*e+2* (cxf-d*e) /d)

3.19.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.48

1
d
/ (c+ dz)(a + acoth(e + fx)) v
Ei(—%) cosh (—M) + Ei(—%ﬁ) sinh <—2(def;cf)> —log (dx + ¢)

2ad

input Lintegrate (1/(a*x+c)/(ataxcoth(f*x+e)) ,x, algorithm="fricas")

output‘—1/2*(Ei(—2*(d*f*x + c*f)/d)*cosh(-2x(d*xe — c*f)/d) + Ei(-2*(d*f*x + cxf)/
|d)*sinh(-2+(d*e - c*£)/d) - log(d*x + c))/(a*d)

L dz

3.19. f (c+dzx)(a+a coth(e+fx))
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3.19.6 Sympy [F]

dz

a + acoth(e + fx)) dz = a

1
/ 1 f ccoth (e+fz)+c+dz coth (e+ fz)+dz
(c+dz)(

-

input Lintegrate (1/(d*x+c)/(a+axcoth(f*x+e)) ,x)

-/

outputLIntegral(l/(c*coth(e + f*x) + c + d*x*coth(e + f*x) + d*x), x)/a

3.19.7 Maxima [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.31

(—2 e+2;f)E 2 (dz+c)f
e e
1 dp — 1( d >+log(da:+c)

(c+dz)(a+ acoth(e + fz)) 2ad 2ad

inputLintegrate(1/(d*x+c)/(a+a*coth(f*x+e)),x, algorithm="maxima")

output‘1/2*e“(-2*e + 2*cxf/d)*exp_integral_e(1l, 2x(d*x + c)*f/d)/(a*d) + 1/2*x1log(
(dxx + c)/(a*d)

3.19.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.31

1
dr = —

(Ei(—%) i) _ e log (dz + c)) e(=2¢)

/ (c+dz)(a+ acoth(e + fz)) 2ad

input Lintegrate (1/(d*x+c)/(ata*coth(f*x+e)),x, algorithm="giac")

Output‘-1/2*(Ei(—2*(d*f*x + c*f)/d)*xe”~ (2xc*xf/d) - e~ (2*e)*log(d*x + c))*e”(-2xe)/
(axd)

L dz

3.19. f (c+dzx)(a+a coth(e+fx))
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3.19.9 Mupad [F(-1)]

Timed out.

1

1
/ (c+ dz)(a + acoth(e + fz)) do = / (a+acoth(e+ fz)) (c+dx) de

input Lint(i/((a + axcoth(e + f*x))*(c + d*x)),x)

output Lint(l/((a + axcoth(e + f*x))*(c + d*x)), x)

1
3.19. f (c+dz)(a+a coth(etfx)) dx
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1
3.20 f (C_|_dx)2(a—{—a COth(€+fx)) dx

3.20.1 Optimal result . . . . . . .. . ... . 166]
3.20.2 Mathematica [A] (verified) . . . . . . . ... ... Lo o 167
3.20.3 Rubi [C] (verified) . . . . . . ... . ... 167
3.20.4 Maple [A] (verified) . . . . .. . .. ... vl
3.20.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. Ival
3.20.6 Sympy [F] . . . . . . 172
3.20.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 1721
3.20.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 172
3.20.9 Mupad [F(-1)] . . . . o o 173

3.20.1 Optimal result

Integrand size = 20, antiderivative size = 159

1 _ fcosh (2e — 2y Chi(%L + 2fz)
/ (c+dz)%(a + acoth(e + fz)) v ad?
1

d(c+ dz)(a + acoth(e + fz))
_ fChi(2%f + 2f:c) sinh (26 _ %)

ad?

B f cosh (26 — Q—ZI) Shi(z—zi + 2fw)
ad?

| fsinh (2e — 2L) Shi(% + 2fz)
ad?

e B

f*Chi (2%c*f/d+2*xf*x) *cosh (-2*e+2*xc*f/d) /a/d"2-1/d/ (d*x+c) / (a+a*coth (f*x+e)
\)—f*cosh(—2*e+2*c*f/d)*Shi(2*c*f/d+2*f*x)/a/d‘2+f*Chi(2*c*f/d+2*f*x)*sinh(
‘—2*e+2*c*f/d)/a/d“2—f*Shi(2*c*f/d+2*f*x)*sinh(—2*e+2*c*f/d)/a/d‘2 J

output

1
3.20. f (c+dz)?(a+acoth(e+fz)) dz




input

output
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3.20.2 Mathematica [A] (verified)

Time = 0.93 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.30

1
/ (c+ dz)%(a + acoth(e + fx))
csch(e + fz) (cosh (<) +sinh (%)) (d(cosh (e+ f(—<+z)) —cosh (e+ f(S+z)) +sinh (e + f(-

dz =

-

LIntegrate [1/((c + d*x)"2*(a + axCoth[e + f*x])),x]

~—/

-1/2*(Cschl[e + f*x]*(Cosh[(c*f)/d] + Sinh[(c*£f)/d])*(d*(Cosh[e + f*x(-(c/d)

+ x)] - Coshl[e + f*(c/d + x)] + Sinh[e + f*(-(c/d) + x)] + Sinh[e + f*x(c/
d + x)]) + 2%fx(c + d*x)*CoshIntegral [(2*f*(c + d*x))/d]*(-Cosh[e - (£f*(c
+ dxx))/d] + Sinh[e - (f*(c + d*x))/d]) + 2*f*x(c + d*x)*(Cosh[e - (fx(c +
d*x))/d] - Sinh[e - (£f*(c + d#*x))/d])#*SinhIntegral [(2*f*(c + d*x))/d]))/(a
*d"2x(c + d*x)*(1 + Coth[e + f*x]))

3.20.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.74 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.06,

_ _ number of rules _
number of steps used = 12, number of rules used = 12, integrand size 0.600, Rules

used = {3042, 4207, 25, 26, 3042, 26, 3784, 26, 3042, 26, 3779, 3782}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ i :
(c+ dzx)?(acoth(e + fzr) + a) v

l 3042

1
/ (c+dz)? (a — iatan (ie +ifz + %))d:v

| 4207
if f _isinh(2il+2fx) dr f f _cosh(2€2—2fx) d 1
_ ctdz _ ctdz _
ad ad d(c+ dz)(acoth(e + fz) + a)

| 25

1
3.20. f (c+dz)?(a+acoth(e+fz)) dz
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_fo zsmhc(iz—;2fa:)d ff coshg:;ffz dx ~ 1
ad ad d(c+ dz)(acoth(e + fz) + a)
l 2
ff s1nh((:ie(;;2fx ff coshg_e;ffx)d 1
ad ad  d(c+ dz)(acoth(e + fz) + a)
| 3042
_ff_isin(zf’:;fifz) da . ff sin(2iec—:ii£ac+g)dx B 1
ad ad d(c+ dz)(acoth(e + fz) + a)
l 2
fo sm(261i-(i1-9237,f93) d ff sin(2iec—:_2dixfx+%) da ~ 1
ad ad d(c+ dz)(acoth(e + fz) + a)
l 3784
h(2 2cf inh (2 2cf
if (z sinh (26 — ﬁ) J %dw + cosh (26 — %) i %dw)
ad +
h(2zf+2<f isinh(2zf+2<f
f(mﬁ(%—Jd)fws&ZjdLM—imm<%—ﬁy)fS“gigd)¢0
ad, B
1

d(c+ dz)(acoth(e + fx) + a)

l 26

2cf i 2cf
if <z’sinh (26 - M) i de + icosh (26 — M) [ Smh<2xf+2d)dm>

ctdx ctdz
ad +
f(sinh (26 - %) i smh(z#dm + cosh (26 - %) Ik de>
ad1 -

d(c+ dx)(acoth(e + fx) + a)
| 3042

1
3.20. f (c+dz)?(a+acoth(e+fz)) dz
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2icf

isin( 2tz in ( 2¢x 2icf  m
f<sinh (26_22f>f_s<2f+d>d$+COSh (26_%>f5 (2 f+2d +2>d$>

ctdz ct+dx
ad +
in ( 24 Zicf 4 m i sin (24 2icf
if(iﬂnh<2e—-%?)‘fs <mﬁi;; +2)dw—+icoﬁl<2e—-%f)j3—“;(iii:‘l)dw>
ad -
1
d(c+ dz)(acoth(e + fz) + a)
| 26
in{ 24 Helyz in (24 2Zief
f(cosh (26 - %) i > (2mfj:dzd +2) dx — isinh (26 - %) S de)
+
ad
oy 2icf | © in (2 2icf
if <z sinh (26 — %) i Sm(mmf:d; +2) dz + cosh (26 — %) i Wda:)
ad, B
1
d(c+ dx)(acoth(e + fz) + a)
| 3779
f(HETHICIN) | (3 7)ol )
ad T
in (i f4+ 2L 47 icos _2¢cf i(24fa2¢f
if(isinh (26 - %) i ° <2 f:dxd +2)dx+ h<2e d >dSh1(2 f+%3 ))
ad, -
1
d(c+ dz)(acoth(e + fz) + a)
| 3782
iChi(2zf+2¢f ) sinh (2e— 2 icosh(2e— 2t i(2g f+2¢f
i f( hi(aer 5 sn(2e=25) _iooh(se- 24 )Shiaer 4 >>
ad +
Chi (fo—i-%) cosh (26—%) sinh (26—%) Shi (fo—i-%)
f i + j .
ad ~ d(c+ dz)(acoth(e + fz) + a)

input‘ Int[1/((c + d*x)~2*(a + a*Cothl[e + f*x])),x]

1
3.20. f (c+dz)?(a+acoth(e+fz)) dz




output
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-(1/(d*(c + d*x)*(a + a*Cothl[e + f*x]))) + (Ixfx((I*CoshIntegral[(2*c*f)/d

+ 2%f*x]*Sinh[2*e - (2xc*f)/d])/d + (I*Cosh[2xe - (2%c*f)/d]*SinhIntegral
[(2%c*£f)/d + 2xfxx])/d))/(axd) + (£x((Cosh[2*e - (2*cxf)/d]*CoshIntegral[(
2xc*f)/d + 2xf*x])/d + (Sinh[2*e - (2*c*f)/d]*SinhIntegral[(2*cx*f)/d + 2*f
*x])/d))/ (axd)

3.20.3.1 Defintions of rubi rules used

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 26

rule 3042

rule 3779

rule 3782

rule 3784

rule 4207

Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[I*(SinhIntegral [c*f*(fz/d) + fxfz*x]/d), x] /; FreeQl{c, d, e, f
, £z}, x] && EqQld*e - c*fxfzxI, 0]

/

Int[sin[(e_.) + (Complex[0, fz_])*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [cxf*(fz/d) + f*xfz*x]/d, x] /; FreeQl{c, 4, e, £, fz
}, x] && EqQ[d*(e - Pi/2) - c*fxfzxI, 0]

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*
e - cxf)/d] Int[Sin[c*(£f/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - c*
£)/d]  Int[Cosl[cx(£f/d) + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x]
&& NeQ[d*e - cxf, 0]

Int[1/(((c_.) + (d_.)*(x_))"2x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + bxTan[e + f*x]))~(-1), x] + (-Simp[£f/(a*d)

Int[Sin[2%e + 2xf*x]/(c + d*x), x], x] + Simp[f/(b*d) Int[Cos[2*e + 2%
f*x]/(c + d*x), x], x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a”2 + b2, 0
]

1
3.20. f (c+dz)?(a+acoth(e+fz)) dz
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3.20.4 Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.57

method | result size

2cf—2de _
fe—2fz—2e fe 4 " Eiy <2fm+2e+%d2de)

. 1
risch " 2da(dz+c) + 2ad(dzf+cf) ad? 91

input‘int(1/(d*x+c)”2/(a+a*coth(f*x+e)),x,method=_RETURNVERBOSE)

output‘-1/2/d/a/(d*x+c)+1/2*f/a*exp(-2*f*x-2*e)/d/(d*f*x+c*f)-f/a/d“2*exp(2*(c*f-
‘d*e)/d)*Ei(l,2*f*x+2*e+2*(c*f—d*e)/d)

3.20.5 Fricas [A] (verification not implemented)
Time = 0.28 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.36

/ ; d
(c+ dx)%(a + acoth(e + fx)) v

(dfz + cf)Ei(—M) cosh (fz + €) cosh (—Lﬁ) + (dfz + cf)Ei(—%) cosh (fx + e) sinl

(ad3z + acd?) cos

input Lintegrate (1/(d*x+c) "2/ (ata*coth(f*x+e)) ,x, algorithm="fricas")

output | ((d*xf*x + c*f)*Ei(-2x(d*f*x + cxf)/d)*cosh(f*x + e)*cosh(-2*(d*e - c*f)/d)

+ (d*f*xx + c*xf)*Ei(-2*(d*f*x + c*f)/d)*cosh(f*x + e)*sinh(-2*(d*e - cxf)/
d) + ((d*f*xx + c*xf)*Ei(-2%(d*f*x + c*f)/d)*cosh(-2*x(d*e - c*f)/d) + (d*xf*x
+ c*xf)*Ei(-2%(d*f*x + c*f)/d)*sinh(-2*x(d*e - c*f)/d) - d)*sinh(f*x + e))/
((a*d~3*x + axc*d"2)*cosh(f*x + e) + (axd"3*x + a*c*d"2)*sinh(f*x + e))

3.20.

1
f (c+dz)?(a+acoth(e+fz)) dzx
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3.20.6 Sympy [F]

1

/ (c+ dz)%(a + acoth(e + fx)) dz

1
f c? coth (e+fx)+c2+2cdx coth (e+ fz)+2cdz+d2x2 coth (e+ fx)+d2x2 dzx

a

input Lintegrate (1/ (d*x+c)**2/ (at+axcoth(f*x+e)) ,x) J

output‘Integral(l/(c**2*coth(e + fxx) + c**2 + 2%ckd*xx*xcoth(e + f*xx) + 2%ckdxx +
‘d**2*x**2*coth(e + f*xx) + d*x*2kx**2), x)/a

3.20.7 Maxima [A] (verification not implemented)

Time = 0.47 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.35

1 1 o2+ g, (2 o c‘)f>

dr = —
(c+dz)%(a + acoth(e + fx)) v 2 (ad?z + acd) + 2 (dz + c)ad

-/

input Lintegrate (1/(d*x+c) "2/ (ata*coth(f*x+e)) ,x, algorithm="maxima")

output‘ -1/2/(a*d"2*x + akxcxd) + 1/2%e”(-2xe + 2xcxf/d)*exp_integral_e(2, 2*(d*x +
| O)*£/d)/((d*x + c)*axd)

3.20.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 321 vs. 2(159) = 318.

Time = 0.31 (sec) , antiderivative size = 321, normalized size of antiderivative = 2.02

1
(¢ + dz)%(a + acoth(e + fx))

2@m+eﬂia—q%rhﬂﬂE(_dwﬁﬁﬁiwﬁﬁﬁ%ﬁﬁve@“?m)_2@FE(—ﬂ@fﬁf

dz

dx+c d

2 ((dz + c)ad

1
3.20. f (c+dz)?(a+acoth(e+fz)) dz



input‘

output
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integrate(1/(d*x+c) "2/ (ata*coth(f*x+e)) ,x, algorithm="giac")

1/2%(2x(d*x + c)*(d*xe/(d*x + c) — c*f/(d*x + c) + f)*f"2*Ei(-2*x((d*x + c)*
(d*e/(d*x + c) - c*f/(d*x + ¢c) + f) - dxe + c*f)/d)*e”(-2*(d*e - cxf)/d) -
2*d*exf"2*Ei (-2x ((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - d*e + cx*
£)/d) *e” (-2%(d*e - c*f)/d) + 2kc*f~3*Ei(-2*%((d*x + c)*(d*e/(d*x + c) - c*f
/(d*x + c) + £f) - d*e + cxf)/d)*e”(-2x(d*e - c*f)/d) + d*f~2%e”(-2*(d*x +
c)*x(dxe/(d*x + c) - c*xf/(d*x + c) + £)/d) - d*xf~2)*d~2/(((d*x + c)*a*xd 4*(
dxe/(d*x + c) - cxf/(d*x + c) + f) - a*d"bkxe + axcxd 4xf)*f)

3.20.9 Mupad [F(-1)]

Timed out.

1 1
/ (c+ dz)?(a + acoth(e + fz)) do = / (a+ acoth (e + fx)) (c+dz)’ de

inputtint(l/((a + axcoth(e + f*x))*(c + d*x)~2),x)

outputtint(l/((a + axcoth(e + f*x))*(c + d*x)"2), x)

1
3.20. f (c+dz)?(a+acoth(e+fz)) dz
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321 [ o da

a+a coth(e+fx))
3.21.1 Optimal result . . . . . . .. . ... 174
3.21.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 175
3.21.3 Rubi [C] (verified) . . ... ... ... . .. 175
3.21.4 Maple [A] (verified) . . .. ... ... .. 179
3.21.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 180
3.21.6 Sympy [F] . . . . . 180
3.21.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 18T
3.21.8 Giac [A] (verification not implemented) . . . . . ... ... ... ....... 181
3.21.9 Mupad [F(-1)] . . . . o o 182

3.21.1 Optimal result

Integrand size = 20, antiderivative size = 211

1 . f f?cosh (2e — 25L) Chi (%L + 2fz)
/ (c+dz)*(a+acoth(e + fz)) ~  2ad?(c+dz) ad3
1
~ 2d(c+ dz)%(a + acoth(e + fz))
f

+ d?(c + dz)(a + acoth(e + fx))
N f2Chi(% + fo) sinh (26 — %)

ad3

N f? cosh (2e — 2L) Shi(2 + 2fx)
ad3

_ f?sinh (2e — %) Shi(% 4 2fz)
ad?

output‘—1/2*f/a/d‘2/(d*x+c)-f‘2*Chi(2*c*f/d+2*f*x)*cosh(-2*e+2*c*f/d)/a/d‘3—1/2/d
‘/(d*x+c)‘2/(a+a*coth(f*x+e))+f/d‘2/(d*x+c)/(a+a*coth(f*x+e))+f‘2*cosh(—2*e
\+2*c*f/d)*Shi(2*c*f/d+2*f*x)/a/d“3—f“2*Chi(2*c*f/d+2*f*x)*sinh(—2*e+2*c*f/
\d)/a/d“3+f‘2*Shi(2*c*f/d+2*f*x)*sinh(—2*e+2*c*f/d)/a/d‘3

1
3.21. f (c+dz)3(a+acoth(e+fz)) dz



input

output
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3.21.2 Mathematica [A] (verified)

Time = 1.23 (sec) , antiderivative size = 265, normalized size of antiderivative = 1.26

1
/ (c+ dz)3(a + acoth(e + fx)) de =
csch(e + fz) (cosh (<) +sinh (%)) (d(dcosh (e+ f(—<+2)) + (—=d+2cf + 2dfz) cosh (e + f (& -

-

LIntegrate[i/((c + d*x)~3x(a + a*Coth[e + f*x])),x]

~—/

-1/4%(Cschl[e + f*x]*(Cosh[(c*f)/d] + Sinh[(c*f)/d])*(d*(d*Cosh[e + f*(-(c/
d) + x)] + (-d + 2%c*f + 2xd*f*x)*Cosh[e + f*(c/d + x)] + d*Sinh[e + f£x(-(
c/d) + x)] + d*Sinh[e + f£*(c/d + x)] - 2*c*f*Sinh[e + f*(c/d + x)] - 2*dx*f
*x*Sinh[e + f£x(c/d + x)]) + 4*£~2x(c + d*x) 2*CoshIntegral [(2*f*(c + d*x))
/d]*(Cosh[e - (fx(c + d*x))/d] - Sinh[e - (f*(c + d*x))/d]) + 4*f~2x(c + d
*x) 2% (-Cosh[e - (fx(c + d*x))/d] + Sinh[e - (f*(c + d#*x))/d])*SinhIntegra
1[(2*f*x(c + d*x))/d]))/(a*d"3*(c + d*x)"2*(1 + Cothl[e + f*x]))

3.21.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.96 (sec) , antiderivative size = 219, normalized size of antiderivative = 1.04,

_ _ number of rules _
number of steps used = 14, number of rules used = 14, integrand size 0.700, Rules

used = {3042, 4208, 3042, 4207, 25, 26, 3042, 26, 3784, 26, 3042, 26, 3779, 3782}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ i d
(c+ dzx)3(acoth(e + fzr) + a) v

l 3042

1
/ (c+dz)? (a — iatan (ie +ifz + %))dm
| 4208

1
_ff (c+dz)2(coth(e+fx)at+a) dzx _ f _ 1
d 2ad?(c+dz) 2d(c+ dz)%(acoth(e + fz)+ a)

1
3.21. f (c+dz)3(a+acoth(e+fz)) dz
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| 3042
1
. f f (c+dz)? (a—iatan (ie+ifz+73)) dz _ f _ 1
d 2ad?(c+dz) 2d(c+ dz)%(acoth(e+ fz)+ a)
| 4207
f _iff_iSinhC(ied:2fZ) dx B ff_CGShiie;;ZfZ) dx B 1
ad ad d(c+dz)(acoth(e+fzr)+a) f
B d  2ad?(c+dx)
1

2d(c + dz)?(acoth(e + fz) + a)

l 25

f(_iff_isinhc(ied-ﬁz-sz) de ff COShg:;;,wa) dz 3 1 )
ad ad d(c+dz)(a coth(e+fz)+a) f
B d  2ad?(c+dx)
1

2d(c + dz)?(acoth(e + fz) + a)

| 26

ff sinh(cie;ffx) de ff cosh‘(:ie;:-ffw) dz 1
f - ad + ad " d(c+dx)(acoth(e+fz)+a) f
B d  2ad%(c+dz)
1
2d(c + dz)?(acoth(e + fz) + a)
| 3042
oot gy gy, 1
f - ad + ad " d(c+dx)(acoth(e+fz)+a) f
B d " 2ad?(c+dz)

1

2d(c + dz)?(acoth(e + fz) + a)

l 26

; (iff sin(2cz‘i-5§ifa:)dx . i sin(2iec-:—2;zfz+%) ~ . )
ad ad d(c+dz)(a coth(e+fz)+a) f
B d  2ad?(c+dx)
1
2d(c + dz)?(acoth(e + fz) + a)
| 3784

1
321 . f (c+dw)3 (a+a coth(e-l-fz)) de'
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T 2¢f i sin T 2¢f T 2cf
if <z sinh (2e—2¢) | m@k%d)dw—i-cosh (2e-2L) J de> f <cosh (2e-2f) J m(i_k%‘i)dz—i sinh (2¢—2¢
f ad + ad
- d
f 1

2ad%(c+dz)  2d(c+ dz)?(acoth(e + fz) + a)

| 26

cos T 2¢cf sin T 2¢f sin. T 2cf
if <z sinh (2e— 24 ) %dwﬂ' cosh(2e—2¢) | de> f (Sinh (2e-20) %dﬁmh (202
f a,d + ad
- d
f 1
2ad?(c+dz) 2d(c+ dz)%(acoth(e + fz) + a)
| 3042
isin(2iz 2icf sin(2iz 2icf | sin(2iz 2icf \
f <sinh <2e— %) J —%d&i—ccsh <2e— %) J Wdz) if <z sinh <2@— %) J —<2 i:dzd Tz ) dz+1i cos
f ad + ad
- d
f 1

2ad%(c+dz)  2d(c+ dz)?(acoth(e + fz) + a)

| 26

sin(2iz 2icf | 1 sin( 2iz 2icf sin( 2iz 2icf
f<cosh(2@—2§f) J wd:p—isinh(%—%) f@c_i;;d)dz> if (isinh(Ze—zgf) fwdz+cosh<
f ad + ad
B d
f 1
2ad?(c+dzx) 2d(c+ dz)?(acoth(e + fz) + a)
| 3779
sinh(2e— 2¢f i(2zp42¢f sin(2ief+ 2t 7 sin(2ief+ 2t 4 i cosh (2e— 26/
f( h(2e— 25 )%hl(z i+25 )+Cosh(26_%>f (2 o +§)dx> Z.f(isinh(%_Q;fN (2 o ) P o
f ad + ad
B d
f 1
2ad?(c+dzx) 2d(c+ dz)%(acoth(e + fz) + a)
| 3782

1
321 . f (c+dw)3 (a+a coth(e-l-fz)) dx
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7 4 d d

,f<iChi(2zf+23f) sinh (2¢— 251 ) +icosh (267%)§hi(2zf+%) > f(Chi(mchr 261 ) cosh (2¢— 258 ) +sinh (2ef¥)shi(2mf+¥) )
f ad +

/

ad

d
f 1
2ad%(c+dz)  2d(c+ dz)?(acoth(e + fz) + a)

-

inputLInt[l/((c + d*x)~3%(a + a*Coth[e + f*x])),x]

| —

output| -1/2*f/(a*d"2*(c + d*x)) - 1/(2*d*(c + d*x)~2x(a + axCoth[e + f*x])) - (f*

(-(1/(d*(c + d*x)*(a + a*xCoth[e + f*x]))) + (I*f*((I*CoshIntegrall[(2xcx*f)/
d + 2xf*x]*Sinh[2%e - (2%cx*f)/d])/d + (I*Cosh[2*e - (2*c*f)/d]*SinhIntegra
1[(2%cxf)/d + 2*fx*x])/d))/(a*d) + (£x((Cosh[2*e - (2%c*f)/d]*CoshIntegrall
(2%c*f)/d + 2xf*x])/d + (Sinh[2xe - (2%c*f)/d]*SinhIntegral[(2*c*f)/d + 2%
f*x])/d))/(axd)))/d

3.21.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

ruk33779(1nt[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[I*(SinhIntegral [cxfx(fz/d) + f*fzxx]/d), x] /; FreeQl{c, d, e, £
L, fz}, x] && EqQld*e - c*f*fz*I, 0]

~

ruka3782‘Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
‘1] :> Simp[CoshIntegral [cxf*(fz/d) + fxfzxx]/d, x] /; FreeQl{c, d, e, f, fz
'}, x] & EqQld*(e - Pi/2) - ckfxfz+I, 0] |

1
3.21. f (c+dz)3(a+acoth(e+fz)) dz



rule 3784

rule 4207

rule 4208

CHAPTER 3. LISTING OF INTEGRALS

179

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*
e - cxf)/d] Int[Sin[c*(£f/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
£)/d] Int[Cos[c*(f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, 4, e, f}, x]
&& NeQ[d*e - cxf, 0]

Int[1/(((c_.) + (d_.)*(x_))"2x((a_) + (b_.)*tan[(e_.) + (£f_.)*(x_)]1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + b*Tan[e + £*x]))~(-1), x] + (-Simp[£f/(axd)

Int[Sin[2%e + 2*f*x]/(c + d*x), x], x] + Simp[f/(b*d) Int[Cos[2*e + 2%
fxx]/(c + d*x), x], x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a"2 + b2, O
]

Int[((c_.) + (@A_)*(x_))"(m_)/((a)) + (b_.)*tan[(e_.) + (£f_.)*(x_)]1), x_Sym
bol] :> Simp[f*((c + d*x)~(m + 2)/(b*d"2%(m + 1)*(m + 2))), x] + (Simp[2*b*
(f/(axd*(m + 1))) Int[(c + d*x)~(m + 1)/(a + b*Tan[e + f*x]), x], x] + Si
mpl(c + d*x)"(m + 1)/(d*(m + 1)*(a + b*Tan[e + f*x])), x]) /; FreeQ[{a, b,
c, d, e, £}, x] && EqQ[a~2 + b~2, 0] && LtQ[m, -1] && NeQ[m, -2]

3.21.4 Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.00

method | result

1 f3€—2f:v—2ez f3e—2fav—2eC f2e—2fw—2e

fre

2cf—2c¢
d

risch

" 4da(dztc)®  2ad(d2z2f2+2cd f2a+c2f2)  2ad?(d2a?f2+2cd f2z+c2 f?) + 4ad(d?? f242cd f2z+c2 f2) +

input Lint (1/(d*x+c) "3/ (a+a*coth(f*x+e)) ,x,method=_RETURNVERBOSE)

output \ -1/4/d/a/(d*x+c) ~2-1/2+£"3/a*exp (-2*xf*x-2xe) /d/ (d~2*f " 2*x~2+2*kc*xd*f ~2*x+c”

‘2*f“2)*x—1/2*f‘3/a*exp(—2*f*x—2*e)/d‘2/(d‘2*f“2*x“2+2*c*d*f‘2*x+c‘2*f“2)*c
‘+1/4*f‘2/a*exp(—2*f*x—2*e)/d/(d‘2*f‘2*x“2+2*c*d*f‘2*x+c“2*f‘2)+f‘2/a/d“3*e
 xp (2% (cHf-dke) /d) *Ei (1, 2% *x+2%e+2k (cE-d*e) /d)

1
3.21. f (c+dz)3(a+acoth(e+fz)) dz



CHAPTER 3. LISTING OF INTEGRALS 180

3.21.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 342, normalized size of antiderivative = 1.62

1
/ (c+ dz)3(a + acoth(e + fx)) de =
2 (d?f?z% + 2 cdf?x + c2f2)Ei(—2(Ld+cf)> cosh (fz + €) sinh (—M) + (dzfx + cdf + 2 (d? f2x?

-

input Lintegrate (1/(d*x+c) "3/ (ata*coth(f*x+e)) ,x, algorithm="fricas")

~—/

output | —1/2% (2% (d"2*f"2%x"2 + 2*c*xd*f~2*x + c”2*xf"2)*Eji (-2* (d*f*x + c*f)/d)*cosh(
fxx + e)*sinh(-2*(d*e - cxf)/d) + (d"2xfxx + ckd*f + 2% (d"2*f~24x"2 + 2xc*
A*x£72%x + c”2*%f"2)*Ei (2% (d*f*x + c*f)/d)*cosh(-2*(d*e - c*f)/d))*cosh(f*x
+ e) - (d72%fxx + ckdkf — 2% (A"2*f"2%x"2 + 2kcxd*f72%x + cT2xf"2) *kEi (-2%(
d*f*x + c*f)/d)*cosh(-2x(d*e - c*f)/d) - 2*x(d"2*f~2*x"2 + 2*cxd*f ~2*x + ¢~
2+%£72) *%Ei (-2*x (d*f*x + c*f)/d)*sinh(-2*(d*e - c*f)/d) - d"2)*sinh(f*x + e))
/((a*d"5%x72 + 2xaxcxd"4*x + a*c ™ 2*%d"3)*cosh(f*x + e) + (a*d"5*x"2 + 2*axc
*d~4*x + axc”2*d"3)*sinh(f*x + e))

3.21.6 Sympy [F]

/ ; d
(c+dzx)3(a + acoth(e + fx)) ’

1
f c3 coth (e+fz)+c3+3c?dx coth (e+ fz)+3c2dz+3cd?z? coth (e+ fz)+3cd?z2+d3z3 coth (e+ fz)+d3z3
a

dx

inputLintegrate(1/(d*x+c)**3/(a+a*coth(f*x+e)),x) J

e B

Integral (1/(c**3xcoth(e + f*x) + c**3 + 3kck*2*d*x*coth(e + fxx) + 3kck*2x%
|dkx + 3kckdsk2kxxx2kcoth(e + Fxx) + Bxckdkk2xx**2 + dx*3xxx*3kcoth(e + f¥x
‘) + dxx3%x**3), x)/a J

output

1
3.21. f (c+dz)3(a+acoth(e+fz)) dz
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3.21.7 Maxima [A] (verification not implemented)

Time = 0.65 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.32

1
/ (¢ + dx)3(a+ acoth(e + fx))
1 e(72e+%) p (2dztor)

4 (ad?z? + 2 acd?x + acd) * 2 (dz + ¢)’ad

dz

p

input‘integrate(l/(d*x+c)‘3/(a+a*coth(f*x+e)),x, algorithm="maxima")

A >

§
output | -1/4/(a*d"3*x"2 + 2%a*c*d"2*x + axc”2xd) + 1/2*%e”(-2%e + 2*cx*f/d)*exp_inte
P
Lgral_e(S, 2% (d*x + c)*£/d)/((d*x + c) 2%a*d) J

3.21.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.83

1
dr —
/(c—l—d:c)?’(a—l—acoth(e—i-fw)) v
2 f2,2R (— 2@aten) ) (%) 2 i [ _2@zten) (35) 2 poms (_2(dfetef) (25) 2
4d° f°x E1<—T>e ) 4+ 8cdf xE1<—T>e ) 4+4c°f E1<—T>e ) 4+2d°f:
a 4 (ad®z2e(e) + 2 acd*zee) + ac2d3e29)

input‘integrate(l/(d*x+c)‘3/(a+a*coth(f*x+e)),x, algorithm="giac") ‘

output(-1/4*(4*d“2*f”2*x“2*Ei(-2*(d*f*x + c*xf)/d)xe” (2xc*f/d) + 8kcxd*xf 2*x*Ei (-2
\*(d*f*x + c*f)/d)*e” (2*xcxf/d) + 4xc”2*xf " 2+Ei(-2*(d*f*x + c*xf)/d)*e” (2*c*f/
\d) + 24" 2% f*x¥e” (—2xf*xx) + 2kckdkfre” (-2*f*x) - d72xe” (-2*xf*x) + d"2%e” (2
L*e))/(a*d‘S*x‘Q*e‘(2*e) + 2%akc*d"4*x*e” (2%xe) + axc”2xd"3*e” (2%e))

|

L dz

32l [ Grarteracomersa)
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3.21.9 Mupad [F(-1)]

Timed out.

dz

/ 1 do — / 1
(c+dz)3(a + acoth(e + fx)) (a+acoth(e+ fz)) (c+dz)’

input Lint(i/((a + a*xcoth(e + f*xx))*(c + d*x)"3),x)

output‘ int(1/((a + a*coth(e + f*x))*(c + d*x)"3), x)

1
3.21. / (c+dz)3(atacoth(e+fz)) dz



output
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(c+dz)3
3.22 f (a+a coth(e+fx))? dx

3.22.1 Optimalresult . . . . . . . . . . ... .
3.22.2 Mathematica [A] (verified) . . . . . . . . ... Lo
3.22.3 Rubi [A] (verified) . . . . . ... .
3.22.4 Maple [A] (verified) . ... ... ... ..
3.22.5 Fricas [B] (verification not implemented) . . . . . . .. ... .. ... ....
3.22.6 Sympy [B] (verification not implemented) . . ... ... ... ... ... ...
3.22.7 Maxima [A] (verification not implemented) . . ... ... ... ... ... ..
3.22.8 Giac [A] (verification not implemented) . . . .. ... ... ... ......
3.22.9 Mupad [B] (verification not implemented) . . . . . .. ... ... ... ...

3.22.1 Optimal result

Integrand size = 20, antiderivative size = 230

(c+dx)3 _ 3dBetedfm 3dBer2e2 3dPetem 4T (¢ 4 dir)
(a + acoth(e + fx))?2 T 512a2 f4 + 16a2f4 128a2 f3
3d’e~%722(c +dzx) 3de2(c + dz)?
8a2 f3 B 64a2 f2
3de=2¢74%(c + dx)? et 4?(c + dx)3
8a2 f2 B 16a2f
e~ 22(c+dz)®  (c+dx)?
+ 1a°f 16a%d

-3/512xd"3%exp (-4*xfxx-4%e) /a~2/f"4+3/16%d"3*exp (-2*f*x-2%e) /a~2/f~4-3/128*
d~2*exp (—4xf*x-4xe) * (d*x+c) /a~2/f73+3/8*d"2*%exp (-2*f*x-2xe) * (d*x+c) /a~2/f"
3-3/64*xd*exp (—4*f*x—4*e)*x (d*x+c) "2/a"~2/£72+3/8*d*exp (-2*xf*x-2%e) * (d*x+c) "2
/a~2/£72-1/16%exp (-4*f*x—4*e) * (d*x+c) “3/a"2/f+1/4*exp (-2*f*x-2%e) * (d*x+c) ~
3/a"2/f+1/16x(d*x+c)~4/a"2/d

(c-l—dz
3.22. f (a+a coth(e+fz))2 dz
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3.22.2 Mathematica [A] (verified)

Time = 2.91 (sec) , antiderivative size = 420, normalized size of antiderivative = 1.83

(c+dz)?
(a + acoth(e + fx))?2

dz
)
_ csch®(e 4 fx)(cosh(fz) + sinh(fz))? (422 + 6c2df*(1 + 2fz) + 6¢d®f(1 + 2z + 2f%2%) + d*(3 + 6 f:

input LIntegrate[(c + d*x)~3/(a + a*Coth[e + fx*x])~2,x] J

output

(Cschle + f*x] 2*x(Cosh[f*x] + Sinh[f*x]) 2% ((4*c~3*f~3 + 6*xc~2xd*f 2% (1 +

2%f*x) + 6xckd"2xfx (1 + 2kf*x + 2+%Ff72%x72) + d"3*%(3 + 6kf*x + 6%f"2%x"2 +

4xf~3%x"3) ) *Cosh [2*f*x] + ((32%c”3*f~3 + 24*c™2*d*f 2% (1 + 4*xf*x) + 12%c*d
“2%f*x (1 + 4xfxx + 8kfT2xx72) + d73*(3 + 12kfxx + 24%f"2*%x"2 + 32%f"3*x"3))
*Cosh [4*%f*x]*(-Cosh[2*e] + Sinh[2%e]))/32 + f£74*x*(4*%c™3 + 6*c™2*d*x + 4*c
*q"2*x"2 + d"3*x"3)*(Cosh[2*e] + Sinh[2*e]) - (4*c™3*f"3 + 6xc~2*d*f~2x(1

+ 2%f*x) + 6xckd"2xfx (1 + 2xf*x + 2%xf " 2%x72) + d73%(3 + 6*f*kx + 6%f 2%xx"2

+ 4%f~3%x73))*Sinh [2*%f*x] + ((32%c™3*f~3 + 24*xc™2xd*f~2x (1 + 4*xf*x) + 12%c
*d"2xfx (1 + 4xfkxx + 8%f72+x72) + d73*(3 + 12*%f*kx + 24*f72+x72 + 32%f"3*x"3
))*(Cosh[2*e] - Sinh[2*e])*Sinh[4*f*x])/32))/(16*%a~2*f~4*x(1 + Coth[e + f*x
1)°2)

3.22.3 Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 230, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Bumber of rules _ 150 Ryles used

integrand size
= {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dx) i
(acoth(e + fz) + a)?
| 3042

/ ( (c+ dzx)? de

a—iatan (ie+ifr+ %))

l 4212

(c-l—dz
3.22. f (a+a coth(e+fz))2 dz
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/ <(c + dx)3ete—4f B (c+ dx)3e=2e2f= n (c+ dw)?’) p

4a? 2a2 4a?

l 2009

128a2 f3 8a2 f3 64a2 f2 8a2 f2
(c_|_ dm)3e—4e—4fx (C+dx)3e—2e—2fm N (C+ d.’)ﬁ)4 B 3d3e—de—4fz N 3d3e—2e—2fz
16a2f 4a2f 16a2d 512a2 f4 16a2 f4

B 3d%(c +dx)e ¢4 3d%(c+dx)e 2672 3d(c+dx)?e T 3d(c+ dx)e22e

inputLInt[(C + d*x)~3/(a + a*Cothl[e + f*x])~2,x] J

output | (-3%d~3%E~(-4%e - 4%f*x))/(512%xa~2xf~4) + (3*d~3*xE~(-2%e - 2xfxx))/(16%a~2

*f~4) - (3*xd"2*E~ (-4*e - 4*f*x)*(c + d*x))/(128*%a"2%f"3) + (3*d"2*E~(-2*e

- 2xf*x)*(c + d*x))/(8%a~2%f~3) - (3*d*E~(-4%e - 4xf*x)*(c + d*x)~2)/(64%a
“2xf72) + (3*%d*E”(-2*e - 2xf*xx)*(c + d*x)~2)/(8*a"2+%f~2) - (E~(-4*e - 4xfx*

x)*(c + d*x)73)/(16*xa~2xf) + (E~(-2%e - 2*xfxx)*(c + d*xx)~3)/(4*a"2*f) + (c
+ d*x)~4/(16*xa~2*d)

3.22.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4212 Int[((c_.) + (d_.)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),

x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2x(a/b)*(e + fx*
x))/(2xa))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a”"2 + b"2
, 0] && ILtQ[n, O]

(ctdz)3
322, [ Gracomierroyr 42
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3.22.4 Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.19

method result
. &3zt | d?cad | 3dPa® | Sa A (4d%23 f3+12cd? f322+12c2d f32+6d3 f2x2+4c3 f3+12c d? f2z+6c2d f2-
risch 162 T 202 T 82 T 22 TTeaza + 1622 /4
2,2 2 2 2 ( d.
32zf<(}1d3z3+cd2m2+gCQdm+c3)f3— 15d(%z d —‘i—cdz+6 )f _27d (87z+c)f 51d3> tanh(f:v-i-e) +((16d3$4+64d20Z3+g
parallelrisch
input Lint ((d*x+c) 3/ (a+a*coth(f*x+e))~2,x,method= RETURNVERBOSE) J

output | 1/16/a"2*xd"3*x"4+1/4/a~2*d"2*cxx"3+3/8/a~2*d*xc"2xx"2+1/4/a~2*c"3*x+1/16/a~
2/d*c”4+1/16% (Axd"3*f " 3kx"3+12*c*d " 2%f " 3*xx"2+1 2% 2k Ak f " 3*x+6+d " 3*f "2xx "2+
4xc”3*f"3+12%ckd " 2% f "2xx+6* " 2kA*f " 2+6+%d " 3L xx+6*ckd"2xf+3*d"3) /a”2/f "4d*ex
p(—2*%f*x-2xe) -1/512% (32*%d~3*f " 3*x"3+96*cxd~2*f ~3*x"2+96*Cc " 2kd*f ~3*x+24*d"3
*f72%xx"2+32%CcT 3% f "3+48*kckd 2% f T2xx+24%kc T 2%d*xf T2+12%d " 3xfkx+12%c*kd 2% f+3*d”
3)/a"2/f 4*exp(-4*xf*xx-4+*e)

3.22.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 571 vs. 2(204) = 408.

Time = 0.25 (sec) , antiderivative size = 571, normalized size of antiderivative = 2.48
(c+dz)?

(a + acoth(e + fx))?
1283 f32° + 12863 f3 + 192 2df? + 192 cd?f + 96 d® + 192 (2 cd? f3 + dB £2)2? + (32 &P fat — 323 f3 —

input integrate((d*x+c)~3/(at+a*coth(f*x+e))~2,x, algorithm="fricas")

(c-l-dz
322. [ Gracotnterrae 4®



output

CHAPTER 3. LISTING OF INTEGRALS

187

1/512%(128*%d"3*f"3%x"3 + 128*c™3*f~3 + 192%c™2*d*f~2 + 192xcxd~2*f + 96*4"
3 + 192%(2*xcxd~2*xf~3 + d"3*f"2)*x"2 + (32*%d"3*xf~4*xx"4 - 32%c"3*f"3 - 24xc”
2%d*£72 - 12xcxd"2xf + 32k (4d*c*d"2+%f74 - d"3*f73)*x"3 - 3*d"3 + 24*(8xc"2x*
d*xf~4 - 4xcxd"2*%f"3 - d73*%f"2)*x"2 + 4%(32%c"3*xf"4 - 24xc”2*d*f"3 - 12*c*d
~2%f"2 - 3*%d"3*f)*x)*cosh(f*x + e)”2 + 2x(32*%d"3*f~4*x"4 + 32xc"3*f"3 + 24
*CT2xd*xf"2 + 12kckd"2%f + 32% (4*cxd"2*xf"4 + d"3*f"3)*x"3 + 3*%d"3 + 24*(8*c
“2%d*f"4 + 4*ckd"2xf"3 + A73*FT2)*x"2 + 4% (32%c”3*f"4 + 24%c”2xd*f"3 + 12x%
c*d"2*f~2 + 3*%d"3*xf)*x)*cosh(f*x + e)*sinh(f*x + e) + (32%d"3xf~4*x"4 - 32
*C"3*f"3 - 24%cT2%d*f"2 - 12%cxd"2*xf + 32x(4xckd"2*%f"4 - d"3*f"3)*x"3 - 3%
d”3 + 24%(8%c™2%d*f~4 - 4dxcxd"2%f"3 - d"3*f"2)*x"2 + 4% (32%xc”3*f"4 - 24%c”
2xd*f~3 - 12xc*d"2+f72 - 3*d”"3*f)*x)*sinh(f*x + e)”2 + 192*(2*c~2*d*f~3 +

2%cxd”"2+%f72 + d"3*f)*x)/(a"2*xf"4*cosh(f*x + e)~2 + 2*a~2*f 4xcosh(f*x + e)
*sinh(fxx + e) + a"2*f 4*sinh(f*x + e)~2)

3.22.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2193 vs. 2(236) = 472.

Time = 1.06 (sec) , antiderivative size = 2193, normalized size of antiderivative = 9.53

¢+ dr)3 ‘
/ (a+ a(coth(e)-l— fz))? dz = Too large to display

input | integrate ((d*x+c)**3/(ata*coth(f*x+e))**2,x)

(c-l—dz
3.22. f (a+a coth(e+fz))2 dz




output
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Piecewise ((32*ck*3*fx*dkxxtanh(e + f*x)*x2/(128*a**2*f*r*4d*xtanh(e + f£*x)**2
+ 256*%a**2xfx*k4*xtanh(e + £*x) + 128*ax*x2*xfxx4) + 64xc**3xf*r*4*x*xtanh(e +
£*x)/(128*ax*x2xfxx4dxtanh (e + f*x)**2 + 256xaxx2xfx*x4*xtanh(e + f*x) + 128*a
*k2kfxk4) + 32kck*k3Ikfxkdkx/ (128*a**x2kfx*k4d*xtanh(e + f£*xx)**x2 + 256%a*x*2kxf*x*x4
xtanh(e + f*xx) + 128%a**2*f**x4) + 96xcx*x3xf**k3ktanh(e + f*x)/(128*ax*2xf*x*
4xtanh(e + f*x)**x2 + 256xaxx2xfrkdktanh(e + f*x) + 128*ax*x2kxf*x*k4) + 64*ck*
3*f**3/ (128*ax*x2xfxx4dxtanh (e + f*x)**2 + 256*ax*x2xfxxdxtanh(e + f*x) + 128
*a*xx2xfx*k4) + 48kck*k2kd*f**x4xx*x*2kxtanh(e + f*xx)**x2/(128*a**x2xfx*4*xtanh(e +
f*x)*%2 + 266xa**x2xfxx4d+xtanh(e + f*x) + 128*a*x2*xfx*4) + 9Bk Ccxk2*xd*xf**x4*x
x*k2xtanh(e + f*xx)/(128*ax*2xfx*4*xtanh(e + f*x)**2 + 256%ax*2xf**x4xtanh(e +
fxx) + 128%ax*2kf**4) + A8*ck*2kd*xfx*xdxx*x*x2/ (128*a*x*2xf**4xtanh(e + f*x)*
*2 + 256*xa*x*2xfrkd*xtanh(e + f*x) + 128*ax*x2*xfxx4) - 120*c**2kd*f**x3*xx*tanh
(e + fxx)**x2/(128*a**2*f**4xtanh(e + f*xx)**2 + 256*a**2*xf*x4xtanh(e + f*x)
+ 128%a**2*f**x4) + 4A8xcx*x2xd*f**3*x*tanh(e + f*xx)/(128*a*x*2*xf**4*+tanh(e +
fkx)**%2 + 256%a*x*x2xfxxdxtanh(e + f*x) + 128*a*x*x2xfx*x4) + T2kck*2kd*f**3*x
/ (128*a*x*2xfxx4dxtanh (e + f*x)**2 + 256*a*x*x2xfxx4dxtanh(e + f*x) + 128*a*x*2x
fhkd) + 120*c**2xd*xfx*x2xtanh(e + f*x)/(128*a*x*x2xfxx4dxtanh(e + f*x)**2 + 25
6*a*x*x2xfxxdxtanh(e + f*x) + 128*a**2xfxx4) + 96kckkkdA*xf**2/ (128*ax*2xf*x*x4
*tanh(e + fxx)*x2 + 256*%a*x2*«fx*4xtanh(e + f*xx) + 128*ax*2*f**4) + 32*c*d*
*2xfrkdxxkk3xtanh (e + Fxx)**2/(128*a**x2xfxkdxtanh(e + f£*x)**x2 + 256%a**. ..

3.22.7 Maxima [A] (verification not implemented)

Time = 0.50 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.29

(c+dx)? . 1 3 4(fz+e) N 4 o(~2fe-2€) _ (-4 fa—de)
(a+acoth(e+ fz))2 ~ 16 a*f 2f
3 (8 f2x2e9) + 8 (2 fred + e29)e(2/2) _ (4 fx + 1)e(~4/2)) 2de(—4°)

64 a2 f2
(32 f2z3elt®) + 48 (2 f22%(29) + 2 fre9) + e(29))e(=2/7) — 3 (8 f22? + 4 fz + 1)el=4/2)) cd?e(-1¢)
+
128 a2 f3
_+(32j”x4e@e)+—32(4j3x3e@e)+—6jQwQe@e>+—6fxe@e)+-3e@eweeaf@-—(32f3$34-24f2x24—12fx

512 a2 f4

inputlintegrate((d*x+c)‘3/(a+a*coth(f*x+e))‘2,x, algorithm="maxima") ‘

(c-l—dz
3.22. f (a+a coth(e+fz))2 dz



CHAPTER 3. LISTING OF INTEGRALS 189

output | 1/16*c~ 3% (4% (f*x + e)/(a~2+f) + (4*xe”(-2xf*xx - 2%e) - e (-4*xf*x - 4xe))/(a
“2xf)) + 3/64x(8*f 2xx"2%e” (4*e) + 8+ (2xfix*e~(2*e) + e~ (2*xe))*e” (-2*f*x)

- (4*f*x + 1)*xe” (-4xf*x))*c 2*d*e” (-4xe)/(a"2*xf"2) + 1/128%(32*f"3*x"3*e” (
4xe) + 48%(2+f72xx"2xe” (2xe) + 2kf*x*e” (2%e) + e~ (2xe))xe” (-2xf*x) - 3*(8*
£72%x72 + 4*f*x + 1)*e” (—4xf*xx))*ckd"2%e” (-4*e)/(a~2*xf~3) + 1/512%(32*f 4%
x"4xe” (4%e) + 32%(4*xf~3xx"3*%e” (2%e) + 6*f 2*xx"2xe~(2xe) + 6kxfix*e” (2%e) +

3*xe” (2%e) )xe~ (—2xf*xx) — (32*%f"3*x"3 + 24*xf~2%xx"2 + 12*kf*x + 3)*e” (-4xf*xx))
*d~3%e” (-4xe) /(a~2xf~4)

3.22.8 Giac [A] (verification not implemented)
Time = 0.30 (sec) , antiderivative size = 368, normalized size of antiderivative = 1.60
(c+ dx)3

(a + acoth(e + fx))?
(32 d3f4.’1746(4fx+4e) +128 Cd2f4x3e(4fx+4e) +192 CQdf4x26(4fx+4e) +128 d3f3x3e(2 fz+2e) _ 32 d3f3x3 4

dz

~—

p
input Lintegrate ((d*x+c) "3/ (a+axcoth(f*x+e))~2,x, algorithm="giac")

output | 1/512%(32xd~3*f ~4*xx"4*e” (4*f*x + 4*e) + 128*c*d"2*f 4xx"3*e” (4*xfxx + 4*e)

+ 192%C72xA*f"4*kx"2%e” (4*f*x + 4xe) + 128*d"3*f"3*kx"3ke” (2xf*x + 2xe) - 32
*d"3*f"3%x"3 + 128%c”3*f"4xx*e” (4xf*x + 4xe) + 384*ckxd " 2xf " 3kx"2ke” (2+Ff*x

+ 2%e) - 96%c*kd"2*xf " 3%x"2 + 384*c”2*kd*f " 3kx*ke” (2xfxx + 2xe) + 192%d"3*f 2%
X"2%e” (2%fxx + 2%e) - 96*C”24d*f"3*x — 24*d"3*f"2*x”2 + 128%c”3*f"3*e” (2*f
*x + 2xe) + 384*ckd"2*f " 2*x*e” (2%fxx + 2xe) — 32kc"3*f"3 - 48*c*xd"2xf " 2*x

+ 192%c”24d*f"2%e” (2*xfxx + 2%e) + 192" 3*f*x*e” (2*xf*xx + 2ke) — 24*c”2*d*f
"2 - 12%d"3*xf*xx + 192%c*d"2*fxe” (2xfxx + 2ke) — 12%c*d"2*f + 96*d"3*xe” (2*f
*x + 2xe) — 3*d"3)*e” (-4*fxx - 4xe)/(a"2*f"4)

(c-l—dz
3.22. f (a+a coth(e+fz))2 dz
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3.22.9 Mupad [B] (verification not implemented)

Time = 2.06 (sec) , antiderivative size = 266, normalized size of antiderivative = 1.16

(c+dz)? o — o-2e-2f3 <403f3-|—602df2 +6cd? f+3d3 N d3 3
(a + acoth(e + fx))?2 16 a2 f4 da? f
3dz (22 f2+2cdf+d?) 3d?z*(d+2cf)
8a? f3 + 8a2 f2 )
_ tedfa (3203f3+24c2df2+ 12cd® f +3d° N d3 z?
512 a2 f4 16a2 f
3dzx (8 f2+4cdf+d?) 3d*z?(d+4cf)
12842 f3 6402 f2 )

Az +_d3x4+302da:2 +_cdzx?’
4a?2  16a? 8 a? 4 a?

inputtint((c + d*x)~3/(a + a*coth(e + f*x))~2,x)

output  exp(- 2%e - 2*f*x)*((3*d"3 + 4*c™3*f73 + 6xc”2%d*f"2 + 6*c*d~2*f)/(16*%a~2%
£74) + (d73%x73)/(4*a~2xf) + (3kd*x*(d"2 + 2*c™2%f72 + 2xckxd*xf))/(8*a~2*f"
3) + (3*%d"2xx"2%(d + 2*cxf))/(8%a"2*f~2)) - exp(- 4*e - 4xf*x)*((3*d"3 + 3
2xC " 3*f"3 + 24%cT2*d*f"2 + 12%cxd"2*f)/(512%a~2*%f~4) + (d~3*x"3)/(16*a~2*f
) + (3xd*xx*(d"2 + 8*c”™2+f72 + 4xckd*f))/(128*a”2+%£73) + (3*xd"2*x"2*(d + 4%
cxf))/(64*%a~2xf"2)) + (c™3*x)/(4*a”~2) + (d"3*x74)/(16*%a"2) + (3*c™2xd*x"2)
/(8%a~2) + (c*d~2*x~3)/(4*a"2)

(c-l—dz
3.22. f (a+a coth(e+fz))2 dz
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a+a coth(e+fx))
3.23.1 Optimalresult . . . . .. . . . . . . [191]
3.23.2 Mathematica [A] (verified) . . . . . . . ... Lo 1911
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3.23.6 Sympy [B] (verification not implemented) . . ... ... ... ... ... ... 194
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3.23.8 Giac [A] (verification not implemented) . . . ... .. ... ... ...... 196
3.23.9 Mupad [B] (verification not implemented) . . . . . .. ... ... ... ... 196

3.23.1 Optimal result

Integrand size = 20, antiderivative size = 170

(C + dl’)2 _ d26—4e—4fz d2e—2e—2fz de—4e—4fz(c + d.’IJ)
/ (a + acoth(e + fx))? =T 128a2 f3 + 8a2f3 32a2 f2
de=2¢72/%(c 4+ dx) e 4 4% (c + dx)?
+ 4a2 f? B 16a2f
e"272/(c 4+ dz)?  (c+dz)?
+ a2 f 12a%d

output ‘ -1/128%d"2xexp (-4*f*x-4%e) /a~2/£73+1/8*d"2%exp (-2*f*x-2%e) /a~2/£73-1/32%d* ‘
| exp(-4xf¥x-4%e) * (dxx+c) /a~2/£72+1/4xdxexp (-2 f¥x-2xe) * (d*x+c) /a~2/£72-1/16
 *exp (-4*fxx-4*e)* (d*x+c) "2/a"2/f+1/4xexp (~2xf+x-2%e) * (dkx+c) "2/a~2/f+1/12%
‘(d*x+c)‘3/a“2/d ‘

3.23.2 Mathematica [A] (verified)

Time = 2.31 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.22

(c+ dx)?

(a + acoth(e + fx))? dz

_ csch®(e + fx) (48(2¢?f2 + 2cdf (1 + 2fx) + d?(1 + 2fx + 2f22%)) + (242 f2(—1 + 4fx) + 12cdf (-1 —

(c-l—dz
323. f (atacoth(e+fz))2 de
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input | Integrate[(c + d*x)~2/(a + axCothl[e + £*x]1)"2,x]

output

(Cschle + f*x] 2% (48*(2%c™2*xf~2 + 2kckd*fx(1 + 2kxf*x) + d72*x(1 + 2xf*x + 2
*f72xx72)) + (24*c”2*%f72% (-1 + 4xfxx) + 12kckd*f*x (-1 - 4*f*xx + 8xf~2xx"2)
+ d72% (-3 - 12%f*x - 24xf"2*%x"2 + 32*%f"3*x"3))*Cosh[2*x(e + f*x)] + (24*c"2
*f 2% (1 + 4xf*xx) + 12%ckd*f*(1 + 4xfxx + 8*xf"2%x"2) + d"2%(3 + 12xfxx + 24
*f"2xx"2 + 32*f"3%x"3))*Sinh[2*(e + f*x)]))/(384*%a"~2%f"3*%(1 + Cothl[e + fx*x
1)°2)

3.23.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ = 0.150, Rules used

integrand size
= {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dx)
(acoth(e + fz) + a)?

l 3042
2
/ . e + da:). 20
(a —iatan (ie+ifz+ %))
l 4212
/ (c+ dx)2e 44/ B (c+ dx)?e~2e2f= 4 (c+ dz)? p
4q2 2a2 4q2
l 2009
_d(c +dx)e 4T d(c+ dx)e~2e72f® B (c+dx)2e 42 (c+ dx)2e 262/ L
32a2 f2 4a2 f2 16a2 f 4a2f
(C + d.’L')3 d2e—4e—4fx d26—26—2fx
1wd_1mw3+ 8a2f3

input LInt[(c + d*x)~2/(a + a*Coth[e + f*x])~2,x]

(c-l—dz
323. f (atacoth(e+fz))2 de

—
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output‘—1/128*(d“2*E“(—4*e - 4xf*x))/(a"2%xf"3) + (d~2%E~(-2%e - 2%f*xx))/(8%a~2%f~
13) - (A*E"(-4%e - 4xfxx)*(c + d¥x))/(32%a"2%£72) + (A+E"(-2%e - 2¥f*x)*(c
4+ dxx))/(4xa”2%£72) - (E~(-4%e - 4xfxx)*(c + d*x)"2)/(16%a"2%f) + (E~(-2%e
‘ - 2xf*x)*(c + d*x)72)/(4%a"2*f) + (c + dx*x)~3/(12*a"2xd) ‘

3.23.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4212 Int[((c_.) + (d_.)*(x_)) " (m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),

x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2x(a/b)*(e + fx*
x))/(2*a))~(-n), x]1, x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a~2 + b~2
, 0] && ILtQ[n, 0]

3.23.4 Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.96

method result
. d2z3 dez? 2 c3 (2d%a? f2+4cd f2x+2c2 f24-2d? fo+2cdf +d?) e 2fz—2¢ (8d2x? f2+16cd f2z+8c?
risch 122 T 4a2 T 42 T o2 T 8a2f3 B 1
o e
24z f (( 1z2d2 +cdz+c?) f2— (++)f — %812> tanh(fz+e)?+ (16(d?23+3dc 2 +3c%z) f3+12(22d? +2cdz+6c2) 246 (x d?
parallelrisch 96f3a2(1+tanh(fz+e
input Lint ((d*x+c) "2/ (at+a*coth(f*x+e)) ~2,x,method=_RETURNVERBOSE) J

output ‘ 1/12/a"2*d"2*%x"3+1/4/a"2*%d*c*xx"2+1/4/a"~2*c"2*x+1/12/a~2/d*c~3+1/8* (2*d~2*f ‘
| “2¥xT2HAKCHAKE " 2RXH2HCT2HE " 2+2xd " 2K Fxx+ 2k CrA¥E+d"2) /a”2/f " Bxexp (-2*f¥x-2%e
‘)—1/128*(8*d‘2*f‘2*x‘2+16*c*d*f‘2*x+8*c‘2*f‘2+4*d‘2*f*x+4*c*d*f+d‘2)/a‘2/f
“3*exp(—4*f*x—4*e) ‘

(c-f-dz
3.23. f (a+acoth(e+fz))2 dz



input

output
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3.23.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 359 vs. 2(150) = 300.

Time = 0.27 (sec) , antiderivative size = 359, normalized size of antiderivative = 2.11

(c+ dx)?
(a + acoth(e + fx))?2
_96d?f2a? + 962 f2 4+ 96 cdf + (32d°f3x® — 242 f* — 12cdf + 24 (4cdf* — d*f?)a? — 3d® +12(82f° -

dz

Lintegrate((d*x+c)‘2/(a+a*coth(f*x+e))‘2,x, algorithm="fricas") J

-

1/384% (96*d~2*%f~2*%x"2 + 96*c”2*xf~2 + 96kckxd*xf + (32%xd~2*%f"3*x"3 - 24*c”2*f
"2 = 12kckxdxf + 24% (dkckd*f73 - dT2*xf72)*x"2 - 3%d"2 + 12%(8*%c”2*xf"3 - 4x*c
*d*xf~2 - d72*xf)*x)*kcosh(f*x + e)72 + 2x(32*xd"2*f"3*x"3 + 24*c™2*%f~2 + 12*c
*d*xf + 24x(4dxckd*f~3 + d72*%f72)*x"2 + 3*%d"2 + 12k (8*%c”2*f"3 + 4xcxdxf~2 +
d~2*xf)*x)*cosh(f*x + e)*sinh(f*x + e) + (32*A"2*f~3*x"3 - 24xc™2*xf"2 - 12%
ckdxf + 24%(4xc*xd*f~3 - d72*f72)*x"2 - 3*%d"2 + 124 (8xc"2*f"3 - 4dkckd*f"2 -
d"2*f) *x) *sinh (f*x + e€)~2 + 48%d"2 + 96* (2*xcxd*f~2 + d~2*f)*x)/(a"~2*%f " 3*c
osh(f*x + e)~2 + 2xa~2*f"3*cosh(f*x + e)*sinh(f*x + e) + a ~2*f " 3*sinh(f*x

+ e)~2)

3.23.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1353 vs. 2(165) = 330.

Time = 0.89 (sec) , antiderivative size = 1353, normalized size of antiderivative = 7.96

¢+ dz)? ‘
/ (a+ a(coth(e)-l— fz))? dz = Too large to display

input | integrate ((d*x+c)**2/(ata*coth(f*x+e))**2,x)

(c-l—dz
323. f (atacoth(e+fz))2 de



output
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Piecewise ((24xc**2xfx*3*x*ktanh(e + f*x)**2/(96*a**x2xfx*x3*xtanh(e + f*x)**2

+ 192*xa**2xf*x*3*xtanh(e + £*x) + 96*ax*x2*xf*x3) + 48*kc**2xf**3*xx*xtanh(e + f*
x)/ (96*a**2*f**x3xtanh(e + f*xx)**2 + 192*a**2*f**x3xtanh(e + f*x) + 96*a**2*
£4%3) + 24xcx*x2xfx*x3*xx/ (96*a**2+f**x3xtanh(e + f*xx)**2 + 192*a**2*f**x3xtanh
(e + f*xx) + 96ka*x*k2*xf**3) + T2xcx*x2xfxx2xtanh(e + f£*x)/(96*a*x*x2xf**x3*xtanh (
e + f*x)**2 + 192%a**x2xfx*3xtanh(e + f*x) + 96*a**x2kf*x*3) + 48kc*k*x2xfx*x2/ (
96*a**2xf*xx3xtanh(e + f*xx)**2 + 192*a**2*xf*x3xtanh(e + f*x) + 96*a**2*xf**x3
) + 24xckdxf**3*kx*k*2xtanh(e + fxx)**2/(96*a*x*2*«f**x3xtanh(e + Ff*xx)**x2 + 192
*axk2xfxx3xtanh(e + f*xx) + 96ka**2xf**3) + 48+cxd*f**x3*xx**2xtanh(e + f*x)/
(96*ax*2xf*+x3xtanh (e + f*xx)**2 + 192%a*x*2xf*x3xtanh(e + f*x) + 96*ar*k2xf*x
3) + 24*cxd*fr*3xx*x2/ (96*ax*k2xf**3kxtanh (e + F*xx)**k2 + 192%ax*2xf**3*xtanh (
e + f*x) + 96*axx2xf*x3) - 60*ckd*f**x2*kx*tanh(e + f£*x)**x2/(96*a*x*2xf*x*3*ta
nh(e + f*x)**2 + 192*a*x*2xf*xx3xtanh(e + f*x) + 96*a*x*2xf*x*x3) + 24xckd*xf**2
*x*xtanh(e + f*x)/(96*a**2*f**x3xtanh(e + f*xx)**2 + 192*a**2xf*x*x3xtanh(e + f
*x) + 96kax*x2xf*k*k3) + 36*ckd*f**x2xx/(96*ax*x2kf*x*3*tanh(e + f*x)**x2 + 192*a
**k2xfk*3xtanh (e + f£*xx) + 96ka*x*x2*f**3) + 60*ckd*frtanh(e + f*x)/(96*ka*x*2*f
**x3xtanh(e + f*x)**2 + 192%a**2xf*xx3xtanh(e + f*x) + 96*a*x*x2xf*xx3) + 48*cx*
dxf/ (96*a**2+xf*xx3xtanh(e + f*x)**2 + 192*a*x*x2xf*x3xtanh(e + f*x) + 96*a*x*2
*f*x3) + 8kd**2kxf**x3kx*k*3*xtanh(e + f*xx)**x2/(96*xax*2*xf*x3xtanh(e + f*x)**2

+ 192%a*x*2xf*x3%tanh(e + f*x) + 96%ak*2xf**x3) + 16xd**x2xfx*k3*xx*k*3*tanh(. ..

3.23.7 Maxima [A] (verification not implemented)

Time = 0.41 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.12

(c + dzx)? 1 ,(4(fx+e) 4delT2fr=2e) _ o(-4fz—de)
(a + acoth(e + fx))? T 16°¢ ( a’f * a’f )
(8 f2z%e() + 8 (2 fze®® + e@))e(-2/2) — (4 fz 4 1)el=47?))cde(~4°)

+ 32a2f?

4fz))d26(—4 e)

N (32 f2z3elt®) + 48 (2 f22%e(2) + 2 fre9) + () e(=2/%) — 3(8 f2z% + 4 fr + 1)e-

384 q2f3

p
inputLintegrate((d*x+c)“2/(a+a*coth(f*x+e))“2,x, algorithm="maxima")

output

| —

1/16xc™ 2% (4*x (f*x + e)/(a™2*f) + (4xe” (-2*f*x - 2%e) - e~ (-4xfxx - 4*e))/(a
~2xf)) + 1/32%(8*f"2%x"2%e” (4xe) + 8x(2xfxx*ke” (2%e) + e~ (2*xe))*e” (-2xfx*x)
- (4*f*xx + 1)*e” (-4xf*xx))*ckd*e™ (-4*e)/(a~2*xf~2) + 1/384%(32*f " 3*x"3*e” (4%
e) + 48x(2xf~2xx"2xe” (2ke) + 2*f*x*e”(2%e) + e~ (2*xe))*ke” (-2%f*x) - 3*(8*f~
2%x72 + 4xfxx + 1)*e” (—4x*xf*x))*d"2%e” (-4*e)/(a~2*f"3)

(c-l—dz
323. f (atacoth(e+fz))2 de
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3.23.8 Giac [A] (verification not implemented)
Time = 0.29 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.28
(c+dz)?

(a + acoth(e + fx))?2
(32 d2f3x3e(4fz+4e) + 96 cdf3x2e(4fm+4e) + 96 c2‘}03.,136(4f:c-i—4e) + 96 d2f2$26(2 fz+2e) _ 94y d2f2$2 +192 Cdf

inputLintegrate((d*x+c)“2/(a+a*coth(f*x+e))“2,x, algorithm="giac") J

output | 1/384% (32xd"2*f ~3*x"3*%e~ (4*f*x + 4xe) + 96xc*d*xf ~3*xx"2*xe” (4*f*x + 4%e) + 9
6%c™2+f " 3xxke” (Axfxx + 4dke) + 96+%d"2+f 2xx"2xe” (2xf*x + 2%e) - 24*d"2%f"2x
X2 + 192%c*d*f"2xxxe” (2xf*xx + 2%e) — 48*ckd*f"2xx + 96*c”2xf"2%e” (2*f*x +
2%e) + 96*d"2xfxx*xe” (2kxf*x + 2%e) — 24%c”2*xf"2 — 12*d"2*f*x + 96*c*xd*f*xe”
(2xfxx + 2xe) — 12%ckd*f + 48*d"2xe” (2xf*xx + 2%e) - 3*d"2)*e” (-4xfxx — 4x*e
)/ (a~2x£"3)

3.23.9 Mupad [B] (verification not implemented)

Time = 1.94 (sec) , antiderivative size = 164, normalized size of antiderivative = 0.96

(c+ dx)? dp — o-2e-213 (202f2+20df+d2 d? z? dw(d+2cf))
(a + acoth(e + fx))? 8a? f3 4a? f 4a? f?
_otetfa (802]‘2—i-4cdf—i-d2 d? z? d:v(d+4cf))
128a2 f3 16a? f 32a? f?
cz  d?z® cdz?
+ 4 a? * 12a * 4 q?
input Lint((c + d*x)~2/(a + a*coth(e + f*x))"2,x) J

output‘ exp(- 2xe - 2xf*x)*((d"2 + 2%c™2%f72 + 2xcxdxf)/(8%a~2%f73) + (d72*x"2)/(4 |
\*a“2*f) + (d*xx(d + 2%c*xf))/(4*xa~2%£72)) - exp(- 4xe - 4xf*x)*((d"2 + 8*c~
\2*f‘2 + 4xcxd*f)/(128*%a~2*f"3) + (d72*x"2)/(16*a~2*xf) + (d*x*(d + 4*cxf))/
‘(32*a“2*f“2)) + (c™2*x)/(4*a~2) + (d72*xx"3)/(12*a~2) + (c*xd*x~2)/(4*a~2)

(c-l-dz
3.23. f (a+acoth(e+fz))2 dz
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324 [ aeiCaands

a+a coth(e+fx))
3.24.1 Optimal result . . . . . . . . . .. 197
3.24.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 197
3.24.3 Rubi [A] (verified) . . . . . ... . 198
3.24.4 Maple [A] (verified) . . .. ... . ... .. 199
3.24.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 199
3.24.6 Sympy [B] (verification not implemented) . . .. ... ... ... ...... 2001
3.24.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 201
3.24.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 20Tl
3.24.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 202

3.24.1 Optimal result

Integrand size = 18, antiderivative size = 133

c+dz _ 3dz  di®  z(c+dx) d
(a + acoth(e + fx))? = 16a2f  8a? 402 16f2(a+ acoth(e + fx))?
c+dx 3d
~ 4f(a+acoth(e+ fz))2 162 (a2 + a2 coth(e + fz))
c+dz

 4f (a® + a?coth(e + fx))

output‘3/16*d*x/a‘2/f-1/8*d*x“2/a*2+1/4*x*(d*x+c)/a“2—1/16*d/f‘2/(a+a*coth(f*x+e)
|)"2+1/4x(-d*x-c) /£/ (a+akcoth(f¥x+e)) "2-3/16%d/f~2/ (a”2+a"2*coth (f*x+e))+1/
‘4*(-d*x—c)/f/(a“2+a“2*coth(f*x+e)) ‘

3.24.2 Mathematica [A] (verified)

Time = 1.46 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.86

c+dz
(a + acoth(e + fx))?2
_ csch®(e + fx) (8(d + 2¢f + 2dfz) + (4cf(—1+ 4fz) + d(—1 — 4fx + 8f2x?)) cosh(2(e + fz)) + (4ef(1

dz

64a?f%(1 + coth(e + fx))?

inputtlntegrate[(c + d*x)/(a + a*Coth[e + f*x])~2,x] J

ct+dz
324, [ Growmerrayr 9o
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output‘ (Cschle + f*x] " 2%(8*(d + 2%cxf + 2%d*xfxx) + (4dxcxfx(-1 + 4*xfxx) + d*x(-1 -
\4*f*x + 8xf~2%x"2))*Cosh[2%(e + f*x)] + (4*c*xfx(1 + 4xfxx) + dx(1 + 4xfx*x
‘+ 8xf~2xx~2))*Sinh[2*% (e + f*x)]))/(64*a~2xf~2%x(1 + Coth[e + f*x])~2)

3.24.3 Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 157 Ryles used

integrand size
= {3042, 4213, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ c+dx iz
(acoth(e + fz) + a)?
| 3042

c+dx
/ . . 7z
(a—iatan (ie+ifz+ %))

l 4213

d T 1 1 d
B / (W ~ 4f (coth(e + fz)a? +a2)  4f(coth(e + fz)a + a)2> T

c+dx z(c+dzr) c+dz
4f (a? coth(e + fz) + a?) 4a? 4f(acoth(e + fz) + a)?
| 2009
3 c+dzx z(c+dz)
4f (a2 coth(e + fz) + a?) 4a2
d 3 3z n iz n 1 _
16f2 (a? coth(e + fx) + a?) 16a2f 8a? = 16f2(acoth(e + fz) + a)?
c+dx

4f(acoth(e + fz)+ a)?

-

input LInt[(c + d*x)/(a + a*xCoth[e + f*x])~2,x]

output‘ (xx(c + d*x))/(4*%a~2) - (c + d*x)/(4xfx(a + a*xCothl[e + f*x])~2) - (c + d*x
\)/(4*f*(a"2 + a~2xCoth[e + f*x])) - d*x((-3*x)/(16*a~2*f) + x~2/(8%a"2) + 1
L/(16*f"2*(a + axCothl[e + f£*xx])~2) + 3/(16*f~2*x(a"2 + a~2*Coth[e + f*x])))

ct+dz
324, [ Growmerrayr 9o

| —
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3.24.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4213 | Int[((c_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + b*Tan[e + f*x])"n, x]}, Simp[(c + d*x)
"m  u, x] - Simp[d*m Int[(c + d*x)"(m - 1) u, x], x]] /; FreeQ[{a, b,
c, d, e, f}, x] && EqQ[a"2 + b2, 0] && ILtQ[n, -1] && GtQ[m, O]

3.24.4 Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.56

method result siz
. 2 2d 2 d)e—2fz—2e Ad 4 d)e—4fz—4e
sch | 4 g GRS il g
. 4 ( ( %” +c> f— % ) zf tanh(fz+e)?+ (4(dz2+2cz) f2+2(dz+6c) f+5d) tanh(fz+e)+2(d 22 +2cx) f2+(3dz+8c) f+4d
parallelrisch 16/2a3 (L tanh(f2 1)) 10
input Lint ((d*x+c)/ (ata*xcoth(f*x+e))~2,x,method=_RETURNVERBOSE) J

output 1/8+d*x~2/a"2+1/4/a"2xckx+1/8% (2kdxfkx+2kcHf+d) /a2/f 2+exp (-2+E+x-2%e) -1/ |
| 64% (4xdxfrx+axcrf+d) /a~2/f 2xexp (-A*fx-d%e) |

3.24.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.43

c+dz
(a + acoth(e + fx))?
_ 16dfz + (8df?a® —dcf + 4 (4cf? — df)z — d) cosh (fz +e)* + 2 (8df?z® + dcf + 4 (4dcf? + df)z + d).
B 64 (af2 cosh (fz + e)? 4+ 2a2f2cosh (fz + e)

dz

input Lintegrate ((d*x+c)/(ataxcoth(f*x+e))~2,x, algorithm="fricas") J
+d
324. [ (atacoth(e172))? dx



output
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1/64*% (16xd*f*x + (8xd*f~2xx"2 - 4xcxf + 4*x(4xc*xf~2 - dxf)*x - d)*cosh(f*x
+ e)72 + 2x(8kd*f"2*%x"2 + 4kckxf + 4x(4kc*kf~2 + dxf)*x + d)*cosh(f*x + e)*s
inh(f*xx + e) + (8*d*f~2*x"2 - 4xc*xf + 4x(4dxc*xf~2 — d*f)*x - d)*sinh(f*xx +
e)”2 + 16*c*f + 8xd)/(a"2xf~2*xcosh(f*x + e)~2 + 2*xa~2*%f"2xcosh(f*x + e)*si
nh(f*x + e) + a~2*f " 2xsinh(f*x + e)~2)

-

3.24.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 700 vs. 2(122) = 244.

Time = 0.80 (sec) , antiderivative size = 700, normalized size of antiderivative = 5.26

c+dz
(a + acoth(e + fx))?
4cf?z tanh? (e+fx) + 8cf2x tanh (e+fx) + 4cf
16a2 f2 tanh? (e+ fz)+32a2 f2 tanh (e+fz)+16a2 f2 16a2 f2 tanh? (e+ fz)+32a2 f2 tanh (e+ fz)+16a2 f2 16a2 f2 tanh? (e+ fz)+32a’

da?
ezt 75—
(acoth (e)+a)?

inputLintegrate((d*x+c)/(a+a*coth(f*x+e))**2,x)

output

~—

Piecewise ((4*cxf*x2xxxtanh(e + f*x)**2/(16*a*x*x2xf*xx2xtanh(e + f*x)**2 + 32
*axk2kfxx2ktanh(e + f*xx) + 16*ka**x2xf**2) + 8*cxf**2+xxtanh(e + f*x)/(16*ax*
*2%xf*x2%tanh (e + f*x)**2 + 32xax*x2xfx*x2xtanh(e + f*x) + 16kax*xf**2) + 4%
ckfxx2kx/ (16*%a*x*x2xfx*2xtanh (e + £*x)**2 + 32xa**x2+f*x2+tanh(e + f£xx) + 16%
a**x2xf**2) + 12xckfrtanh(e + f*x)/(16*a*x*x2xf**+2xtanh(e + f£*x)**2 + 32*a*x*2
*fxx2xtanh(e + f*x) + 16*a**2*xf*x2) + 8xcxf/(16*a*x*2*xf**2+tanh(e + f*xx)**2
+ 32%a**2*f**x2xtanh(e + f*xx) + 16*a**2+f**2) + 2xdxfx*xkx*k*k2ktanh(e + f*x
Yxx2/ (16%a*x*2xf+*+2+xtanh (e + f*xx)**2 + 32ka**2*f**2+xtanh(e + f*xx) + 16%a**2
*f*x%x2) + Adxdxfrk2kx*k*2+%tanh(e + f*xx)/(16*%ax*x2xf**2%tanh(e + f*xx)**2 + 32%a
*x2xfxk2ktanh(e + £*x) + 16%a**x2kxf*x*2) + 2xkd*xf*x*kx**x2/ (16*a*x*2*xf**2*tanh (
e + f*x)*x2 + 32xa*x*2xf*x*k2+xtanh(e + f*x) + 16*axx2kf**x2) - 5xd*xf*x+tanh(e

+ £*x) %2/ (16%a*x*2xfx*+2xtanh(e + f*x)**2 + 32xa*x2xf*x2xtanh(e + f*x) + 16
xaxx2xf*x2) + 2xd*f*rxxtanh(e + f*x)/(16xax*2xf*x2xtanh(e + f£*xx)**2 + 32kax
*2+f*x2+tanh (e + f£xx) + 16%ax*k2xf**x2) + 3xd*f*x/(16*a**x2*f**x2+tanh(e + f*x
Ykk2 + 32kaxx2kf**x2xtanh(e + f£*x) + 16*a*x*2+xf**2) + Skd*tanh(e + f£*x)/(16%*
a**x2xfx*2kxtanh (e + f£*xx)**x2 + 32ka*xx2xfx*2xtanh(e + f*x) + 16*a*x*x2xf*x*2) +

4*xd/ (16*a**2*f**x2xtanh (e + f*xx)**2 + 32*a**2*f**x2xtanh(e + f*xx) + 16*a**2*
f*%x2), Ne(f, 0)), ((c*x + d*x*x2/2)/(a*coth(e) + a)**2, True))

ct+dz
324, [ Growmerrayr 9o
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3.24.7 Maxima [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 107, normalized size of antiderivative = 0.80

/ c+dz e
(a + acoth(e + fx))?
1 c<4 (fr+e) N 4e(-2fr—2e) _ e(—4fm—4e))

T 16 a’f a’f
(8 F2x%e(19) + 8 (2 fwe®® 4 e29))e(=2/2) — (4 fr 4 1)e(-4/®))de(-19)
+ 64 a2 f?

p
input Lintegrate ((d*x+c)/(ataxcoth(f*x+e))~2,x, algorithm="maxima")

-/

output‘1/16*c*(4*(f*x + e)/(a"2%f) + (4xe~(-2xfxx — 2%e) - e~ (-4*f*x - 4xe))/(a~2
(¥£)) + 1/64%(8¥f 2%x"2ke”(4%e) + Bk (2xfxxke™ (2ke) + e~ (2xe))*e” (-2%f*x) -
(Axfxx + 1)*e”~(-4xf*x))*d*e” (-4*e)/(a~2%xf"2)

N J

-

3.24.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.77

c+dr
(a + acoth(e + fx))?
(8d 21.26(4fac+4e) +16 Cf2$€(4fz+4e) +16 dfl.e(wa+2e) _ 4df{L’ +16 cfe(2fx+2e) _ 4Cf + 8d6(2fa:+2e) —
64 a2 f?

( hY

input | integrate ((d*x+c)/(at+a*coth(f*x+e))~2,x, algorithm="giac")

output‘1/64*(8*d*f“2*x“2*e“(4*f*x + 4xe) + 16%cxf 2kx*e” (4xf*x + 4*e) + 16*dxf*x*
(e (2xE*x + 2%e) - Axdkfxx + 16xckfke” (2fkx + 2ke) - Akcxf + Bxdxe” (2xfxx
\+ 2%e) - d)*e”(-4*fxx - 4dxe)/(a~2%£°2) \

ct+dz
324, [ Growmerrayr 9o
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3.24.9 Mupad [B] (verification not implemented)

Time = 1.91 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.66

c+dx e afa(dt+2cf dz
/(a—i—acoth(e—i—fx))de_e 8a? f? +4a2f

e d+4cf dz dz? cx
_ de—4fzx
© (64a2f2 +16a2f)+8a2+4a2

-

input Lint((c + d*x)/(a + axcoth(e + f*x))~2,x)

—/

Output‘exp(— 2xe - 2xf*xx)*((d + 2%c*f)/(8*a~2%f"2) + (d*x)/(4*a"2%f)) - exp(- 4*e
\ - 4xfxx)*((d + 4xcxf)/(64*a"2x£72) + (d*x)/(16*%a~2xf)) + (d*x~2)/(8%a"2)
+ (c*x)/(4*a~2)

N\

ct+dz
324, [ Growmerrayr 9o
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1 5 dx

3.25 f (c+dz)(a+a coth(e+fz))

3.25.1 Optimalresult . . .. ... ... . .. ... . 203
3.25.2 Mathematica [A] (verified) . . . . . . . ... Lo 204
3.25.3 Rubi [A] (verified) . . . . .. ... .. 204
3.25.4 Maple [A] (verified) . ... ... ... ..
3.25.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.25.6 Sympy [F] . . . . .
3.25.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 207l
3.25.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 207
3.25.9 Mupad [F(-1)] . . . . . oo 208
3.25.1 Optimal result
Integrand size = 20, antiderivative size = 297
/ 1 dp — cosh( e—ﬂ)Ch (2Cf—|—2fx)
(c+ dx)(a + acoth(e + fx))? v 2a2d
N cosh (46 — 4—?}) Chi(4—2i + 4f:v)
4a%d
log(c + dx) B Chi(% + 4fx) sinh (46 - %)
4a02d 4a2d
Ch1(2cf + 2fz) sinh (2e — 2cf)
2a2d
cosh (2e — ) Shi(%L + 2fx)
2a2d
_ sinh (2 — 2¢L) Shi (%L + 2fz)
2a2d
cosh (46 def ) Shl(‘%f +4 fx)
4a2d
s1nh (4e — %) Shi(% + 4fz)
4a2d

1/4*Chi (4d*xc*f/d+4*f*x) *cosh (-4*xe+d*xc*xf/d) /a~2/d-1/2*Chi (2*xc*f/d+2*f*x) *cos
h(-2*xe+2*xc*f/d) /a~2/d+1/4*1n(d*x+c)/a~2/d+1/2*cosh (-2*e+2*c*f/d) *Shi (2*kc*f
/d+2*f*x) /a~2/d-1/4*cosh (-4*e+4*c*f/d) *Shi (d*cxf/d+4*xf*x) /a~2/d+1/4*Chi (4%
cxf/d+4xf*x)*sinh (—4*xe+d*cxf/d)/a~2/d-1/4*Shi (4*c*xf/d+4*f*x)*sinh (—4*xe+d*c
*f/d) /a~2/d-1/2%Chi (2xc*f/d+2*f*x) *sinh (-2*e+2%c*f/d) /a~2/d+1/2*Shi (2%c*f/
d+2*f*x) *sinh (-2*e+2*xcxf/d) /a~2/d

L dz

3.25. f (c+dzx)(a+a coth(e+fx))?
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3.25.2 Mathematica [A] (verified)

Time = 1.13 (sec) , antiderivative size = 199, normalized size of antiderivative = 0.67

1
(c+dz)(a+ acoth(e + fx))? dz
(cosh (2e — 2¢/) — sinh (2¢ — %)) <—2Chi<%j’dﬂ”)> + cosh (2e — 2 log(f(c + dz)) + Chi(Ljdm))

-

input LIntegrate [1/((c + d*x)*(a + a*Coth[e + fx*x])~2),x]

| —

output | ((Cosh[2*e - (2*c*f)/d] - Sinh[2*e - (2*cx*f)/d])*(-2*xCoshIntegral [(2*f*(c
+ d*x))/d] + Cosh[2xe - (2%c*f)/d]*Logl[f*(c + d*x)] + CoshIntegral [(4*fx*(c

+ d*x))/d]l*(Cosh[2*e - (2*c*f)/d] - Sinh[2*e - (2%c*f)/d]) + Logl[f*(c + d
*x)]*Sinh[2*%e - (2xcxf)/d] + 2xSinhIntegral [(2*f*(c + d*x))/d] - Cosh[2*e
- (2%cx*f)/d]*SinhIntegral [(4*f*(c + d*x))/d] + Sinh[2*e - (2%c*f)/d]*SinhI
ntegral [(4*xfx(c + d*x))/d]))/(4xa~2xd)

3.25.3 Rubi [A] (verified)

Time = 1.05 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.150, Rules used

integrand size
= {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+dz)(a cot;(e + fz) + a)? dz
| 3042
1
/ (c+dz) (a —iatan (ie + ifz + %))2
| 421

dx

/ sinh?(2e + 2fz)  sinh(2e + 2fx) __ sinh(4e + 4f2) cosh?(2e + 2fz) _ cosh(2e +2fx) 1
4a?(c + dzx) 2a%(c + dx) 4a?(c + dx) 4a?(c + dx) 2a2%(c + dx) 4a?(c + dx)

l 2009

1
325 f (c+da;)(a+acoth(€+fa:))2 dx
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(ﬁﬁ@xf+%¥)ﬁm1@e—3§) CmGuf+4%)gm1@e—%¥)_

2f2a2d 2ot B 4;1612(1! wof
. c c . c c
Chi (23:f + 7) cosh (26 - T) N Ch1(4xf + 7) cosh (46 - 7) ~
sinh <2e — 2c’gggdhi <2xf + M) sinh (46 — 4°f4>a;(1ili (4:cf + ﬂ)
d2a2d : + d4a2d : +
cosh (26 — %) Shi(2mf + %) cosh (46 — %) Shi (4mf + %) log(c + dz)
2a%d B 4a2d + 4a2d

-

input LInt [1/((c + d*x)*(a + a*Coth[e + f*x])~2),x]

| —

output | -1/2%(Cosh[2xe - (2*c*f)/d]*CoshIntegral [(2*c*f)/d + 2xfx*x])/(a"2*d) + (Co
sh[4*e - (4*c*f)/d]*CoshIntegral [(4*c*f)/d + 4*fx*x])/(4*a~2*d) + Loglc + d
*xx]/(4*a~2xd) - (CoshIntegral[(4*c*f)/d + 4*f*x]*Sinh[4*e - (4*cx*f)/d])/(4
*a~2%d) + (CoshIntegral[(2*cx*f)/d + 2xf*x]*Sinh[2*e - (2*c*f)/d])/(2*a~2*xd
) + (Cosh[2*e - (2xcxf)/d]*SinhIntegral [(2*c*f)/d + 2*f*x])/(2*a~2+d) - (S
inh[2%e - (2%cx*f)/d]*SinhIntegral [(2*c*f)/d + 2xf*x])/(2*a~2xd) - (Cosh[4*
e - (4xc*f)/d]*SinhIntegral [(4xc*f)/d + 4*fxx])/(4*a"2%d) + (Sinh[4*e - (4
*xc*f)/d] *SinhIntegral [(4xc*f)/d + 4*fxx])/(4xa~2%d)

3.25.3.1 Defintions of rubi rules used

e

rule 2009L1nt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

-

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

ruk34211(1nt[((C_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),
‘x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2*e + 2*fx*x]/(
\2*a) + Sin[2*e + 2*f*x]/(2%b))~(-n), x1, x] /; FreeQ[{a, b, c, 4, e, £}, x]
| & EqQ[a™2 + b72, 0] && ILtQ[m, 0] && ILtQ[n, 0]

L dz

3.25. f (c+dzx)(a+a coth(e+fx))?
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3.25.4 Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.36

method | result size
_ (s © @ Bi(4fataerielgiie) TP gy (3fq g0y 202 )
risch 4a2d 4a2d + 2a2d 106
inputLint(1/(d*x+C)/(a+a*coth(f*x+e))‘2,x,method=_RETURNVERBOSE) J

output ‘ 1/4*1n(d*x+c)/a~2/d-1/4/a~2/d*exp (4% (cxf-d*e) /d) *Ei (1,4*f*xx+4*e+d* (cxf-dxe ‘
‘)/d)+1/2/a“2/d*exp(2*(c*f—d*e)/d)*Ei(l,2*f*x+2*e+2*(c*f—d*e)/d)

3.25.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.46

1
(c+dz)(a+ acoth(e + fx))
2Ei(——2 (dff;rcf)) cosh (——2 (ded_cf)) — Ei(——“df”;“cf)) cosh <——4 (ded_cf)> + 2Ei<——2 (df“;ﬂf)) sinh (—w

4 a2d

2dz:

input Lintegrate (1/(d*x+c) / (ata*xcoth(f*x+e))~2,x, algorithm="fricas") J

output‘-1/4*(2*Ei(-2*(d*:|:‘*x + c*f)/d)*cosh(-2*x(d*e - c*f)/d) - Ei(-4*(d*f*x + cx*f \
)/d)*cosh(-4*(d*e - c*f)/d) + 2#Ei(-2%(d*f*x + c*f)/d)*sinh(-2%(d*e - c*f) |
|/d) - Ei(-4%(d*f*x + c*f)/d)*sinh(-4x(d*e - c*f)/d) - log(d*x + c))/(a~2%d
) |

3.25.6 Sympy [F]

/ 1 dz
(¢ + dz)(a + acoth(e + fx))?

1
f ccoth? (e+fx)+2c coth (e+ fx)+c+dx coth? (e+fz)+2dz coth (e+ fx)+dx dzx

a?

L dz

3.25. f (c+dzx)(a+a coth(e+fx))?
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input‘integrate(1/(d*x+c)/(a+a*coth(f*x+e))**2,x)

output‘Integral(l/(c*coth(e + fxx)**2 + 2xcxcoth(e + f*x) + c + d*x*coth(e + f*x)
‘**2 + 2xdxx*coth(e + f*x) + d*x), x)/ak*2

3.25.7 Maxima [A] (verification not implemented)

Time = 0.70 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.27

1

e(—4e+%>E1 (4(dwd+c)f>
/ (c+ dzx)(a+ acoth(e + fz))

4 a2%d

—2e+2¢f 2 (dz+c) f
el d>E1< d >+log(dx+c)

2 a%d 4 a%d

2dm=—

_|_

inputLintegrate(1/(d*x+c)/(a+a*coth(f*x+e))‘2,x, algorithm="maxima")

p

output‘—1/4*e‘(—4*e + 4xc*f/d)*exp_integral_e(1l, 4*x(d*x + c)*f/d)/(a"2xd) + 1/2%e
“(—Z*e + 2xcxf/d)*exp_integral_e(1, 2*(d*x + c)*f/d)/(a"2*d) + 1/4xlog(d*x
|+ ©)/(a"2+d)

3.25.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.26

/ 1 dx
(c+ dz)(a+ acoth(e + fz))?

(2 Ei<_2(df+d+cf)> (2et2) _ Ei<_4(df+d+cf)> (1) _ pe) log (dz + C)) o(—1e)

4 a%d

-

inputLintegrate(1/(d*x+c)/(a+a*coth(f*x+e))‘2,x, algorithm="giac")

-/

output‘—1/4*(2*Ei(—2*(d*f*x + cxf)/d)*e” (2%e + 2%c*f/d) - Ei(-4*(d*f*xx + cxf)/d)*
‘e‘(4*c*f/d) - e”(4*e)*log(d*x + c))*e”(-4xe)/(a~2xd)

-

1
325 f (c+da;)(a+acoth(€+fw))2 dm
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3.25.9 Mupad [F(-1)]

Timed out.

1 1
/ (c +dz)(a + acoth(e + fz))? dr = / (a+acoth(e+ fx))? (c+dx) d

input Lint(i/((a + akxcoth(e + f*x))~2%(c + d*x)),x)

output‘ int(1/((a + axcoth(e + f*x)) 2*(c + d*x)), x)

1 dz

3.25. f (c+dzx)(a+a coth(e+fx))?
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1

3.26 f (c+dzx)?(a+a coth(e+fz))? dx

3.26.1 Optimal result . . . . .. .. . ... ... 209
3.26.2 Mathematica [A] (verified) . . . . . .. ... .. .. L Lo oL 210
3.26.3 Rubi [A] (verified) . . . . . . ... .. 211
3.26.4 Maple [A] (verified) . . . ... . ... ... 212
3.26.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 213
3.26.6 Sympy [F] . . . . . . 214
3.26.7 Maxima [A] (verification not implemented) . . . ... ... ... ... ... .. 214
3.26.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 215
3.26.9 Mupad [F(-1)] . . . . . 215

3.26.1 Optimal result

Integrand size = 20, antiderivative size = 420

1 dp e — 1 + cosh(2e +2fz) cosh?(2e + 2fx)
(c+dz)%(a+acoth(e + fz))2~  4a?d(c+dz)  2a2d(c+ dx) 4a2d(c + dzx)
N fcosh (2e — 2L) Chi (2 + 2fz)

a’d?
f cosh (4 — %) Chi(*F + 4fz)
- a?d?
| JCOni(% + 4fx) sinh (de — %)
a’d?
_ fChi(%/ +2fz) sinh (2¢ — %)
a?d?
_ sinh(2e + 2fz)
2a%d(c + dz)

B sinh®(2e + 2fr) sinh(4e + 4fx)
4a2d(c + dx) 4a2d(c + dx)
f cosh (26 — 2—?) Shi(2—fl£ + 2f:c)
- a?d?
| fsinh (2e — 2¢L) Shi (2 + 2fx)
a’d?
N f cosh (4e — 4—?) Shi(4—2i + 4fz)
(

a?d?
fsinh (46 — %) Shi
B a’d?

% +4fz)

1
3.26. f (c+dz)?(a+acoth(e+fz))? dz
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output | -1/4/a"~2/d/ (d*x+c) -f*Chi (4*c*xf/d+4*f*x)*cosh (-4*e+d*xcxf/d)/a~2/d~2+f*Chi (2
*cxf/d+2xf*x) *cosh (-2xe+2*c*xf/d) /a~2/d"2+1/2*cosh (2*xf*x+2*e) /a~2/d/ (d*x+c)
-1/4*cosh (2*xf*x+2xe) ~“2/a"~2/d/ (d*x+c) -f*cosh (-2xe+2*xc*f/d) *Shi (2*c*f/d+2*f*
x)/a"2/d"2+f*cosh(-4*xe+4dxcxf/d) *Shi (4d*c*f/d+4*f*x) /a~2/d"2-f*Chi (4*c*f/d+4
*fxx)*sinh (-4*xe+4d*xc*f/d) /a~2/d"2+f*Shi (dxc*xf/d+4*f*x) *sinh (-4*e+4d*xc*xf/d) /a
~2/d"2+f*Chi (2*c*xf/d+2*f*x) *sinh (-2*e+2xcxf/d) /a~2/d"2-f*Shi (2*c*f /d+2*f*x
)*sinh (-2%e+2%c*f/d) /a~2/d"2-1/2*sinh (2%f*x+2%e) /a~2/d/ (d*x+c)-1/4*sinh (2%
fxx+2%e) ~2/a~2/d/ (d*x+c)+1/4*sinh (dxfxx+4*e) /a~2/d/ (d*x+c)

3.26.2 Mathematica [A] (verified)

Time = 2.39 (sec) , antiderivative size = 442, normalized size of antiderivative = 1.05

1
(c+ dz)*(a + acoth(e + fx))?

(—cosh (2(e+ f(=5+2))) +sinh (2(e+ f(—-5+2)))) (—chosh (2L) + dcosh (2(e + f(-5 +z)))

dz

inputLIntegrate[l/((c + dxx)"2%(a + a*Coth[e + f*x])~2),x] J

output | ((-Cosh[2x(e + fx(-(c/d) + x))] + Sinh[2%(e + £*(-(c/d) + x))])*(-2*d*Cosh
[(2xc*f)/d] + d*Cosh[2*x(e + fx(-(c/d) + x))] + d*Cosh[2*x(e + f*x(c/d + x))]
+ 2*%d*Sinh [(2*c*f)/d] - 4*f*(c + d*x)*CoshIntegral [(2xf*(c + d*x))/d]*(Co
sh[2*f*x] + Sinh[2*f*x]) + d*Sinh[2x(e + fx(-(c/d) + x))] - d*Sinh[2*(e +

fx(c/d + x))] + 4xfx(c + d*xx)*CoshIntegral [(4*f*(c + d*x))/d]*(Cosh[2*e -

(2%fx(c + d*x))/d] - Sinh[2xe - (2*f*(c + d*x))/d]) + 4*xcxf*Cosh[2*f*x]*Si
nhIntegral [(2*%f*(c + d*x))/d] + 4*dxf*x*Cosh[2*f*x]*SinhIntegral [(2*f*(c +
d*x))/d] + 4xcxf*Sinh[2*f*x]*SinhIntegral [(2*f*(c + d*x))/d] + 4xdxf*x*Si
nh[2*f*x]*SinhIntegral [(2*f*(c + d*x))/d] - 4*cxfxCosh[2%e - (2*f*(c + d*x
))/d]l*SinhIntegral [(4*xf*(c + d*x))/d] - 4*xd*xf*xxCosh[2xe - (2*f*(c + d*x))
/d]*SinhIntegral [(4xf*(c + d*x))/d] + 4*c*f*Sinh[2xe - (2*f*(c + d*x))/d]=*
SinhIntegral [(4*f*(c + d*x))/d] + 4xdxf*x*Sinh[2*e - (2*fx(c + d*x))/d]*Si
nhIntegral [(4*fx(c + d*x))/dl))/(4*a~2xd"2x(c + d*x))

1
3.26. f (c+dz)?(a+acoth(e+fz))? dz
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3.26.3 Rubi [A] (verified)

Time = 1.12 (sec) , antiderivative size = 420, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, Mumber of rules _ ¢ 15, Ryles used
integrand size

= {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (¢ + dz)%(acoth(e + fz) + a)? dz
| 3042
/ 2 . : . 2de
(c+dz)? (a —iatan (ie+ifr+ %))
| 4211
/ sinh?(2e + 2fz)  sinh(2e + 2fx) _ sinh(4e + 4f2) cosh?(2e + 2fz) _ cosh(2e +2f2) 1
4a?(c + dzx)? 2a%(c + dx)? 4a?(c + dzx)? 4a?(c + dzx)? 2a%(c + dx)? 4a?(c+ dx)?,

l 2009

fChquf+-%i)' h(4e-%%) fCh%: )
h(2e—2%f)  fOhi(4zf )
- a2d

i) sy

2

Co
S2 (2:cf + 2cf> fsinh (46
a2

(- 2)
a(ae-tf)

co
82 <4xf + 4Cf)
; _

f sinh (26

ﬂm(%f+%6
2
1) sy
2

f cosh (26 — M) Sh1<2:1:f + %) f cosh (46 — ﬂ) Sh1<4a:f + T) sinh?(2e + 2fz)
a2d? + a2d? ~ 4a2d(c + dz)
sinh(2e + 2fz) sinh(4e +4fx) cosh?(2e +2fz) = cosh(2e + 2fx) 1
2a2d(c + dx) 4a2d(c+dz)  4a2d(c+ dz) 202d(c+dz)  4a2d(c + dx)

input" Int[1/((c + d*x)"2x(a + a*Coth[e + f*x])~2),x]

1
3.26. f (c+dz)?(a+acoth(e+fz))? dz
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output | -1/4*1/(a~2*d*(c + d*x)) + Cosh[2*e + 2*f*xx]/(2*a"~2+d*(c + d*x)) - Cosh[2x*
e + 2%f*x]"2/(4*%a"2xd*(c + d*x)) + (£xCosh[2%e - (2*cxf)/d]*CoshIntegral [(
2xcxf) /4 + 2xf*xx])/(a~2+%d"2) - (f*Cosh[4xe - (4*c*f)/d]*CoshIntegral [(4*xc*
£)/d + 4*f*x])/(a"2%d"2) + (f*CoshIntegral[(4*c*f)/d + 4xfxx]*Sinh[4*e - (
4xcxf)/d])/(a"2xd"2) - (fxCoshIntegral[(2xc*f)/d + 2*f*x]*Sinh[2*%e - (2%c*
£)/d]1)/(a"2*d"2) - Sinh[2%e + 2xf*x]/(2*a"2*d*(c + d*x)) - Sinh[2%e + 2xfx*
x]72/(4xa"2xd*(c + d*x)) + Sinh[4*e + 4xfxx]/(4*a~2xd*(c + d*x)) - (f*Cosh
[2%e - (2*cxf)/d]*SinhIntegral [(2xcxf)/d + 2*xf*x])/(a"2+%d"2) + (f*Sinh[2*e
- (2%cxf)/d]*SinhIntegral [(2*c*f)/d + 2xf*x])/(a"2%d"2) + (f*Cosh[4*e - (
4xcxf)/d]*SinhIntegral [(4xc*f)/d + 4xf*x])/(a~2*%d"2) - (£f*Sinh[4*e - (4*c*
f)/d]1*SinhIntegral [(4*c*f)/d + 4xf*x])/(a~2%d"2)

3.26.3.1 Defintions of rubi rules used

p

ruka2009t;nt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

—/

p
ruk33042‘1nt[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

~

rule 4211‘Int[((C_.) + (d_D)*(x))"(m)*((a) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n ),
‘x_Symbol] :> Int[ExpandIntegrand[(c + d*x)~m, (1/(2*a) + Cos[2%e + 2xf*x]/(
\2*a) + Sin[2xe + 2xf*x]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £}, x]
| &% EqQ[a~2 + b2, 0] &% ILtQ[m, 0] & ILtQ[n, 0]

SRN———.———.,

3.26.4 Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 164, normalized size of antiderivative = 0.39

method | result

4cf—4de _ 2¢cf—2de _
fe—tfo—de fe 4 Eil(4fw+4€+74cf d‘*de) fe—2fo-2e fe~ 4 E11(2fw+2e+—2°f -2

1
" 4a2d(dz+c)  4a2d(dzf+cf) + a2d? + 2a2d(dzf+cf) a?d?

risch

input | int (1/ (d*x+c) ~2/ (at+a*coth(f*x+e)) ~2,x,method=_RETURNVERBOSE)

1
3.26. f (c+dz)?(a+acoth(e+fz))? dz
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output‘—1/4/a“2/d/(d*x+c)—1/4*f/a”2*exp(—4*f*x—4*e)/d/(d*f*X+C*f)+f/a”2/d”2*eXP(4
‘*(c*f-d*e)/d)*Ei(l,4*f*x+4*e+4*(c*f-d*e)/d)+1/2*f/a”2*exp(-2*f*x-2*e)/d/(d
‘*f*x+c*f)—f/a‘2/d“2*exp(2*(c*f-d*e)/d)*Ei(1,2*f*x+2*e+2*(c*f—d*e)/d)

3.26.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 615, normalized size of antiderivative = 1.46

1
/ (c+ dx)%(a + acoth(e + fx))? do
2(dfx—kcf)Ei(—2ﬁE%iﬂ2>cosh(fx—%e)zshﬂl(—gﬁﬁfﬂﬁ> —-2(dfx—kcf)Ei<—3§E%fﬁl>cosh(fx—%e)

~—

inputLintegrate(1/(d*x+c)‘2/(a+a*coth(f*x+e))“2,x, algorithm="fricas")

output | 1/2% (2% (d*f*x + cxf)*Ei(-2%(d*f*x + c*f)/d)*cosh(f*x + e) 2*sinh(-2*(d*e -
c*xf)/d) - 2% (dxfxx + cxf)*Ei(-4%(d*f*x + c*f)/d)*cosh(f*x + e) 2*sinh(-4%
(d*e - cxf)/d) + (2x(d*f*x + c*f)*Ei(-2x(d*xf*x + c*f)/d)*cosh(-2%(d*e - c*
£)/d) - 2x(d*f*x + c*f)*Ei(-4*x(d*f*x + c*f)/d)*cosh(-4*x(d*e - c*f)/d) - d)
xcosh(fxx + e)”2 + (2*%(d*f*x + c*f)*Ei(-2x(d*f*x + c*f)/d)*cosh(-2x(d*e -
cxf)/d) - 2x(dxf*x + c*f)+*Ei(-4*(d*f*x + c*f)/d)*cosh(-4*(d*e - cxf)/d) +
2% (d*f*x + c*xf)*Ei(-2*x(d*f*x + c*f)/d)*sinh(-2*x(d*xe — c*f)/d) - 2*(d*f*x +
cxf)*Ei (-4*x(dxf*x + c*f)/d)*sinh(-4*(d*e — c*f)/d) - d)*sinh(f*x + e)~2 +
4x ((d*f*x + cxf)*Ei(-2x(d*f*x + c*f)/d)*cosh(f*x + e)*sinh(-2%(d*e - c*f)
/d) - (d*f*x + cxf)*Ei(-4*x(d*f*x + c*f)/d)*cosh(f*x + e)*sinh(-4*(d*e - cx*
£)/d) + ((d*fxx + c*f)*Ei(-2x(d*f*x + c*f)/d)*cosh(-2x(d*e - c*f)/d) - (d*
fxx + c*f)*Ei(-4*(d*f*x + c*f)/d)*cosh(-4*(d*e - c*f)/d))*cosh(f*x + e))x*s
inh(f*x + e) + d)/((a"2%d~3%x + a~2%kc*kd~2)*cosh(f*x + e)~2 + 2%(a~2xd~3*x
+ a~2xc*d"2)*cosh(f*x + e)*sinh(f*x + e) + (a"2+%d"3*x + a~2*c*xd”~2)*sinh(f*
X + e)”2)

1
3.26. f (c+dz)?(a+acoth(e+fz))? dz
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3.26.6 Sympy [F]

1
dz
(c+ dz)%(a + acoth(e + fx))?
1
f 2 coth? (e4fx)+2c2 coth (e4fx)+c242cdx coth? (e+ fx)+4cdx coth (e+ fx)+-2cdx+d2x2 coth? (e+ fx)+2d222 coth (e+fx)+d2x2 dx
= p
inputLintegrate(l/(d*x+c)**2/(a+a*coth(f*x+e))**2,x) J

output‘Integral(l/(c**2*coth(e + fxx)**2 + 2xckx2kcoth(e + fxx) + cx*2 + 2kckd*x*
|coth(e + f*x)**2 + 4*ckdxx*coth(e + fxx) + 2xckdkx + de*2xx**2kcoth(e + £
‘x)**2 + 2kdk*kx*k*2kcoth(e + Fhx) + drkkx*x2), x)/a**2 ‘

3.26.7 Maxima [A] (verification not implemented)

Time = 1.32 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.24

6(_464_%) E, (4 (dacd-{—c)f>

1 1
dr = — —
(c+dz)*(a + acoth(e + fx))? v 4 (a?d?z + a?cd) 4 (dz + c)a?d
6(—28+2§f> E, <2 (d:cd-l—c)f>
+ 2 (dz + c)a?d
inputLintegrate(1/(d*x+c)‘2/(a+a*coth(f*x+e))‘2,x, algorithm="maxima") J

output‘—1/4/(a“2*d*2*x + a”2%cxd) - 1/4*xe”(-4xe + 4*xcxf/d)*exp_integral_e(2, 4*(d
‘*x + c)*£/d)/((d*x + c)*a~2*d) + 1/2%e”(-2xe + 2xc*f/d)*exp_integral_e(2,
\2*(d*x + c)*£/d)/((d*x + c)*a~2*d) \

1
3.26. f (c+dz)?(a+acoth(e+fz))? dz
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3.26.8 Giac [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 585, normalized size of antiderivative = 1.39

1
(c+ dz)%(a + acoth(e + fx))

ztc) (gde. — o —de+c e—c o) -
(4 (dz+0) (g — e + f)szi(—z((d ot ;HCH) et f)> (2T _ 4def2Ei(—2<(d +a(.

2dx

-/

input Lintegrate (1/(d*x+c) "2/ (ata*coth(f*x+e))~2,x, algorithm="giac")

output | 1/4* (4% (d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + £)*f 2+«Ei(-2*x((d*x + c)*
(d*e/(d*x + c) - c*xf/(d*x + c) + f) - dxe + c*xf)/d)*e”(-2+(d*xe - c*f)/d) -
4xdxexf~2xEi (2% ((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - d*e + c*
f)/d)xe” (-2+(d*e - c*xf)/d) + 4xc*xf 3*Ei(-2*x((d*x + c)*(d*e/(d*x + c) - cx*f
/(d*xx + c) + £) - d*e + c*f)/d)*e” (-2*(d*e - c*f)/d) - 4*x(d*x + c)*(d*e/(d
*x + c) - cxf/(d*x + c) + £)*f72%Ei(-4*x((d*x + c)*(d*e/(d*x + c) - cxf/(dx*
X + ¢c) + f) - dxe + cxf)/d)*e” (-4*x(d*e - c*f)/d) + 4dxdxexf 2*Ei(-4*((d*x +
c)*x(dxe/(d*x + c) - c*f/(d*x + c) + f) — d*xe + c*f)/d)*e” (-4*x(d*e - cxf)/
d) - 4xc*f73*Ei(-4*x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - d*xe +
cxf)/d)*xe” (-4*x(d*e - c*f)/d) + 2xd*xf~2xe” (2% (d*x + c)*(d*e/(d*x + c) — c*
f/(d*x + ¢) + £)/d) - dxf~2xe”(-4x(d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c¢)
+ £)/d) - d*x£72)*d"2/(((d*x + c)*a~2*d"4*(d*e/(d*x + c) - cxf/(d*x + c) +
f) - a”2%d"5*e + a~2kcxd 4*f)*f)

3.26.9 Mupad [F(-1)]

Timed out.

L d b/" L d
(c+ dz)?(a + acoth(e + fx))? ’ (a+ acoth (e + f ) (c+ dz)’ !

input‘ int(1/((a + a*coth(e + f*x)) 2x(c + d*x)~2),x)

output Lint(i/((a + axcoth(e + f*x))"2*(c + d*x)"2), x) J

1
3.26. f (c+dz)?(a+acoth(e+fz))? dz



output

CHAPTER 3. LISTING OF INTEGRALS 216

327 [l do

a+a coth(e+fx))
3.27.1 Optimalresult . . .. ... .. . ... . 216
3.27.2 Mathematica [A] (verified) . . . . . . . . ... Lo 217
3.27.3 Rubi [A] (verified) . . . . . . ... .. 217
3.27.4 Maple [A] (verified) . ... ... ... ... 219
3.27.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... .. .... 219
3.27.6 Sympy [B] (verification not implemented) . . ... ... ... ... ... .. 220
3.27.7 Maxima [A] (verification not implemented) . . ... .. ... ... ......
3.27.8 Giac [A] (verification not implemented) . . . ... . ... ... .......
3.27.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 223

3.27.1 Optimal result

Integrand size = 20, antiderivative size = 336

(C + d.’E)?’ _ d3€—66—6fa: 9d3e—4e—4fm 9d3e—2e—2fz d26—6e—6fz(c + d.’E)
(a + acoth(e + fx))3 = 1728a3f4  1024a3f4 + 64a3 f4 288a3 f3
9P (¢ + dx) N 9d%e~272/2(c 4 dx)
256a3 f3 32a3 f3
de=6=8/%(c 4+ dx)?  9de~*¢~4/%(c + dx)?
+ 9643 f2 B 12843 f2
9de=2¢"2%(c + dx)? e %5/%(c + dx)?
32a3 f? 48a3 f
3e~4e 4 (c +dx)®  3e 2%%(c + dx)? N (c+dz)?
32a3 f 16a3 f 32a3d

N

1/1728+d"3*exp (-6*f*x-6%e) /a~3/£74-9/1024*d~3*exp (-4*f*x-4*e) /a~3/£74+9/64
*d~3%exp (-2xf*x-2%e) /a~3/f"4+1/288*d"2*exp (-6*f*x-6*e) * (d*x+c) /a~3/£73-9/2
56%d~2xexp (—4*f*x—4*e)* (d*x+c)/a~3/£73+9/32*d"2*exp (-2*f*x-2%e) * (d*x+c) /a”
3/£73+1/96*d*exp (-6*f*x-6%e) * (d*xx+c) "2/a"3/£"2-9/128*d*exp (-4*f*x—-4xe) * (d*
x+c) "2/a"3/£72+9/32xd*exp (-2*f*x-2%e) * (d*x+c) “2/a"3/£72+1/48*exp (-6*L*x—6%
e)x(dxx+c) ~3/a”~3/£-3/32%exp (-4*f*x-4*e) * (d*xx+c) "3/a~3/£+3/16%exp (—2*f*x—-2%
e) *(d*x+c) ~3/a~3/f+1/32* (d*x+c)~4/a~3/d

(c-l—dz
3.27. f (a+acoth(e+fz))3 dz




p
input LIntegrate[(c + dxx)~3/(a + axCoth[e + f*x])~3,x]

output
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3.27.2 Mathematica [A] (verified)

Time = 4.57 (sec) , antiderivative size = 615, normalized size of antiderivative = 1.83

/ : (c+dz)? i

a + acoth(e + fz))3
_csch®(e + fx) (81(32¢% £3 + 242df?(3 + 4fx) + 12cd? f(7 + 12 fx + 8f2x?) + d3(45 + 84 fz + 72222 +

| —

(Cschle + f*x] 3*%(81*(32*%c”3*f~3 + 24*c~2xd*f 2% (3 + 4*f*x) + 12*c*kd " 2*f*(
T + 12xf*x + 8*xf~2%x"2) + d~3%(45 + 84xfxx + 72xf~2*x"2 + 32xf~3*x"3))*Cos
hle + f*x] + 16%(36*%c™3*f"3*(1 + 6*xf*x) + 18%c 2*d*f~2x(1 + 6xf*xx + 18*%f~2
*xX72) + Bxcxd"2xfk (1 + 6*f*x + 18*%f 2%xx"2 + 36%f"3*%x"3) + d"3*%(1 + 6xf*xx +
18*%f"2%x"2 + 36*%f " 3*%x~3 + 54*f~4xx~4))*Cosh[3*(e + f*xx)] + 4131*d~3*Sinh[
e + f*x] + 8748%c*d"2xf*Sinh[e + fxx] + 9720%c”2*d*f~2+Sinh[e + fxx] + 777
6xc~3*%f~3*Sinh[e + f*x] + 8748*%d~3*f*x*Sinh[e + f*x] + 19440%c*d~2*f 2%x*S
inh[e + f*x] + 23328*c”2*d*f~3*x*Sinh[e + f*x] + 9720%d"3*f~2*x"2*Sinh[e +
f*x] + 23328*%c*d"2*xf"3*x"2*Sinh[e + f*xx] + 7776*%d"3*f " 3*x"3*Sinh[e + fx*x]
- 16*d"3*Sinh[3*(e + f*x)] - 96*c*d~2*f*Sinh[3*(e + f*x)] - 288*c~2xd*f~2
*Sinh[3*(e + f*x)] - 576%c”3*f"3*Sinh[3*(e + f*x)] - 96*d"3*f*x*Sinh[3*(e
+ f*x)] - 576%c*d"2*xf " 2xx*Sinh[3*(e + f*x)] - 1728*c”2xd*f " 3*x*Sinh[3*(e +
f*xx)] + 3456%c”3*%f "4*x*Sinh[3*(e + f*x)] - 288*d~3*f 2*xx~2*Sinh[3*(e + f*
x)] - 1728%c*d"2*f " 3*x"2*Sinh[3*(e + f*x)] + 5184*c”~2xd*f " 4*x~2*Sinh[3* (e
+ f*x)] - 576%d"3*f " 3*x"3*Sinh[3*(e + f*x)] + 3456*%c*xd~2*f 4*x~3*Sinh[3* (e
+ f£xx)] + 864*d"3*f 4xx"4xSinh[3*(e + £*x)]))/(27648*a~3*f~4*(1 + Cothle
+ £xx])73)

N J

3.27.3 Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 336, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ 150, Rules used

integrand size
= {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+dx)
(acoth(e + fz) + a)3

(c-l—dz
3.27. f (a+acoth(e+fz))3 dz
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| 3042
3
/ (c+ dx) Jda
(a—iatan (ie+ifz+ %))
| 4212
/ (et dx)3e6e—6f= + 3(c + dx)3e 44/ (e dz)3e 22/ + (c+ dz)? i
8a3 8a3 8a3 8a3
| 2009
d?(c + dx)e~6e—6f= 9P (c+ dr)e 47 9d%(c + dx)e 2672/ d(c + dx)%ebe6/= B
288a3 f3 25643 f3 32a3 f3 96a3 f2
9d(c+ dz)2e~e4e  9d(c+ dz)?e 27T (c+ dx)debe7b/w __3(c-+-clac)?’e_‘*e_‘*f“”_+
128a3 f2 32a3 f2 48a3 f 32a3 f
3(C+ dx)3e—26—2fm (C-l- diL‘)4 N d3e—be—6fz B 9d3e—4e—4fz N 9d3e—26—2fm
1623 f 32a3d ' 1728a3f%  1024a’f? 64a3 1

input‘ Int[(c + d*x)~3/(a + axCoth[e + f*x])~3,x]

output | (d"3*E~(-6*xe - 6*xf*x))/(1728*%a~3*%f~4) - (9*d"3*E~(-4*e - 4*f*x))/(1024*a"3
*£74) + (9*d"3*E~(-2%e - 2*f*x))/(64*a~3*xf~4) + (d"2*«E~(-6%e - 6*f*x)*(c +
d*x))/(288%a~3*%£f73) - (9*d"2*E~ (-4*e - 4*f*xx)*(c + d*xx))/(256*%a"~3*%f73) +
(9*%d"2*E~ (-2*e — 2*f*x)*(c + d*x))/(32*%a"3*f~3) + (d*E~(-6%e - 6*xf*x)*(c +
d*x) ~2) /(96*a~3*%f~2) — (9*d*E~(-4*e - 4xfxx)*(c + d*x)~2)/(128*%a"3*f"2) +
(9*d*E~ (-2*e — 2*f*x)*(c + d*x)"2)/(32*xa"3*f"2) + (E~(-6*e - 6*xf*x)*(c +
d*x) ~3)/(48*a~3*f) - (3*E~(-4*e - 4*f*x)*(c + d*x)~3)/(32*%a"3*f) + (3*E~(-
2xe - 2kf*xx)*(c + d*x)~"3)/(16%a~3*%f) + (c + d*x)~4/(32%a"3*d)

N\

3.27.3.1 Defintions of rubi rules used

rule 2009L1nt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
LQ[u, x]

(c-l—dz
3.27. f (a+acoth(e+fz))3 dz
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rule 4212‘Int[((c_.) + (d_)*(x))"(m )*((a) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n ), ‘
‘x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2xa) + E~(2x(a/b)*(e + f*
‘x))/(2*a))“(—n), x], x] /; FreeQ[{a, b, c, 4, e, f, m}, x] & EqQ[a~2 + b~2 ‘

, 0] && ILtQ[n, O] |

3.27.4 Maple [A] (verified)

Time = 0.58 (sec) , antiderivative size = 379, normalized size of antiderivative = 1.13

method result
. A3zt d2c 3 3d Sz 3(4d32® f3+12cd? f3 22 +12c%d f3x+6d3 f2w2+4c3 f3+12cd? f2z+6c%d f
risch 325 T 85 T 16a3 =+ 8a° T 3245 T 64a3 f1
((864d3z*+3456d2c 23+5184d c?22+3456c3z) f4+ (576d3x3+1728c d2x2+1728c2dw+8928¢3) £3+(288d3 22 +576¢ d2z+1029
parallelrisch
inputLint((d*x+c)‘3/(a+a*coth(f*x+e))‘3,x,method=_RETURNVERBDSE) J

e N

output | 1/32/a"3*%d"3*x74+1/8/a~3*d " 2*xc*x"3+3/16/a"3*d*c"2*x"2+1/8/a"3*c"3*x+1/32/a
~3/d*c"4+3/64% (4*A"3*f " 3*%x"3+12%ckd” 2+ f "3*x"2+1 2k 2xd*f " 3*x+6%d " 3*f " 2+x"2
+4%c"3*f "3+12%ckd "2+ f "2*kx+6xCc2*kd*f "2+6%d " 3*fxx+6*cxd"2*f+3*d"3) /a~3/f "4*e
xp (-2*f*xx-2%e) —3/1024* (32%d~3*f ~3*x"3+96%Cc*d~2*f "3*x"2+96*Cc ™ 2xd*f ~3*x+24*d
“3*fT2kx"2+32%C 7 3*f "3+48xckd 2% f T2%xX+24*C T 2xd*f T 2+12%d "3k Fkx+12%Cckd " 2xF+3%
d~3)/a"3/f 4xexp (-4xf*x-4%e)+1/1728% (36*d~3*f " 3*x~3+108*c*d~2*f ~3*xx~2+108*
c”2xd*f " 3*x+18%d"3*f "2*x"2+36%c”3*f "3+36*ckd"2*f "2*kx+18%c2kd*f " 2+6%d " 3*f*
x+6*c*kd"2xf+d"3) /a~3/f " 4xexp (-6*f*x-6*e)

3.27.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 844 vs. 2(298) = 596.
Time = 0.28 (sec) , antiderivative size = 844, normalized size of antiderivative = 2.51

/ (c+dx)? i

(a + acoth(e + fx))3
_16(54d° f*z* + 36 f° + 18 c%df* + 6.¢cd’f + 36 (6cd’ f* + d° f*)° + d° + 18 (18 *df* + 6. cd® f° + d° f?

input Lintegrate ((d*x+c)~3/(ata*coth(f*x+e)) "3,x, algorithm="fricas") J

(c-l-dz
3.27. f (a+acoth(e+fz))3 dz



output

input
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1/27648% (16% (54*%d"3*f~4*x~4 + 36*c™3*f~3 + 18*%c™2*d*f~2 + 6xcxd~2xf + 36%(
6xc*d"2*%f"4 + d~3*xf"3)*x"3 + 4”3 + 18%(18*c™2xd*xf~4 + 6kckd"2*%f"3 + d~3*f~
2)*x72 + 6%(36%c”3*xf"4 + 18%c”2*d*f"3 + 6*cxd"2*xf"2 + d"3*f)*x)*cosh(f*x +
e) "3 + 48%(54*d"3*xf"4*x"4 + 36*%c”3*f"3 + 18*c”2xd*f~2 + 6kcxd"2xf + 36*(6
*ckd"2%xf~4 + d73*%f"3)*x"3 + d~3 + 18%(18*c"2*d*f"4 + 6*c*kd"2*xf~3 + 4d"3*f"2
)*x"2 + 6% (36%c”3*%f"4 + 18%c”2xd*f"3 + 6kckd"2*%f"2 + d"3*f)*x)*cosh(f*x +

e)*sinh(f*x + e)72 + 16%(54*d"3*f"4*x~4 - 36*c~3*f~3 — 18%c"2*d*f~2 - 6*cx*
A" 2*f + 36%(6*%c*xd™2*%f~4 - d"3*f"3)*x"3 - d"3 + 18*(18*c™2xd*f~4 — 6kc*d™2*
£73 - A"3*%f72)*x"2 + 6%(36%c"3*%f"4 - 18%cT2%d*f"3 - 6xc*kd"24f"2 — d73*f)*x
Yksinh(f*x + e)~3 + 81*(32*d"3*f~3*x~3 + 32%c"3*f"3 + T72*c 2%d*f~2 + 84*cx*
d~2+f + 45%d~3 + 24%(4xc*d"2*f~3 + 3kd"3*f"2)*x"2 + 12%(8%c"2xd*f"3 + 12%c
*d"2*%f72 + T*d"3*f)*x)*kcosh(f*x + e) + 3*(2592*xd"3*f~3*x"3 + 2592*xc”3*f~3
+ 3240%c”2%d*f~2 + 2916%c*d"2*f + 1377*%d"3 + 648*(12%c*xd~2*f~3 + 5xd~3*f~2
)*x"2 + 16%(54*%d"3*%f"4*x"4 - 36%c~3*%f"3 - 18*%c"2*d*f"2 - 6*ckd"2xf + 36%(6
*ckd"2%xf~4 - d73*f"3)*x"3 - d~3 + 18%(18*c"2*d*f"4 - 6*c*kd"2*xf~3 - d"3*f"2
)*x"2 + 6% (36%c”3*%f"4 - 18%c”2xd*f"3 — 6kckd"2*%f"2 - d"3*f)*x)*cosh(f*x +

e)”2 + 324%(24*xc™2xd*f"3 + 20*c*d"2*f~2 + 9*%d"3xf)*x)*sinh(f*x + e))/(a~3*
f~4xcosh(f*x + e)”3 + 3*xa~3*f 4*xcosh(f*x + e) 2*sinh(f*xx + e) + 3*xa~3*xf 4x*
cosh(f*x + e)*sinh(f*x + e)~2 + a~3*f 4xsinh(f*x + e)~3)

N

3.27.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 3918 vs. 2(347) = 694.

Time = 1.47 (sec) , antiderivative size = 3918, normalized size of antiderivative = 11.66

c+ dr)? i
/ (a+ a(coth(e)+ fz))3 dz = Too large to display

integrate((d*x+c)*x3/ (ata*coth(f*x+e))**3,x)

N

(c-l—dz
3.27. f (a+acoth(e+fz))3 dz
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output | Piecewise ((864*c**3xf**4dxx*tanh(e + f*x)**3/(6912*a**3*xf**x4*xtanh(e + f*x)*
*3 + 20736*a**x3xf**4xtanh(e + f*x)**2 + 20736*ax*3*fxx4d*xtanh(e + f*x) + 69
12xax*x3kfk*k4) + 2592*c**3xfxx4dxxxtanh(e + f*x)**2/(6912*xax*x3xf*x*x4*xtanh(e +
f*xx)**3 + 20736*ax*3xfxx4dxtanh(e + f£*x)**2 + 20736*ax*x3*xf*r*k4*xtanh(e + f*x
) + 6912k%a*x*3*kf**4) + 2592*ck*x3xfxxdxxktanh(e + f£*x)/(6912*a*x*3xf*x*x4*xtanh (
e + f*x)*x3 + 20736*a*x*3*xf**d*+tanh(e + f*x)**x2 + 20736*a**3*f**4xtanh(e +

fxx) + 6912%a**3xfxx4) + 864*xckk3*kf**4*x/(6912*xa*x*x3xfx*xdxtanh(e + f*x)**3

+ 20736*ax*x3*xf**xdxtanh(e + f*x)**2 + 20736*a*x*3*xfx*4*tanh(e + f*x) + 6912%
axk3*xfk*4) + 6048*kck*3*xf**3xtanh(e + f£xx)**2/(6912*%a*x*3*xf*r*4xtanh(e + f*xx)
*k3 + 20736*ax*k3xfx*kdxtanh(e + £xx)**2 + 20736*a**3*+f*r*4d*xtanh(e + f*x) + 6
912%ax*3xf**4) + TTT6*cx*3*xf**3xtanh(e + f*xx)/(6912*ax*3xf**x4*xtanh(e + f*x
Y**3 + 20736*ax*3*xfx*x4d*tanh(e + f*xx)**x2 + 20736*a*x*3*xf**4xtanh(e + f*x) +

6912*a*x*3xfxx4) + 2880*kck*3*f**3/(6912*%a*x*3xfxx4dxtanh(e + f*x)**3 + 20736%*
a**3*f*x4xtanh(e + f*xx)**2 + 20736*a**3*xf*x4dxtanh(e + f*x) + 6912%a**3xf*xx*
4) + 1296%c**2*d*f**x4dxxxx2xtanh (e + f*x)**3/(6912*a*x*x3xfxx4dxtanh(e + f*x)*
*3 + 20736*a**x3xf**x4xtanh(e + f*x)**2 + 20736*ax*3*fxxd*xtanh(e + f*x) + 69
12%axk3kfkk4) + 3888*ck*2xd*frxdxxxx2ktanh(e + f*x)**2/(6912*xa*x*x3xf*x*xd*xtan
h(e + f*x)**3 + 20736*a*x*3xfxx4dxtanh(e + f*x)**2 + 20736*a*x*x3xf*x*x4d*xtanh (e

+ f*x) + 6912%a**x3kfx*k4) + 3888kck*2kdxfr*xdkx*x*x2xtanh(e + f*x)/(6912xa**3x*
fx*4xtanh(e + f*x)**x3 + 20736*a**3*xf*x4xtanh(e + f*x)**2 + 20736%a*x*3*f. ..

3.27.7 Maxima [A] (verification not implemented)

Time = 1.64 (sec) , antiderivative size = 406, normalized size of antiderivative = 1.21

/ : (c+dz)? i

a + acoth(e + fx))3
_ 1 3 12 (fz + 6) 18 6(—2 fz—2e) __ 9 e(—4f.7v—4e) + 2 e(—Gf:c—ﬁ e)
~96° ( S af )
(72 f2z%©) + 108 (2 fze™® + e(4))e(-2f2) — 27 (4 fze®) + e(29)) (=412 1 4 (6 fz + 1)el-07?))2d,
+ 38443 f2
(288 f33e(6) + 648 (2 f2x%e™) + 2 fret®) + (1)) e(=2/2) — 81 (8 f222e(9) + 4 fre?®) + £(29)) (4
+ 2304 a3 f3
+(864]"43546(66)—}-1296(4]"33536(46 + 6 f2z%e™®) + 6 fre®) 4 3el19)e(=2/7) — 81 (32 f3x3e2) + 24 [

27648 a3 f4

N

input Lintegrate ((d*x+c) "3/ (ataxcoth(f*x+e))"3,x, algorithm="maxima")

(c-l—dz
3.27. f (a+acoth(e+fz))3 dz



output

output
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1/96%c~ 3% (12% (f*x + e)/(a~3*f) + (18*e~ (-2%fxx - 2%e) - 9*e” (-4*xfxx - 4x*e)

+ 2%xe”~ (—6*f*xx - 6%xe))/(a"3*f)) + 1/384*(72+f " 2*xx"2xe” (6%e) + 108* (2*f*xx*e
“(4xe) + e~ (4xe))*e” (—2*f*x) - 27*(4xfxxxe”(2*e) + e~ (2%e))*e” (-4xfxx) + 4
*(B6xfxx + 1)*e” (-6*f*x))*c 2*d*e” (-6*xe)/(a"3*f~2) + 1/2304*(288*f"3*x"3*e”
(6xe) + 648%(2*xf~2%xx"2%e” (4*e) + 2xfxx*xe” (4d*e) + e~ (4*e))*e” (-2xf*xx) — 81x*
(8xf~2xx"2xe” (2%e) + 4*fix*e”(2%e) + e~ (2*xe))*e” (—4*f*x) + 8+ (18*xf~2xx"2 +
6*f*x + 1)*e” (-6*xf*xx))*ckd"2%e” (-6%e)/(a~3*f~3) + 1/27648%(864*f 4*x"4*e”
(6xe) + 1296* (4*f~3*x"3*e” (4*e) + 6xf~2xx"2*%e” (4*e) + 6*f*xxe”(4*e) + 3*xe”
(4xe)) xe” (—2xf*xx) - 81x(32+f"3*x"3%e”(2*e) + 24xf~2xx"2xe” (2%e) + 12*f*x*e
~(2%e) + 3xe”(2%e))*e” (-4*f*x) + 16%(36*f"3*%x"3 + 18*f~2%x"2 + 6*f*x + 1)*
e~ (-6*xf*x))*d"3*e” (-6*xe) /(a~3*£~4)

3.27.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 548, normalized size of antiderivative = 1.63

(c+dz)?

(a + acoth(e + fx))3 dz

(86448 fAae(6 77169 + 3456 cd? f1ae(6 7169 + 5184 dfu?eB/7H0) 4 5184 4P fixelt frtie) —

2592 d° |

;
integrate((d*x+c) "3/ (ata*coth(f*x+e))~3,x, algorithm="giac")

1/27648* (864*d"3*f 4*xx"4*xe” (6*%f*x + 6%e) + 3456%c*kd”~2*f 4*x"3*e” (6*xf*x + 6

*x@) + 5184*c™2xd*f "4*xx"2%e” (6*f*x + 6%e) + 5184*d"3*f " 3*kx"3*e” (4*xf*xx + 4*e
) — 2592*d"3*f " 3*x"3%e” (2*xf*x + 2*e) + 576*%d"3*f"3*%x"3 + 3456*%c”3*kf "4d*x*e”
(6*%f*x + 6%e) + 15552%c*d~2*%f " 3*xx"2%e” (4dxf*x + 4*e) — TT776%cxd™2+xf " 3*x"2*e
T(2xfxx + 2%e) + 1728%c*d"2*f73*x72 + 15552%c”2kd*f " 3*kx*e” (4*f*x + 4xe) +
TT76%d"3*f"2xx"2xe” (4*f*xx + 4%e) — TTT6xc™2xd*xf " 3*kxke™ (2*%f*x + 2xe) - 1944
*d"3kfT2xx"2%e” (2xfxx + 2%e) + 1728*%c”2xd*f " 3*x + 288*%d"3*f"2xx~2 + 5184x*c
“3xf"3%e” (4xf*xx + 4%e) + 15552%cxd~2xf " 2xx*ke” (4*xf*x + 4*e) - 2592%c”~3*f 3%
e~ (2xfxx + 2%e) - 3888kcxd"2*f " 2xxxe” (2*f*x + 2%e) + B76%c”3*f73 + 576%c*d
~2%fT2%kx + TTT6%c”2xd*f ~2%e” (d*xf*x + 4%e) + TT776%d"3xf*x*xe” (4xf*x + 4%e) -
1944%c™2xd*xf~2xe” (2xf*xx + 2%e) - 972xd"3xf*xke” (2*f*xx + 2%e) + 288*kc~2*d*
£72 + 96%d”"3*f*x + TT76kckd 2xf*e” (4d*xf*x + 4*e) — 972xckd " 2xf*xe” (2xf*x + 2
*e) + 96xcxd"2*xf + 3888+d"3*e” (4xf*xx + 4xe) — 243*d"3*e” (2*f*x + 2xe) + 16
*d~3) *e” (-6*%f*x - 6%e)/(a~3*f"4)

(c-l—dz
3.27. f (a+acoth(e+fz))3 dz
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3.27.9 Mupad [B] (verification not implemented)

Time = 2.17 (sec) , antiderivative size = 374, normalized size of antiderivative = 1.11

(c+dz)? o — o-2e-2f3 <12c3f3 +18c%d f2 +18cd? f +9d3 N 3d® a3
(a + acoth(e + fx))3 64 a3 f4 16a3 f
9dz (2 f2+2cdf+d*) 9d*z?(d+2cf)
32a3 f3 + 32 a3 f? )
etz <96c3f3 +72c2df2+36cd> f+9d> 3d33
1024 a3 f4 3243 f
9dz (82 f2+4cdf+d*) 9d*z*(d+4cf)
256 a3 [ T Ra e )
g <36c3f34-1802df24-6cd2f—%d3 d® x3
1728 a3 f4 48a3 f
dz (18 f2+6cdf+d*) d?°z*(d+6c¢f)
288 a3 f3 96 a3 f2 )

Az N 3zt N 3ctdx? N cd? z?
8a3  32a3 16 a3 8a3

input‘ int((c + d*x)~3/(a + a*coth(e + f*x))~3,x)

output

exp(- 2%e - 2xf*xx)*((9*%d~3 + 12%c™3*f~3 + 18*c”2*d*f~2 + 18*c*d~2*f)/(64*a
~3*%f74) + (3*%d"3*x73)/(16*a”3*f) + (9kd*x*(d"2 + 2*xc™2+f"2 + 2xckd*f)) /(32
*¥a"3*%f73) + (9*d"2*x"2*(d + 2*cxf))/(32%a"3*%£72)) - exp(- 4*e - 4xf*x)*((9
*d"3 + 96*Cc”3*f"3 + T2kcT2xd*f"2 + 36%cxd"2*f)/(1024*xa"3*%f74) + (3*xd"3*x"3
)/ (32%a”3*f) + (9*d*x*(d™2 + 8*c™2*f72 + 4*cxd*f))/(266*%a~3*f"3) + (9*d~2*
x"2%(d + 4*cxf))/(128+%a"3*£72)) + exp(- 6*%e - 6*f*x)*((d"3 + 36%c~3*f"3 +
18xc™2*¢d*f~2 + 6kcxd™2+f)/(1728*a~3*%f"4) + (d"3*x"3)/(48*a~3*f) + (d*x*(d”
2 + 18*c”2*f72 + 6*cxd*f))/(288*a~3*f"3) + (d72*x"2+(d + 6%cxf))/(96*%a~3*f
~2)) + (c”3*x)/(8%a"3) + (d"3*x74)/(32*a~3) + (3*xc™2xd*x~2)/(16*a~3) + (c*
d~2*x"3)/(8*%a~3)

(c-l—dz
3.27. f (a+acoth(e+fz))3 dz
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3.28 [ (ctdo)® 1

a+a coth(e+fx))
3.28.1 Optimalresult . . . . ... . . . . . e 224
3.28.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 2251
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3.28.8 Giac [A] (verification not implemented) . . . .. ... ... ... ...... 229
3.28.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 230

3.28.1 Optimal result

Integrand size = 20, antiderivative size = 246

(C + dl‘)2 B dze—Ge—ﬁfz 3d26—4e—4fz 3d2€—2e—2fa:
/ (a + acoth(e + fx))3 = 864a3f3  256a3f3 + 32a3 f3
de=%=6/%(c + dx)  3de **~**(c + dx)
YT s T 6ddipe
3de=2¢7%%(c + dx) e %782(c 4 dz)?
16a3 f2 48a3 f
3e~4e 4% (c +dx)?  3e 2 U(c+dx)? (c+dx)?
B 32a3 f 1643 f 24a3d

output | 1/864*d~2xexp (-6*f*x-6*e) /a~3/f~3-3/256*d~2xexp (-4*f*x-4xe) /a~3/£"3+3/32*xd
~2%exp (-2*xf*x-2%xe) /a~3/f"3+1/144*d*exp (-6*f*x—6%*e) * (d*x+c) /a~3/£"2-3/64*d*
exp (-4xfxx-4*e) * (d*x+c) /a~3/£72+3/16*d*exp (-2*xf*x-2%e) * (d*x+c) /a~3/£72+1/4
8xexp (—6*f*x—6%e) * (d*x+c) "2/a~3/£f-3/32*%exp (-4*f*x-4*e) * (d*x+c) "2/a~3/£+3/1
6xexp (-2*f*x-2%e) * (d*x+c) "2/a"3/f+1/24*(d*x+c)~3/a"3/d

(c-l—dz
328. f (atacoth(e+fz))3 de




p
input LIntegrate[(c + dxx)~2/(a + axCoth[e + f*x])~3,x]

output
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3.28.2 Mathematica [A] (verified)
Time = 3.17 (sec) , antiderivative size = 371, normalized size of antiderivative = 1.51
(c+dz)?

(a + acoth(e + fx))3
_ csch®(e + fx) (81(8c?f2 + 4cdf (3 + 4fx) + d?(7 + 12fx + 8f%2?)) cosh(e + fx) + 8(18c*f2(1 + 6fx) +

dz

| —

(Cschle + f*xx] 3% (81%(8%c™2+f72 + 4xcxd*xfx(3 + 4*xf*x) + d72+(7 + 12xf*xx +
8*%f~2%x72))*Cosh[e + f*xx] + 8*%(18*c™2*xf 2% (1 + 6*xf*x) + 6*ckd*f*(1 + 6xfx*xx
+ 18*%f72%x"2) + d"2*%(1 + 6xf*x + 18*xf~2*x"2 + 36*%f~3*x"3))*Cosh[3*(e + f*
x)] + 729%d"2*Sinh[e + f*x] + 1620*c*d*f*Sinh[e + f*x] + 1944*c”2*f~2*Sinh
[e + f*x] + 1620*d"2*f*x*Sinh[e + f*x] + 3888*cxd*f~2*x*Sinh[e + f*x] + 19
44%d"2%f~2%x~2+Sinh[e + f*x] - 8*%d~2*Sinh[3*(e + f*x)] - 48%c*d*f*Sinh [3*(
e + f*xx)] - 144%c™2xf~2%Sinh[3*(e + f*x)] - 48%d~2*f*x*Sinh[3*(e + f*x)] -
288*ckd*f~2*x*Sinh [3* (e + f*x)] + 864*c™2*xf " 3*x*Sinh[3*(e + f*x)] - 144xd
“2xf"2%x~2*%Sinh[3* (e + f*x)] + 864*c*d*f~3*x~2*xSinh[3*(e + f*xx)] + 288*d~2
*f~3*%x~3*Sinh[3* (e + f*x)]))/(6912*xa~3*%f~3*%(1 + Coth[e + f*x])~3)

3.28.3 Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ( 150 Ryles used

integrand size
= {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dx) da
(acoth(e + fz) + a)?
| 3042

/ (c+ dz)? i
(a —jatan (ie +ifx+ %))3
| 4212

/ _(c+ da)?ebeb/w N 3(c+dx)?e™te4®  3(c+ dx)’e 220" N (c+ dz)? o
8a3 8a3 8a3 8a3

(c-l—dz
328. f (atacoth(e+fz))3 de
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l 2009
d(c + dx)ebe6/= B 3d(c+dx)e ¢ 4*  3d(c+dx)e 2672 (c+ dx)le b6z B
144a3 f2 64a3 f2 16a3 f2 48a3 f
3(C+ dm)2e—4e—4fac 3(C+dx)2e—26—2fx (C-l— d.’l?)3 d26—6e—6fac 3d2€—4e—4fx 3d26—2e—2fx
32a3f 1643 f 24a3d 864a3f3 256433 + 3243 f3
input LInt [(c + d*x)~2/(a + a*Coth[e + £*x])~3,x] J

e N

output | (d"2*%E~(-6%e - 6%f*x))/(864*a~3%f~3) - (3*%d"2+E~(-4%e - 4xfxx))/(256%a~3*f
~3) + (3*%d"2*E~(-2%e - 2%f*x))/(32*%a"3*f~3) + (d*E~(-6%e - 6*f*x)*(c + d*x
))/(144%a~3%f"2) - (3*d*E~(-4*e — 4*xf*xx)*(c + d*x))/(64*xa~3*xf~2) + (3*d*E"
(-2%e - 2xf*x)*(c + d*x))/(16*a"3*£72) + (E~(-6xe - 6xf*xx)*(c + d*x)"2)/(4
8%a~3%f) - (3*E~(-4xe - 4xfxx)*(c + dxx)~2)/(32%xa~3*f) + (3*E~(-2%e - 2%f*
x)*(c + d*x)"2)/(16xa~3*f) + (c + d*x)~3/(24*a~3*d)

3.28.3.1 Defintions of rubi rules used

~—

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4212 Int [((c_.) + (d_.)*(x_)) " (m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2*(a/b)*(e + f*
x))/(2%a))~(-n), x], x] /; FreeQ[{a, b, ¢, d, e, £, m}, x] && EqQ[a~2 + b~2
, 0] && ILtQ[n, 0]

3.28.4 Maple [A] (verified)

Time = 0.52 (sec) , antiderivative size = 223, normalized size of antiderivative = 0.91

method result

. 223 dex2 3(2d2z2f2+4cd fPx42c? f2 4242 fm+20df+d2)e_2f’”_2e 3(8d2m2f2+16cd FPx+8c
risch 215 T 505 T 8 8a3 + 24a3d + 32433 - |

((288d2z3+-864dc x2+864c?x) 3+ (144x2d? +288cdw+216¢?) f2+ (48 d+324cd) f+189d?) cosh(3fz+3e)+ ((288d2z3+864

parallelrisch

(c-l-dz
3.28. f (a+acoth(e+fz))3 dz



CHAPTER 3. LISTING OF INTEGRALS 227

input‘int((d*x+c)“2/(a+a*coth(f*x+e))“3,x,method=_RETURNVERBOSE)

output

p
input integrate((d*x+c)~2/(at+a*coth(f*x+e))~3,x, algorithm="fricas")

output

1/24/a~3*d"2*%x"3+1/8/a”3*d*c*x"2+1/8/a"3*xc"2*x+1/24/a"3/d*c”3+3/32* (2*xd~2*
£72%x72+4xckd*f T2kx+2k 2L T24+2%d " 2x £ kx+2xckd*f+d"2) a3/ " 3xexp (—2*f*x-2%*
€)—3/256% (8xd~2+f ~2*x"2+16*ckd*f " 2xx+8*c"2xf "2+4*d " 2xf*x+4*cxd*xf+d"2) /a~3/
£73%exp (—4*xf*x-4%e) +1/864% (18%d~2%f " 2xx"2+36*ckd*f ~2+x+18*c™2%f ~2+6%d " 2*f *
x+6*ckd*xf+d"2) /a~3/f"3xexp (-6*f*x—6%e)

3.28.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 532 vs. 2(217) = 434.

Time = 0.26 (sec) , antiderivative size = 532, normalized size of antiderivative = 2.16

(c+ dx)
/ (a + acoth(e + fx))3
8 (36 A2 323 + 18 2 f2 + 6 cdf + 18 (6 cdf® + d2f?)x® + d® + 6 (18 2 f3 + 6 cdf? + d>f)z) cosh (fz + ) -

1/6912% (8% (36*d~2+f~3*%x~3 + 18%c~2%f~2 + 6*xckxd*f + 18%(6*xc*d*xf~3 + d~2xf~2
I*kx"2 + d72 + 6%(18*c”2+%f"3 + 6xckd*f~2 + d72*f)*x)*cosh(f*x + e)”3 + 24x*(
36%d"2*xf"3*%x"3 + 18%c”2*f"2 + 6kckd*xf + 18*%(6kckxd*f~3 + d"2*xf"2)*x"2 + 472
+ 6% (18%c™2+%f"3 + B6xcxd*xf~2 + d"2*f)*x)*cosh(f*x + e)*sinh(f*x + e)”2 + 8
*(36%d"2*xf"3*%x"3 - 18*c”2*%f"2 - 6*ckd*f + 18*%(6kcxd*f~3 - d"2*xf"2)*x"2 - d
"2 + 6% (18*c”2*f"3 - 6*c*kd*f"2 - d72*f)*x)*sinh(f*x + e)”3 + 81*(8*xd~2xf~2
*¥X72 + 8xcT2xf"2 + 12%ckd*f + T*d"2 + 4dx(4dxckxd*f~2 + 3*%d"2*f)*x)*cosh(f*xx

+ e) + 3*%(648*%d"2*xf"2%xx"2 + 648%c”2*%f"2 + 540*ckxd*xf + 8% (36%d"2*f " 3*x"3 -

18%c™2%f"2 — 6xckd*f + 18*(6*ckd*f~3 — d~2*%f"2)*x"2 — d~2 + 6%(18%c™2*f"3

- 6xc*kd*f"2 - d"2*f)*x)*cosh(f*x + e)72 + 243%d"2 + 108*(12*kcxd*f~2 + 5xd~
2%f)*x)*sinh(f*xx + e))/(a"3*f"3*cosh(f*x + e)~3 + 3*a~3*f " 3*cosh(f*x + e)~
2+xsinh(f*x + e) + 3*a~3*f " 3*cosh(f*x + e)*sinh(f*x + e)~2 + a~3*f " 3*sinh(f
*x + e)”3)

(c-l—dz
328. f (atacoth(e+fz))3 de
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3.28.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2443 vs. 2(252) = 504.

Time = 1.21 (sec) , antiderivative size = 2443, normalized size of antiderivative = 9.93

¢+ dz)? -
/ (a+ a(coth(e)-l— fz))? dz = Too large to display

input integrate((d*x+c)**2/(a+axcoth(f*x+e))**3,x)

output

Piecewise ((216*c**2*f**3xx*tanh(e + f*x)**3/(1728*a**3*f**x3*tanh(e + f*x)*
*3 + 5184*a**3xf**3+xtanh(e + f*x)**2 + 5184*a**x3*xf**x3xtanh(e + f*x) + 1728
*ax*x3xfxx3) + 648*kc*k*2*xf**3*x*tanh(e + f*xx)**2/(1728*a**3*f**x3xtanh(e + f*
x)**3 + 5184*a**3xf*xx3xtanh(e + f*x)**2 + 5184*a*x*x3xf**x3xtanh(e + f*x) + 1
728*a*x*3*xf*xx3) + 648*ckk2xf**3*x*tanh(e + f*xx)/(1728*%a*x*3*f**3*tanh(e + fx*
x)**3 + 5184*a*x*3xf*x*x3xtanh(e + f*x)**2 + 5184*a*x*x3xf**x3xtanh(e + f*x) + 1
T28*a*x*3*xf*xx3) + 216*%ckk2kf**3*x/ (1728*a*x*x3xf*x*x3xtanh(e + f*x)**3 + 5184*a
*x*k3xfxk3xtanh(e + f*x)**x2 + 5184*a**3*xf**3*xtanh(e + f*x) + 1728*a**3*kf**3)
+ 1512xc**x2*xfx*2+xtanh(e + f*x)**x2/(1728*a**x3*fx*3*xtanh(e + f*x)**x3 + 5184
xa*xx3xf*x3*xtanh(e + f*x)**2 + 5184*a*x*3xf*x3xtanh(e + f*x) + 1728*a**3xf**
3) + 1944xc*x2xfx*k2xtanh(e + f*x)/(1728*%a*x*3*f**3xtanh(e + f*x)**x3 + 5184%
a**x3xf*+*x3xtanh(e + f*x)**2 + 5184*ax*k3*f*x*x3xtanh(e + f*xx) + 1728*ax*x3*f**3
) + T20*kck*2*xf**2/(1728*a*x*x3xf*x*x3xtanh (e + f*x)**3 + 5184*ax*x3xf**3*tanh (e
+ f£*x)**2 + 5184*axx3xfx*x3xtanh(e + f*x) + 1728*ax*x3xf**3) + 216*c*d*f**3
*x*x*x2xtanh (e + f*x)**3/(1728*a*x*3*xf**x3xtanh(e + f*x)**3 + 5184*ax*x3xf*x*x3*t
anh(e + f*x)**2 + 5184*a*x*3*f**3*xtanh(e + f*xx) + 1728*a**3*f**3) + 648*c*xd
*fxx3xxkx2xtanh (e + f£*x)**2/(1728*a*x*x3xf**x3kxtanh(e + f*x)**x3 + 5184*a*x*x3*f
**3xtanh(e + f*x)**x2 + 5184*a*x*3*xf**3xtanh(e + f*xx) + 1728*a**3*xf*x3) + 64
8xckdxf*x3kxx*k2xtanh(e + f£*x)/(1728*%a*x*3*xf**3xtanh(e + f*x)**3 + 5184%a**3
xf*x3xtanh(e + f*x)**2 + 5184*ax*3xf*x*x3xtanh(e + f*x) + 1728*a**3xf*x3) ...

(c-l—dz
328. f (atacoth(e+fz))3 de
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3.28.7 Maxima [A] (verification not implemented)

Time = 1.15 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.03

(c+dz)? i
(a + acoth(e + fx))3
1 ,/12(fr+e) N 18 e("2fe=2¢) _ g g(~4fa—de) 4 9 ¢(~6fa—6¢)
=—c

96 adf adf

(72 f222e(69) + 108 (2 fzet®) + 1)) e(-2/2) — 27 (4 fze®®) + e29))e(=412) 4 4 (6 fz + 1)e(6/?)cde!
+

576 a3 f2

N (288 f323e(®®) + 648 (2 f2z2e® + 2 fre®® + 1)) e(=2/2) — 81 (8 f22%e() + 4 fre®) + ¢(29)) (-4

6912 a3 f3

~—

p
input Lintegrate ((d*x+c) "2/ (a+axcoth(f*x+e))"3,x, algorithm="maxima")

output | 1/96*xc”2x (12 (f*x + e)/(a"3*f) + (18*e” (-2xfxx - 2%e) - 9*e” (-4xfxx - 4x*e)

+ 2%e” (-6xfxx - 6%e))/(a~3%f)) + 1/576*%(72+f " 2xx"2%e~ (6%e) + 108* (2xf*x*e
“(4xe) + e~ (4xe))*e” (-2*f*x) - 27*(4xfxxxe”(2%e) + e~ (2%e))*e” (-4*xf*xx) + 4
*x(B6xf*x + 1)*e” (-6xf*x))*cxdxe”(-6%e)/(a~3*%f£72) + 1/6912%(288*f"3*x"3*e” (6
*x@) + 648% (2+%f~2xx"2xe” (4*e) + 2xfxx*ke”(4*xe) + e~ (4*e))*e” (-2xf*x) - 81%(8
*f72xx"2xe” (2%e) + 4xfix*e” (2%e) + e~ (2xe))*e” (—4*f*x) + 8+ (18*xf~2*xx"2 + 6
*fxx + 1)*e” (-6*f*x))*d"2%e” (-6%*e)/(a~3*f"3)

3.28.8 Giac [A] (verification not implemented)
Time = 0.28 (sec) , antiderivative size = 315, normalized size of antiderivative = 1.28
(c+ dx)?

(a + acoth(e + fx))3
(2882 f3x2e(6 7169 4 864 cdf 22 o6¢) 4 864 ¢ fixe(6/7H6) 4 1296 d? f2a2e(t o H4e) — 648 d? f2z%e®

dz

| —

p
input Lintegrate ((d*x+c) "2/ (ata*coth(f*x+e))"3,x, algorithm="giac")

(c-l-dz
3.28. f (a+acoth(e+fz))3 dz
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output | 1/6912* (288*d~2+f " 3*x"3*e” (6*f*x + 6*e) + 864*ckd*f ~3xx"2xe” (6*f*x + 6%e)
+ 864*xc”2+f " 3kx*e” (6xf*x + 6%e) + 1296*%d"2+f"2*kx"2xe” (4*xf*xx + 4*e) - 648%d
"2xfT2xx " 2xe” (2% fkx + 2%e) + 144%d72xf72xx72 + 2592k ckd*f"2*x*e” (4xfxx + 4
*xe) — 1296*xcxd*f " 2*x*e” (2*%f*x + 2xe) + 288*kckd*f~2*x + 1296*c~2xf"2*xe” (4*f
*x + 4xe) + 1296*%d"2*f*x*e” (4*xf*x + 4dxe) — 648*kc”2*f " 2%e” (2*f*x + 2%e) - 3
24%d"2xfxxke” (2xfxx + 2ke) + 144%c™2*f72 + 48*d~2xf*x + 1296%c*d*f*e” (4*fx*
X + 4%e) - 324*ckxdxfxe” (2xfxx + 2%e) + 48*c*d*f + 648*xd"2xe” (4*xf*x + 4%*e)
- 81*xd"2xe” (2*%f*x + 2%e) + 8xd"2)*e” (-6*f*x - 6%*e)/(a"~3*f"3)

N J

3.28.9 Mupad [B] (verification not implemented)

Time = 2.14 (sec) , antiderivative size = 234, normalized size of antiderivative = 0.95

(c+ dx)? o — a-6c-617 18c2f2—|-60df+d2+ d?z?> dz(d+6cf)
(a + acoth(e + fx))3 864 a3 f3 48a3 f 144 a3 f?
L e2e2fa 602f2%—60df—%3d2+_3d2$2
32a3 f3 16 a3 f
3dz(d+2cf) _ ode-dfa 24 f2+12cd f +3d?
163 f2 256 a3 f3
3d*z®> 3dz(d+4cf) czz_kd213+_cdx2
32a3 f 64 a3 f? 8a3  24a® 8a3

input‘ int((c + d*x)"2/(a + axcoth(e + £*x))~3,x) ‘

output exp(- 6xe - 6xf*x)*((d"2 + 18%c™2+f72 + 6xc*d*f)/(864*a~3%f~3) + (d"2*x"2)
/(48%a~3xf) + (d*x*(d + 6%cxf))/(144*a~3*%£72)) + exp(- 2xe - 2*f*x)*((3*d”
2 + 6%c”2*f72 + Bkcxd*f)/(32%a"3*£73) + (3*%d"2*x"2)/(16*a~3*f) + (3*d*x*(d
+ 2%c*f))/(16%a~3*£72)) - exp(- 4*e - 4*f*x)*((3*%d"2 + 24*c™2*£72 + 12%c*
d*f)/(256%a~3*%£73) + (3*d"2*x72)/(32*%a"3*f) + (3*d*x*(d + 4*cxf))/(64*a~3*
£72)) + (c™2*x)/(8*%a~3) + (d"2*x~3)/(24*a"3) + (c*d*x~2)/(8*a~3)

(c-l—dz
328. f (atacoth(e+fz))3 de



CHAPTER 3. LISTING OF INTEGRALS 231

3.29 [ ( ctdz____ ]y

a+a coth(e+fx))
3.29.1 Optimal result . . . . . . .. . ... 231
3.29.2 Mathematica [A] (verified) . . . . . . .. ... .. L oo 231
3.29.3 Rubi [A] (verified) . . . . . ... .. 232
3.29.4 Maple [A] (verified) . .. . ... .. ... 233
3.29.5 Fricas [A] (verification not implemented) . . . . . . ... . ... ... .. .. 234
3.29.6 Sympy [B] (verification not implemented) . . . . ... ... ... ... ... . 234
3.29.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 2351
3.29.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 236
3.29.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... .... 230

3.29.1 Optimal result

Integrand size = 18, antiderivative size = 183

/ c+dx dp — lldz  dz® +x(c+dx) B d
(a + acoth(e + fz))3 96a®f 16a® 8a? 36f2(a + acoth(e + fx))3
c+dz 5d
~ 6f(a+acoth(e+ fz))®  96af2(a+ acoth(e + fz))?
c+dz 11d
~ 8af(a+ acoth(e+ fz))2 9612 (a® + a®coth(e + fx))
c+dz

~ 8f (a® + a®coth(e + fx))

Output‘11/96*d*x/a“3/f—1/16*d*x‘2/a“3+1/8*x*(d*x+c)/a‘3-1/36*d/f“2/(a+a*coth(f*x+
‘e))“3+1/6*(-d*x—c)/f/(a+a*coth(f*x+e))‘3-5/96*d/a/f‘2/(a+a*coth(f*x+e))‘2+
‘1/8*(—d*x—c)/a/f/(a+a*coth(f*x+e))‘2—11/96*d/f‘2/(a‘3+a‘3*coth(f*x+e))+1/8
L*(—d*x—c)/f/(a‘3+a‘3*coth(f*x+e))

N

3.29.2 Mathematica [A] (verified)

Time = 1.76 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.01

/ c+dz d
(a + acoth(e + fx))3 v
_ csch®(e + fx) (27(4cf + d(3 + 4fx)) cosh(e + fx) + 4(6cf(1 + 6fx) + d(1 + 6fx + 18 f2x?)) cosh(3(e +

ct+dz
329. [ Grewmerray 4o
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input‘ Integrate[(c + d*x)/(a + a*Coth[e + f*x])~3,x]

output | (Cschle + f*x] 3*(27*(4*xc*f + d*(3 + 4*fxx))*Coshl[e + f*xx] + 4*x(6*cxf*x(1 +

6*f*x) + d*x(1 + 6xf*xx + 18*%f~2+x72))*Cosh[3*(e + f*x)] + 135%d*Sinh[e + f
*x] + 324xcxf*Sinh[e + f*x] + 324xd*f*x*Sinh[e + f*x] - 4*d*Sinh[3*(e + f*
x)] - 24%c*f*Sinh[3*(e + f*x)] - 24*d*f*x*Sinh[3*(e + f*xx)] + 144*c*xf~2*x*
Sinh[3*(e + f*x)] + 72xd*f~2*x"2*Sinh[3*(e + f*x)]))/(1152*%a"3*f"2*%(1 + Co
thl[e + f*x])~3)

3.29.3 Rubi [A] (verified)
Time = 0.49 (sec) , antiderivative size = 182, normalized size of antiderivative = 0.99,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 157 Ryles used

integrand size
= {3042, 4213, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ c+dzx i
(acoth(e + fz) + a)3 v
| 3042

c+dx
/ . . 34w
(a—zatan (ze+zfac-|— 5))

l 4213

d T 1 1 1 i
B / <8a3 ~ 8f (coth(e + fx)a® +a3)  8af(coth(e + fz)a+a)?2  6f(coth(e + fz)a+ a)3> o

c+dz +x(c+dx)_ c+dr 3 c+dr
8f (a3 coth(e + fz) + a?) 8a3 8af(acoth(e + fz)+a)? 6f(acoth(e+ fz)+ a)3
| 2009
3 c+dz +ac(c+da:)_
8f (a3 coth(e + fz) + ad) 8a3
p 11 _ Uz z? N 5 N 1 B
96f2 (a3 coth(e + fz) +a3) 96a3f 1643  96af?(acoth(e + fz)+a)?  36f2(acoth(e + fz) + a)3
c+dz c+dx

8af(acoth(e + fz) +a)? 6f(acoth(e+ fz)+ a)3

input | Int[(c + d*x)/(a + axCothl[e + £*x]1)"3,x]

ct+dz
329. [ Grewmerray 4o
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output | (x*(c + d*x))/(8%a~3) - (c + d*x)/(6%f*(a + a*Coth[e + £f*x])"3) - (c + d*x
)/ (8*xaxf*(a + a*Cothl[e + f*x])~2) - (c + d*x)/(8*f*x(a"3 + a~3*Coth[e + f*x
1)) - d*x((-11*x)/(96*%a~3*f) + x~2/(16*a"3) + 1/(36*xf"2*(a + a*Coth[e + f*x
1)°3) + 5/(96*xaxf~2*%(a + a*Cothl[e + f*x])~2) + 11/(96*xf~2x(a~3 + a~3*Coth[
e + f*xx])))

3.29.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4213 | Int[((c_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + b*Tan[e + f*x])"n, x]}, Simp[(c + d*x)
m u, x] - Simp[d*m Int[(c + d*x)"(m - 1) u, x], x]] /; FreeQ[{a, b,
c, d, e, £}, x] && EqQ[2"2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, O]

-~

3.29.4 Maple [A] (verified)

Time = 0.43 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.56

method result
. dz? cx 3(2dzf+2cf+d)e2fz—2e 3(4dx f+4cf4d)e—4fz—4e (6dz f+6cf+d)e6fz—6e
risch 1605 T 823 T 32432 - 12843 f2 + 28843 f2
_ 36 ( (%uc) —29d ) af tanh(fo+e)3+ ((54d z2-+108cz) f2+(—9dz+252¢) f+87d) tanh(fz-+e)>+ ((54d 22+108cz) f2+(63dx
parallelrisch 2881203 (1-Htanh(fo1e))®
inputLint((d*x+c)/(a+a*coth(f*x+e))“3,x,method=_RETURNVERBOSE) J

output‘1/16*d*x“2/a“3+1/8/a“3*c*x+3/32*(2*d*f*x+2*c*f+d)/a“3/f“2*exp(-2*f*x-2*e)—
‘3/128*(4*d*f*x+4*c*f+d)/a‘3/f‘2*exp(—4*f*x-4*e)+1/288*(6*d*f*x+6*c*f+d)/a‘
‘3/f‘2*exp(-6*f*x—6*e) ‘

ct+dz
329. [ Grewmerray 4o
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3.29.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 286, normalized size of antiderivative = 1.56

c+dz
(a + acoth(e + fx))
4 (18df?z® + 6 cf + 6 (6 ¢f? + df)x + d) cosh (fz + e)® + 12 (18 df22® + 6 cf + 6 (6 ¢f? + df )z + d) cosh
11!

3da:

e

inputLintegrate((d*x+c)/(a+a*coth(f*x+e))‘3,x, algorithm="fricas")

~—

output | 1/1152% (4* (18*d*f~2%x"2 + 6*c*xf + 6x(6xcxf~2 + d*f)*x + d)*cosh(f*x + e)~3
+ 12%(18*d*f"2%x"2 + B6xcxf + 6% (6xc*f~2 + d*f)*x + d)*cosh(f*x + e)*sinh(
fxx + e)72 + 4x(18*d*f~2%x"2 — 6*c*kf + 6x(6*c*xf~2 - d*xf)*x — d)*sinh(f*x +
e) "3 + 27x(4xdxfxx + 4*cxf + 3*d)*cosh(f*x + e) + 3% (108*d*xf*x + 4*(18*dx*
£72%x72 - 6xckf + 6x(6xcxf~2 - d*xf)*x — d)*cosh(f*x + e)”2 + 108*kcxf + 45%
d)*sinh(f*x + e))/(a~3*f~2xcosh(f*x + e)~3 + 3*a~3*f 2xcosh(f*x + e) "2*sin
h(f*x + e) + 3*a"~3*f"2*cosh(f*x + e)*sinh(f*x + e)~2 + a~3*f " 2*sinh(f*x +
e)~3)

3.29.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1287 vs. 2(170) = 340.

Time = 1.11 (sec) , antiderivative size = 1287, normalized size of antiderivative = 7.03

c+dz
dz = Too large to displ
/(a+acoth(e+fx))3 z 00 large to aisplay

inputLintegrate((d*x+c)/(a+a*coth(f*x+e))**3,x) J

ct+dz
329. [ Grewmerray 4o
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output | Piecewise ((36*c*f**2xx*tanh(e + f*x)**3/(288*ax*3xf**x2xtanh(e + f*x)**3 +

864xa*x*3+xfx*k2%tanh(e + f*x)**2 + 864*a**3xf*x*2+«tanh(e + f*x) + 288*ax*k3*f*
*2) + 108xcxfx*x2kx*tanh(e + f*x)**2/(288*a*x*3*f**2*xtanh(e + f*x)**3 + 864x*
a**3*f**x2xtanh(e + f*xx)**2 + 864*a**3*xf**x2xtanh(e + f*x) + 288*a**3*f*%x2)

+ 108*c*f**2*x*tanh(e + fxx)/(288*a**3*f**2*xtanh(e + f*xx)**3 + 864*a*x*3*f*
*2xtanh(e + f*x)**2 + 864*a*x*x3*xf*xx2xtanh(e + f*x) + 288*a*x*3*xf*x*x2) + 36*c*
f4+2xx/ (288*a**3xf*x*2+xtanh (e + f*x)**x3 + 864*a**3xf**2xtanh(e + f*x)**2 +

864*a*x*3xfxx2xtanh(e + f*x) + 288*a**3*xf*x2) + 252xckxfxtanh(e + f*x)**x2/(2
88*axx3*xfx*k2xtanh(e + f*x)**x3 + 864*a*x3*xfx*k2xtanh(e + f£*x)**x2 + 864*xa*x3%*
fx*2xtanh(e + f*x) + 288xa*x*3xf**2) + 324*ckfxtanh(e + f*x)/(288*a*x*3*xf**2
*tanh(e + fxx)*x3 + 864*a*xx3*f*x*2xtanh(e + f*x)**2 + 864*a*xx3*f**2xtanh (e

+ f£xx) + 288*%a**3xf**2) + 120*c*kf/(288*a**3xf**2xtanh(e + f*x)**3 + 864*ax
*3xfxx2xtanh (e + f*x)**2 + 864*a*x*x3xfxx2xtanh(e + f*x) + 288*a*x*3xf*xx2) +

18xdxfxk2kx**2*%tanh (e + f*x)**3/(288*a*x*3*xf**2+tanh(e + f*xx)**3 + 864*a**3
*fxx2xtanh (e + f*x)**2 + 864*a**x3xf*x2xtanh(e + f*x) + 288*a**3*xf*xx2) + 54
*d*fxx2xxx*x2ktanh (e + f*x)**2/(288*ax*x3xf*x*x2ktanh(e + f*x)**x3 + 864*a*x*x3x*f
**x2xtanh(e + f*x)**2 + 864*a*x*x3xfxx2xtanh(e + f*x) + 288*a*x*x3xf**x2) + 54x*d
*fxk2kxkx2ktanh (e + f*xx)/(288*a**3xf**2xtanh(e + f*x)**3 + 864*a*x*x3kf**x2xt
anh(e + f*x)**x2 + 864xa*x3xf*x2+tanh(e + fxx) + 288*ax*3*xf**2) + 18*d*f**2
*x*%2/ (288*ax*3xf*x2ktanh (e + f*x)**3 + 864*ax*k3xf**x2ktanh(e + Frx)**k2 ...

3.29.7 Maxima [A] (verification not implemented)

Time = 0.68 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.75

/ c+dz dx
(a + acoth(e + fx))3
1 0(12 (fz+e) N 18 e(-2f2=2¢) _ g g(~4fa—de) 4 26(_6”_66))
96 a3 f adf
(72 f22%©°) + 108 (2 fze™® + () e(-2f2) — 27 (4 fze®®) + e(29))e(=4/®) 1 4 (6 fz + 1)e(-67®))del
+ 1152 a3 f2

e

input Lintegrate ((d*x+c)/(ata*coth(f*x+e))~3,x, algorithm="maxima")

~—

e N

1/96*xckx (12% (f*x + e)/(a™3*f) + (18*%e” (-2*f*x - 2%e) - 9xe” (-4*xf*xx — 4*e) +
\ 2%e” (—6xfxx — 6xe))/(a"3*f)) + 1/1152%(72xf"2xx"2*%e” (6%e) + 108* (2*f*x*e”
\(4*e) + e” (4%e) ) e~ (-2xf*xx) — 27*(4dxf*x*e” (2%e) + e~ (2xe))*e” (—4x*xf*x) + 4%
(6xfxx + 1)*e” (-6%f*x))*d*e” (-6%e)/(a~3*£72)

\ J

output

ct+dz
329. [ Grewmerray 4o
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3.29.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.78

c+dx i
(a + acoth(e + fx))3
(72df?22e®F=69) 4 144 cf22e6/¥6¢) 4 216 df pel*f=H4e) — 108 df 2@ /*29) + 24 df z + 216 cfel* /= T4
- 1152 a3 f2
inputLintegrate((d*x+c)/(a+a*coth(f*x+e))”3,x, algorithm="giac") J

output‘1/1152*(72*d*f“2*x“2*e“(6*f*x + 6%xe) + 144xc*f~2xx*e” (6xf*x + 6%e) + 216%*d
(kfrxxe” (Axfxx + dxe) - 108xdkfrxke” (2xf*x + 2%e) + 24xdfxx + 216%cxfre” (4
(kfxx + 4ke) - 108xcxfke” (2+fkx + 2ke) + 24xckf + 108xdke” (4xfkx + 4ke) - 2
‘7*d*e‘(2*f*x + 2%e) + 4xd)*e” (-6xf*xx — 6%e)/(a"3*f72) ‘

3.29.9 Mupad [B] (verification not implemented)

Time = 2.01 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.69

/ c+dx dp — o667z d+60f+ dx
(a + acoth(e + fz))3 288a3 f2  48da3 f

—9e— 3d+6c¢f 3dzx

2e-2fzx

Te ( 3243 f? +]6a3f>
d+12 d dz?

_ gte-dfz 3d+ cf+ 3dzx T cz
128 a3 f2 32a3 f

16 a3 + 8a3

input Lint((c + d*x)/(a + a*coth(e + f*x))~3,x) J

output | exp(- 6%e - Exf*x)*((d + 6%cxf)/(288*a~3+£72) + (d*x)/(48%a~3+f)) + exp(-
|2%e - 2xf¥x)*((3xd + 6xckf)/(32%a"3%£72) + (3d¥x)/(16%a"3%f)) - exp(- 4xe
\ - 4xfxx)*((3*d + 12*c*f)/(128*%a~3*f~2) + (3*d*x)/(32*%a"3*f)) + (d*x~2)/(1
(6%a"3) + (c*x)/(8*a"3) |

ct+dz
329. [ Grewmerray 4o
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3.30 f (c+dz)(a+acoth(e+fx))3 dx
3.30.1 Optimal result . . . . .. .. . ... . 237
3.30.2 Mathematica [A] (verified) . . . . . . ... .. .. Lo
3.30.3 Rubi [A] (verified) . . . . ... .. . ... 239
3.30.4 Maple [A] (verified) . . . ... . ... ... 240
3.30.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... . 24Tl
3.30.6 Sympy [F] . . . . . . 24T]
3.30.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ...
3.30.8 Giac [A] (verification not implemented) . . . ... ... ... ........
3.30.9 Mupad [F(-1)] . . . . o 243
3.30.1 Optimal result
Integrand size = 20, antiderivative size = 437
/ 1 _ 3cosh (2e — %) Chi(%L + 2f7)
(c+dz)(a+ acoth(e + fx))3 8ad
N 3 cosh (46 — 4%0) Chi(% + 4fx)
8add
cosh (6e — %) Chi (% + 6fz)
8add
log(c + dzx) N Chi(%/ + 6fz) sinh (6e — %)
8a3d 8a3d
3Chi(%{ + 4fz) sinh (4e — %)
8a3d
3Chi(% + 2fx) sinh ( Tf)
+ 3
8a3d
3cosh (2e — %) Shi(%L + 2fz)
8a3d
3smh (26— ) 1(26 +2fx)
8a3d
3 cosh (de — %) Shi (% + 4fz)
8a3d
N 3sinh (4e — ) Sh1(4°f +4fx)

8a3d

N cosh (6e — %) Shi(%L + 6fz)

8a3d

B sinh (66 — %) Shi(% + 6fz)

8a3d

3.30.

1

f (c+dz)(a+a

coth(e+fz))3

dz
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output | -1/8*Chi (6xc*f/d+6*f*x) *cosh (-6*e+6xcxf/d) /a~3/d+3/8*Chi (4*c*f/d+4*f*xx)*co
sh(-4*e+4*xc*f/d)/a~3/d-3/8+Chi (2*c*f/d+2*f*x) *cosh (-2*xe+2*c*f/d) /a~3/d+1/8
*1n(d*x+c)/a~3/d+3/8*cosh (-2*e+2xc*xf/d) *Shi (2*xc*f/d+2*f*x) /a~3/d-3/8*cosh(
-4*e+4xcxf/d) *Shi (dxcxf/d+4*f+*x) /a~3/d+1/8*cosh(-6*e+6*c*f/d)*Shi (6*xcxf/d+
6*f*x)/a~3/d-1/8*Chi (6*c*f/d+6*f*x)*sinh (-6*e+6xc*xf/d)/a~3/d+1/8*Shi (6*c*xf
/d+6*f*x) *sinh (-6*e+6*xc*xf/d) /a~3/d+3/8*Chi (4*c*xf/d+4*xf*x)*sinh (-4*e+4*cxf/
d) /a~3/d-3/8+*Shi (4*cxf/d+4*xf*x) *sinh (-4*e+4*cxf/d) /a~3/d-3/8*Chi (2*c*f/d+2
*fxx)*sinh (-2*%e+2*c*f/d) /a~3/d+3/8*Shi (2xc*f/d+2*f*x) *sinh (-2*xe+2xc*xf/d) /a
~3/d

N\

3.30.2 Mathematica [A] (verified)

Time = 1.32 (sec) , antiderivative size = 312, normalized size of antiderivative = 0.71

1
(c+dz)(a+ acoth(e + fx))

B csch®(e + fr)(cosh(fz) + sinh(fz))? (cosh(3e) log(f(c+ dz)) + log(f(c+ dz))sinh(3e) + (— cosh (e —

3d:t

inputtlntegrate[l/((c + d*x)*(a + a*Coth[e + £*x1)~3),x] J

output | (Csch[e + f*x] 3*(Cosh[f*x] + Sinh[f*x]) 3%(Cosh[3*e]*Log[f*(c + d*x)] + L
oglf*(c + d*x)]*Sinh[3*e] + (-Coshl[e - (4*c*f)/d] + Sinh[e - (4*c*f)/d])x*(
-3*CoshIntegral [(4*f*(c + d*x))/d] + Cosh[2xe - (2*c*f)/d]*CoshIntegrall[(6
*f*(c + d*x))/d] - CoshIntegral[(6xf*(c + d*x))/d]*Sinh[2xe - (2xc*f)/d] +
3*CoshIntegral [(2+xf*(c + d*x))/d]*(Cosh[2*e - (2*c*f)/d] + Sinh[2%e - (2%
cxf)/d]) - 3*Cosh[2*e - (2*c*f)/d]*SinhIntegral[(2*f*(c + d*x))/d] - 3%Sin
h[2*e - (2*c*f)/d]*SinhIntegral [(2*f*(c + d*x))/d] + 3*SinhIntegral [(4*f*(
c + d*x))/d] - Cosh[2*e - (2%c*f)/d]*SinhIntegral[(6xf*(c + d*x))/d] + Sin
h[2xe - (2xc*f)/d]*SinhIntegral [(6*f*(c + d*x))/d])))/(8*a~3*d*x(1 + Cothle
+ £xx])73)

1
3.30. f (c+dz) (a+a coth(e+fx))3 dz



CHAPTER 3. LISTING OF INTEGRALS 239

3.30.3 Rubi [A] (verified)

Time = 2.03 (sec) , antiderivative size = 437, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, Mumber of rules _ ¢ 15, Ryles used
integrand size

= {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

: d
/ (¢ + dz)(acoth(e + fz) +a)3 z
| 3042

(c+dz) (a —iatan (e +ifz + F))

| 4211
sinh3(2e + 2fz)  3sinh?(2e +2fx) 3sinh(2e+2fz) 3sinh(2e 4 2fx)sinh(4e +4fz)  3sinh(4e + 4
/ ( 8a3(c + dx) 8a3(c + dx) 8a3(c+dz) 16a3(c + dz) ~ 8a3(c+ da
| 2009
3Chi <2a:f + 2°f> sinh (26 - %) Ch <6zf + 60f> sinh (66 - %)
3Chi(4af + %/ ) sinh (e — %) 3Chi(20f + % ) cosh (2 — %) .
8a3d 8a3d
3Chi <4$f + 4L ) cosh ( %) Chi <6xf 4 &f > cosh <66 - %)
8a3d 8a3d B
3sinh (2e - H) Shi(2xf n %) 3sinh (46 _ g) Shi(4xf n %)
8a3d + 8a3d B
sinh (Ge _ ﬂ) Shi(Gmf + %) 3 cosh (26 _ u) Shi(me + ¥>
8a3d + 8a3d B
3 cosh <4e — ﬂ) Shi<4:1:f + %) cosh (66 - M) Shi(6mf + %) log(c + dz)
8a3d + 8a3d + 8a3d

A >

input [Int [1/((c + d*x)*(a + a*xCoth[e + f*x])~3),x]

1
3.30. f (c+dz) (a+a coth(e+fx))3 dz
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output | (-3*Cosh[2*e - (2*xc*f)/d]*CoshIntegral [(2*c*f)/d + 2xf*x])/(8*a~3xd) + (3*
Cosh[4xe - (4*cxf)/d]*CoshIntegral [(4*c*f)/d + 4xfxx])/(8*%a"3xd) - (Coshl[6
xe — (6%c*f)/d]*CoshIntegral [(6xc*f)/d + 6xfxx])/(8*a~3*d) + Loglc + dxx]1/
(8*a~3+d) + (CoshIntegral[(6*cxf)/d + 6*f*x]*Sinh[6%e - (6*cxf)/d])/(8%a"3
*d) - (3*CoshIntegral[(4xc*f)/d + 4*fxx]*Sinh[4xe - (4xc*f)/d])/(8*a"3*d)
+ (3*CoshIntegral [(2*c*f)/d + 2xf*x]*Sinh[2*e - (2*c*f)/d])/(8*a~3xd) + (3
*Cosh[2*%e - (2xcxf)/d]*SinhIntegral [(2*cxf)/d + 2*xf*x])/(8%a~3*d) - (3%Sin
h[2xe - (2*c*f)/d]*SinhIntegral [(2*c*f)/d + 2*f*x])/(8*a~3xd) - (3*Cosh[4x*
e - (4%cx*f)/d]*SinhIntegral [(4*cxf)/d + 4*f*x])/(8%a~3*d) + (3*Sinh[4*e -
(4*cxf)/d]*SinhIntegral [(4*c*f)/d + 4xf*x])/(8*a~3*d) + (Cosh[6*e - (6xc*f
)/d]*SinhIntegral [(6%cxf)/d + 6xf*x])/(8*a~3*d) - (Sinh[6%e - (6*cxf)/d]*S
inhIntegral [(6*cxf)/d + 6*f*x])/(8*a~3+*d)

3.30.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4211 Int [((c_.) + (d_.)*(x_)) " (m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + Cos[2xe + 2xf*x]/(
2xa) + Sin[2xe + 2*f*x]/(2%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £}, x]
&& EqQ[a~2 + b~2, 0] && ILtQ[m, O] &% ILtQ[n, O]

3.30.4 Maple [A] (verified)

Time = 0.37 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.35

method | result

. In(da-tc) 20T gy, (6f2-+6e+8eL50e ) 30 17 By (4fo+ae tel7de ) 30203 By, (2fo+2e+ 2205240
risch 8a3d + 8a3d B 8a3d + 8a3d
Y
input Lint (1/ (d*x+c) / (a+a*coth (f*x+e))~3,x,method=_RETURNVERBOSE) J

1
3.30. f (c+dz) (a+a coth(e+fx))3 dz
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output‘1/8*1n(d*x+c)/a“3/d+1/8/a“3/d*exp(6*(c*f—d*e)/d)*Ei(l,6*f*x+6*e+6*(c*f—d*e
|)/d)-3/8/a"3/dxexp (4% (cxf-dxe) /d) ¥Ei (1,4xf+x+A*e+dx (cf-dke) /d)+3/8/a"3/dx
| exp (2% (cxf-dke) /d) *E (1, 2% +x+2xe+2% (cxf-d*e) /d) |

3.30.5 Fricas [A] (verification not implemented)
Time = 0.25 (sec) , antiderivative size = 195, normalized size of antiderivative = 0.45
1

d
(c+dz)(a+ acoth(e + fx))3 v
3Ei(——2 (df?cf)) cosh (——2 (ded_cf)) — 3Ei<——4 (de“ch)) cosh (——4 (ded_cf)> + Ei(——6 (dff;’cf)) cosh (—6—(”

input Lintegrate (1/(d*x+c)/(ataxcoth(f*x+e)) ~3,x, algorithm="fricas") J

output | -1/8* (3*%Ei (-2* (d*f*x + c*f)/d)*cosh(-2x(d*xe — c*f)/d) - 3*Ei(-4*x(d*f*x + c
*f)/d)*cosh(-4*x(d*e - c*f)/d) + Ei(-6x(d*f*x + c*f)/d)*cosh(-6*x(d*xe — cx*f)
/d) + 3*Ei(-2*x(dxf*x + c*f)/d)*sinh(-2*(d*e - c*f)/d) - 3*Ei(-4*(d*f*x + c
*f)/d)*sinh(-4*(d*e - c*f)/d) + Ei(-6*(d*f*x + c*f)/d)*sinh(-6*(d*xe - c*f)
/d) - log(d*x + c))/(a~3*d)

3.30.6 Sympy [F]

1
dz
(c+dz)(a+ acoth(e + fx))3
1
f ccoth? (e+fx)+3ccoth? (e+fz)+3ccoth (e+ fz)+ctdx coth® (e+fx)+3dx coth? (e+ fx)+-3dx coth (e+fx)+dx dz
- 3
a

-/

input Lintegrate (1/ (d*x+c) / (a+a*xcoth(f*x+e) ) **3,x)

Output‘Integral(i/(c*coth(e + fxx)**3 + 3*cxcoth(e + f*x)**2 + 3Jkckcoth(e + f*x)
\+ c + d*x*coth(e + f*x)**3 + 3kd*x*coth(e + f*x)**2 + 3xd*x*coth(e + f*x)
‘+ d*x), x)/a**3 ‘

1
3.30. f (c+dz) (a+a coth(e+fx))3 dz
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3.30.7 Maxima [A] (verification not implemented)

Time = 2.29 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.26

6(—66+6§f>E1<6(dzd+c)f> 36(—4e+4;f>E1<4(dz;c)f)

1
dz = _
(c+dz)(a+ acoth(e + fx))3 v 8ad 8a3d
—2e42¢f 2 (dz+c)f
+3e< ! >E1<T) log (dz + ¢)
8a3d 8a3d

p
inputLintegrate(1/(d*x+c)/(a+a*coth(f*x+e))“3,x, algorithm="maxima"

| —

output‘i/S*e“(-G*e + 6xc*f/d)*exp_integral_e(1l, 6*x(d*x + c)*f/d)/(a"3*d) - 3/8%e”
‘(-4*e + 4*c*xf/d)*exp_integral_e(1l, 4x(d*x + c)*f/d)/(a"3*d) + 3/8%e”~(-2%e
‘+ 2xc*f/d) *exp_integral_e(1, 2*(d*x + c)*f/d)/(a"3*d) + 1/8*log(d*x + c)/(
|a"3+d)

N

3.30.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.24

1
(c+dz)(a+ acoth(e+ fx))
4cf 6cf

(3 Ei(—%) e<4e+2§f> - 3Ei<—4(df+f°f)> e<26+7> + Ei(—%) e< #) (69 log (dx + ¢

8a3d

3dac=

-

input Lintegrate (1/(d*x+c) / (ata*xcoth(f*x+e)) ~3,x, algorithm="giac")

-/

output‘—1/8*(3*Ei(—2*(d*f*x + c*f)/d)*e” (4*xe + 2xcxf/d) - 3*Ei(-4*(d*f*x + cxf)/d
‘)*e“(Q*e + 4xc*f/d) + Ei(-6*(d*f*x + c*f)/d)*e”(6xc*xf/d) - e~ (6%e)*log(d*x
+ c))*e~(-6xe)/(a~3xd)

N\ J

-

1
3.30. f (c+dz) (a+a coth(e+fx))3 dz
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3.30.9 Mupad [F(-1)]

Timed out.

1 1
/ (c +dz)(a + acoth(e + fz))3 dr = / (a+acoth(e+ fx))* (c+dx) d

input Lint(i/((a + akxcoth(e + f*x))~3%(c + d*x)),x)

output‘ int(1/((a + axcoth(e + f*x))"3*(c + d*x)), x)

1 dz

330 f (c—i—d.’c) (a+a coth(e+fw))3
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1
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1
331 [ o dz

coth(e+fz))3



CHAPTER 3.

LISTING OF INTEGRALS

245

3.31.1 Optimal result

Integrand size = 20, antiderivative size = 692

1

1 9 cosh(2e + 2fx)

/ (c+dz)*(a + acoth(e + fx))3 dz =

" 8a3d(c + dx)
3 cosh?(2e + 2fx)

3f cosh (2e
+ f (

3f cosh (6e
+ f (

3 sinh?(2e + 2f1)

3f cosh (4
¥ (e =

(
(
_ 3fsinh (4e — %) Shi(*
_ 3f cosh (6e — %) Shi(

(%

3f sinh (6e —
+ f (

32a3d(c + dz)

8a?d(c + dzx)
cosh®(2e + 2fx)  3cosh(6e + 6fz)
8a3d(c + dx) 32a3d(c + dx)
21} Chi(2L + 2fz)
4a3d?

3f cosh (4e — %) Chi(%L + 4fz)

2a3d?
81) Chi (%L + 6fz)
4a3d?

3fChi(% + 6 fz) sinh (6e — ‘%f)

4a3d?
3fCh1(4cf + 4fz) sinh (4e — Tf)
2a3d?

_ 3fChi(% +2fx) sinh (2¢ — %)

4a3d?

_ 15sinh(2e + 2f2)

32a3d(c + dz)
sinh®(2e + 2f1x)
~ 8a3d(c + da)
3sinh(6e + 6 fz)
~ 32a3d(c + dz)

8a3d(c + dzx)
3sinh(4e + 4fz)
8a3d(c + dz)

_ 3f cosh (2e — %) Shi(%/ + 2fx)

4a3d?
3f sinh (26 - QLf) Shi
4a3d?
def ) Shi
2a3d2

%4—2}%)

4c

<

+4fa:)

<

<

+4fx)

&I

2a3d?
6¢

I~

+6fx)

&I

4a3d2
) Shi(%L +6 fx)
4a3d2

3.31.

1

f (c+dz)2(ata

coth(e+fz))3

dz



CHAPTER 3. LISTING OF INTEGRALS 246

output | -1/8/a"3/d/ (d*x+c)+3/4*f*Chi (6*c*f/d+6*f*x) *cosh(-6*e+6*xc*f/d)/a~3/d"2-3/2
*f*xChi (4xc*f/d+4*f*x)*cosh(-4*e+d*cxf/d) /a~3/d~2+3/4*f*Chi (2xc*f/d+2*f*x) *
cosh(-2xe+2*c*f/d) /a~3/d"2+9/32*cosh (2xf*x+2*e) /a~3/d/ (d*x+c) -3/8*cosh (2*f
*x+2%e) “2/a~3/d/ (d*xx+c)+1/8*cosh (2*f*x+2*xe) ~3/a~3/d/ (d*x+c)+3/32*cosh (6*fx*
x+6%e) /a~3/d/ (d*x+c)-3/4xf*xcosh (-2*e+2*c*f/d) *Shi (2xc*xf/d+2*f*x) /a~3/d"2+3
/2xfxcosh (—4*e+4xc*f/d)*Shi (dxc*f/d+4*xf*x)/a~3/d~2-3/4*f*cosh(-6*e+6xcxf/d
)*Shi (6xc*xf/d+6*f*x) /a~3/d~2+3/4*xf*Chi (6kc*f/d+6*f*x)*sinh (-6*e+6xc*xf/d)/a
~3/d"2-3/4xf*Shi (6*xc*f/d+6*f*x)*sinh (-6*xe+6*xc*xf/d) /a~3/d~2-3/2*xf*Chi (4d*c*f
/d+4xfxx) *sinh (-4*xe+d*c*f/d) /a~3/d"2+3/2xf+Shi (dxcxf/d+4*f*x) *sinh (-4*xe+4*
c*xf/d) /a~3/d"2+3/4*f*Chi (2*c*f/d+2*f*x) *sinh (-2*e+2xcxf/d) /a~3/d~2-3/4*f*S
hi (2kc*f/d+2*f*x) *sinh (-2xe+2*c*f/d) /a~3/d"2-15/32*sinh (2*f*x+2%e) /a~3/d/ (
d*x+c)-3/8*sinh (2xf*x+2*e) "2/a~3/d/ (d*x+c)-1/8*sinh (2*%f*x+2*e) ~3/a~3/d/ (d*
x+c)+3/8*sinh (4*f*x+4*xe) /a~3/d/ (d*x+c)-3/32*sinh (6*f*x+6*e)/a~3/d/ (d*x+c)

3.31.2 Mathematica [A] (verified)

Time = 3.77 (sec) , antiderivative size = 796, normalized size of antiderivative = 1.15

1
/ (c+ dx)%(a + acoth(e + fx))3
csch®(e + fz) (cosh (%) + sinh (34)) <3dcosh (e+ f(=%+z)) —dcosh (3(e+ f(—=5+x))) + dcos

dz

input | Integrate[1/((c + d*x)~2*%(a + a*Coth[e + f*x])~3),x]

L dz

3.3L. f (c+dz)?(a+acoth(e+fz))3
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/(Csch[e + fxx] 3% (Cosh[(3*cxf)/d] + Sinh[(3%c*f)/d])*(3*d*Cosh[e + f*((-3%

c)/d + x)] - d*Cosh[3*(e + f*(-(c/d) + x))] + d*Cosh[3*(e + f*(c/d + x))]
- 3*d*Cosh[e + £*((3%c)/d + x)] + 6xcxf*Cosh[3*e - (3*xfx(c + d*x))/d]*Cosh
Integral [(6xfx(c + d*x))/d] + 6xd*f*x*Cosh[3*e - (3*f*(c + d*x))/d]*CoshIn
tegral [(6xf*x(c + d*x))/d] + 6xf*x(c + d*x)*CoshIntegral [(2*fx(c + d*x))/d]*
(Coshl[e - (cxf)/d + 3*f*x] + Sinh[e - (c*f)/d + 3*f*x]) + 3*d*Sinh[e + fx*(
(-3*c)/d + x)] - d*Sinh[3*(e + f*(-(c/d) + x))] - d*Sinh[3*(e + f*(c/d + x
))] + 3*d*Sinh[e + £*((3*c)/d + x)] - 6*cxf*CoshIntegral [(6*fx(c + d*x))/d
1*Sinh[3*e - (3*f*(c + d*x))/d] - 6*xd*fxx*CoshIntegral[(6*xf*(c + d*x))/d]*
Sinh[3%*e - (3*fx(c + d*x))/d] + 12xf*(c + d*x)*CoshIntegral[(4xf*x(c + d*x)
)/dl1*(-Cosh[e - (fx(c + 3*d*x))/d] + Sinh[e - (fx(c + 3*d*x))/d]) - 6*c*f*
Cosh[e - (c*f)/d + 3*fxx]*SinhIntegral [(2*f*(c + d*x))/d] - 6xd*f*x*Coshl[e
- (c*f)/d + 3*f*x]*SinhIntegral [(2*f*(c + d*x))/d] - 6*c*f*Sinh[e - (c*f)
/d + 3xfxx]*SinhIntegral [(2*f*(c + d*x))/d] - 6*d*f*x*Sinh[e - (c*f)/d + 3
*xfxx]*SinhIntegral [(2*f*(c + d*x))/d] + 12%c*f*Coshl[e - (f*(c + 3*d*x))/dl
*SinhIntegral [(4*xf*(c + d*x))/d] + 12kd*f*x*Cosh[e - (f*x(c + 3*d*x))/d]*Si
nhIntegral [(4xf*(c + d*x))/d] - 12*cxf*Sinh[e - (f*(c + 3*d#*x))/d]*SinhInt
egral [(4xf*(c + d*x))/d] - 12xd*f*x*Sinh[e - (fx(c + 3*d*x))/d]*SinhIntegr
al[(4xfx(c + d*x))/d] - 6xcxf*Cosh[3*e - (3*f*(c + d*x))/d]*SinhIntegral[(
6*xf*(c + d*x))/d] - 6*d*f*xxCosh[3*e - (3*f*(c + d*x))/d]*SinhIntegrall...

3.31.3 Rubi [A] (verified)

Time = 2.22 (sec) , antiderivative size = 692, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ 0.150, Rules used

integrand size
= {3042, 4211, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

. d
/ (c+ dz)?(acoth(e + fz) + a)3 z

l 3042

/ 1 de
(c+dz)? (a —iatan (ie+ifz+ F))
l 4211

/”(shﬂﬁ(2e%—2fx) 3sinh?(2e + 2fz)  3sinh(2e + 2fx) 3sinh(2e + 2fz)sinh(4e + 4fz)  3sinh(4e + ¢

8a3(c + dz)? 8a3(c + dx)? 8a3(c + dx)? 16a3(c + dz)?

1
3.3L. f (c+dz)?(a+acoth(e+fz))3 dzx

8a3(c+ da
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l 2009

3fChi(6wf + ﬂ) sinh (6e - %) 3fChi(4xf n ﬂ) sinh ( _ M)
- +
)

1
(o)

3fChi(2xf + Tf ( Tf) 3 fChi<2x f+ df)3

3
)
3fChi(4xf—|— Tf) co ( _ 4ef

) 3fCHﬂ(6wf Aji co
pp) B2
3fsinh<26—7f Sh ( ) 3fsinh(4e—4cf>S <4mf+%>
B2
3 sinh (6e - Gcf) Shi(6zf + %) 3f cosh (2 - %) Sh1(2xf +2f)
a3d? B 4a3d2?
3 cosh (e — %) Shi<4a:f +%f) 3 cosh (6e— %) Shi(62f + %) w3 (2e + 2f2)
2a3d2 a 4a3d? © 8add(c+dz)
3sinh*(2e + 2fz)  15sinh(2e +2fx)  3sinh(4e+4fz) 3sinh(6e + 6fx)
8a3d(c + dx) 32a3d(c + dx) 8a3d(c + dx) 32a3d(c + dx)
cosh3(2e + 2fz) B 3cosh?(2e +2fzx) 9cosh(2e +2fz)  3cosh(6e + 6fx) B 1
8a3d(c + dx) 8a3d(c + dx) 32a3d(c + dx) 32a3d(c + dx) 8a3d(c + dx)

input{Int[l/((c + d*x)"2%(a + a*Coth[e + f*x])~3),x]

output | -1/8*1/(a~3*d*(c + d*x)) + (9*%Cosh[2*e + 2*xf*x])/(32*a"3*d*(c + d*x)) - (3
*Cosh[2xe + 2*xf*x]~2)/(8+%a~3*d*(c + d*x)) + Cosh[2*e + 2xfxx]~3/(8*a”3*dx*(
c + d#*x)) + (3*Cosh[6*xe + 6xf*x])/(32*a~3*d*(c + d*x)) + (3*xf*Cosh[2*e - (
2xc*f) /d] *CoshIntegral [(2*c*f)/d + 2*f*x])/(4*a~3*xd~2) - (3*fxCosh[4*e - (
4xc*f)/d]*CoshIntegral [(4*c*f)/d + 4xf*x])/(2*%a~3xd"2) + (3*xf*Cosh[6*e - (
6xcxf)/d] *CoshIntegral [(6*c*f)/d + 6*f*x])/(4*a~3%d"2) - (3*f*CoshIntegral
[(6%c*f)/d + 6xf*x]*Sinh[6*e - (6%c*f)/d])/(4*a~3xd"2) + (3xf*CoshIntegral
[(4*c*f)/d + 4xf*xx]*Sinh[4*e - (4*c*f)/d])/(2*%a"3xd"2) - (3xf*CoshIntegral
[(2%c*f)/d + 2xf*x]*Sinh[2*e - (2%c*f)/d])/(4*a"3xd"2) - (15#Sinh[2%e + 2%
f*x])/(32%a~3%d*(c + d*x)) - (3*Sinh[2%e + 2%f*x]~2)/(8%a~3*d*(c + d*x)) -
Sinh[2%e + 2*f*x]~3/(8*a"~3*d*(c + d*x)) + (3*Sinh[4*e + 4*fxx])/(8*a”3*d*
(c + d*x)) - (3*Sinh[6*e + 6*f*x])/(32*%a"3*d*(c + d*x)) - (3*f*Cosh[2*xe -

(2xcxf) /d]*SinhIntegral [(2*c*f)/d + 2*xf*x])/(4*a~3%d"2) + (3*f*Sinh[2*e -

(2xcxf) /d]*SinhIntegral [(2*c*f)/d + 2*xf*x])/(4*a~3%d~2) + (3*f*Cosh[4*e -

+
(4*c*f)/d]*SinhIntegral [(4*c*f)/d + 4*xfxx])/(2%a~3*d"2) - (3*f*Sinh[4*e -
(4*c*f)/d]*SinhIntegral [(4xc*f)/d + 4xfxx])/(2%a~3*d"2) - (3*fxCosh[6*e -
(6%cxf)/d]*SinhIntegral [(6*c*f)/d + 6xf*x])/(4*xa~3+%d"2) + (3*f*Sinh[6*e -
+

(6%cxf)/d]*SinhIntegral [(6xc*f)/d + 6xf*x])/(4*xa~3%d"2)

1
3.3L. f (c+dz)?(a+acoth(e+fz))3 dzx
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3.31.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4211 Int[((c_.) + (d_.)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2*e + 2*fx*x]/(
2*%a) + Sin[2*e + 2*%f*x]/(2*%b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £}, x]
&& EqQ[a~2 + b~2, 0] && ILtQ[m, O] && ILtQ[n, O]

3.31.4 Maple [A] (verified)

Time = 0.47 (sec) , antiderivative size = 239, normalized size of antiderivative = 0.35

method | result

6cf—6de _ . .
fo-ofo—te  3fe @ Eii(6fa+6e+%LZ0) . ipose  3fe @ Bii(4fataet e

— s + - — +
8a3d(dz+c) 8a3d(dz f+cf) 4a3d? 8a3d(dz f+cf) 2a3d?

4cf—4de

risch

e

inputLint(l/(d*x+c)‘2/(a+a*coth(f*x+e))“3,x,method=_RETURNVERBOSE)

~—

output | -1/8/a~3/d/ (d*x+c)+1/8*f/a”~3xexp (-6*f*x-6%e) /d/ (d*f*x+c*f)-3/4*f/a~3/d"2*e
xp (6% (cxf-dxe) /d)*Ei(1,6*f*x+6%e+6* (cxf-d*e)/d)-3/8%f/a~3*exp(-4*xf*x-4*e)/
d/ (@xf*xx+c*f)+3/2+f/a~3/d"~2*exp (4* (cxf-d*e) /d) *Ei (1, 4*f*x+4xe+4* (cxf-d*e) /
d)+3/8*f/a"3xexp (-2xf*x-2%e) /d/ (d*f*x+cxf)-3/4*xf/a"~3/d"2xexp (2* (cxf-dxe) /d
)*Ei (1,2%f*x+2%e+2% (cxf-d*e)/d)

3.31.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 1162, normalized size of antiderivative = 1.68

1

(c+ dz)*a + acoth(e + fz)) °¢ = Teo large to display

inputLintegrate(l/(d*x+c)“2/(a+a*coth(f*x+e))‘3,x, algorithm="fricas") J

1
3.3L. f (c+dz)?(a+acoth(e+fz))3 dzx
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output | 1/4* (3% (d*xf*x + c*xf)*Ei(-2%(d*f*x + c*f)/d)*cosh(f*x + e) 3*sinh(-2*(d*e -
cxf)/d) - 6*(dxf*x + c*f)*Ei(-4*(d*f*x + c*f)/d)*cosh(f*x + e) "3*sinh(-4x*
(d*e - cxf)/d) + 3*x(d*f*x + c*f)*Ei(-6x(d*xf*x + c*f)/d)*cosh(f*x + e) 3*si
nh(-6x(d*e - c*f)/d) + 3*x((d*xf*xx + c*f)*Ei(-2*(d*f*x + c*f)/d)*cosh(-2*(d*
e - c*xf)/d) - 2x(dxf*x + c*f)+*Ei(-4*(d*f*x + c*f)/d)*cosh(-4*(d*e - c*f)/d
) + (dxf*xx + c*f)*Ei(-6*(d*f*x + c*f)/d)*cosh(-6*(d*e - c*f)/d))*cosh(f*x
+ e)”3 + (3*%(d*f*x + cxf)*Ei(-2%(d*f*x + c*f)/d)*cosh(-2*(d*e - c*f)/d) -
6% (d*f*x + cxf)*Ei(-4*x(dxf*x + c*f)/d)*cosh(-4x(d*xe — c*f)/d) + 3*(d*f*x +
cxf)*Ei (6% (d*fxx + c*f)/d)*cosh(-6*(d*e — cxf)/d) + 3*x(d*f*x + cxf)*Ei(-
2% (d*f*x + c*f)/d)*sinh(-2*(d*e - c*f)/d) - 6x(d*f*x + c*f)*Ei(-4x(d*f*x +
cxf)/d)*sinh(-4*(d*e - c*f)/d) + 3*(d*xf*x + c*xf)*Ei(-6%(d*xf*xx + c*f)/d)*s
inh(-6*(d*e - c*f)/d) - d)*sinh(f*x + e)~3 + 9x((d*f*x + c*f)*Ei(-2*(d*f*x
+ c*f)/d)*cosh(f*x + e)*sinh(-2*(d*e - c*f)/d) - 2x(dxf*xx + c*f)*Ei(-4*(d
*fxx + cxf)/d)*cosh(f*x + e)*sinh(-4x(dxe — c*f)/d) + (d*f*x + c*f)*Ei(-6%
(d*f*x + cxf)/d)*cosh(f*x + e)*sinh(-6x(d*e - c*f)/d) + ((d*f*xx + c*f)*Ei(
-2% (d*f*x + c*f)/d)*cosh(-2*%(d*e - c*f)/d) — 2x(d*xf*x + c*f)*Ei(-4*(d*xf*x
+ c*f)/d)*cosh(-4x(d*xe — c*f)/d) + (d*f*x + cxf)*Ei(-6x(d*f*x + c*f)/d)*co
sh(-6*(d*xe - c*f)/d))*cosh(f*x + e))*sinh(f*x + e)~2 + 3*(3kx(dxf*x + c*f)x*
Ei(-2*(d*f*x + c*f)/d)*cosh(f*x + e) 2*sinh(-2*(d*e - c*f)/d) - 6*(d*f*x +
cxf)*Ei (-4* (d*f*x + cxf)/d)*cosh(f*x + e) 2*sinh(-4%(d*e - cxf)/d) + 3...

3.31.6 Sympy [F]

1
(c+ dz)2(a + acoth(e + f2)) °~
1

. f c2 coth? (e4fx)+3c2 coth? (e+ fz)+3c2 coth (e+ fz)+c2+2cdx coth? (e+ fx)+6¢dx coth? (e+ fz)+-6cdx coth (e fx)+2cdz+d2z2 coth® (e+f
- 3
a

e hY

integrate(1/(d*x+c)**2/(ata*coth(f*x+e))**3,x)

N\ J

input

output‘Integral(l/(c**2*coth(e + fxx)**3 + 3kckx2kxcoth(e + f*x)**2 + 3kc*x*x2xcoth(
‘e + £*x) + c**2 + 2kckdxxkcoth(e + Fxx)**3 + Gxckdxxkcoth(e + Fxx)**2 + 6%
‘c*d*x*coth(e + £%x) + 2%xckd*xx + dx*x2kxk*k2kcoth(e + F*x)**x3 + Ikdkkkx*k*2%C
‘oth(e + FHx)*%2 + Jkdkkkxkkkcoth(e + Fxx) + dxx2kx**2), x)/a**3 ‘

1
3.3L. f (c+dz)?(a+acoth(e+fz))3 dzx
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3.31.7 Maxima [A] (verification not implemented)

Time = 5.16 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.20

1 1 et g, <6(dx;c‘)f)
de = — +
/ (c+ dz)?(a + acoth(e + fx))3 8 (a3d?x + adcd) 8 (dx + c)a®d
—4et et T+c
3€< +d>E2(4(dd+)f>
8 (dz + c)a’d
—2e+2¢f 2 (dz+c
36( d >Eh< ((;)f)
8 (dz + c)a3d

_|_

inputLintegrate(1/(d*x+c)‘2/(a+a*coth(f*x+e))‘S,X, algorithm="maxima")

-/

output‘—i/8/(a‘3*d‘2*x + a”3%ckd) + 1/8%e”(-6xe + 6kcxf/d)*exp_integral_e(2, 6x*(d
‘*x + c)*f/d)/((d*x + c)*a~3xd) - 3/8*e”(-4xe + 4*cxf/d)*exp_integral_e(2,
‘4*(d*x + c)*£/d)/((d*x + c)*a~3*d) + 3/8%e”~(-2xe + 2xc*f/d)*exp_integral_e
(2, 2%(d*x + c)*£/d)/((d*x + c)*a"3xd)

3.31.8 Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 841, normalized size of antiderivative = 1.22

1
(c+ dz)%(a + acoth(e + fx))

z+c) ( sde— — _<f —de4-c e—c r+c) | -
6 (do + c) (72 — #frc+f)f2Ei(—2((d +)(aff - gtk ) det f)> o= —6def2Ei(——2((d o

de

-

inputLintegrate(1/(d*x+c)‘2/(a+a*coth(f*x+e))‘3,x, algorithm="giac")

~—

1
3.3L. f (c+dz)?(a+acoth(e+fz))3 dzx
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N\

1/8x (6% (d*x + c)*(d*e/(d*x + c) - c*xf/(d*x + c) + f)*f " 2+«Ei(-2x((d*x + c)*
(d*xe/(d*x + c) — c*f/(d*x + c) + f) - dxe + c*xf)/d)*e~(-2*%(d*e - cxf)/d) -
6*d*exf"2*Ei (-2x((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - d*e + cx*
f)/d)*e” (-2x(d*e — c*f)/d) + 6*c*f 3*Ei(-2*x((d*x + c)*(d*e/(d*x + c) - cx*f
/(d*x + c) + f) - dxe + c*f)/d)*e” (-2x(d*e - c*xf)/d) - 12*%(d*x + c)*(d*e/(
d*x + c) - c*xf/(d*x + c) + f)*f"2«Ei(-4*%((d*x + c)*(d*xe/(d*x + c) - c*f/(d
*x + c) + f) - dxe + c*xf)/d)*e” (-4*x(d*e — c*f)/d) + 12*d*exf ~2+Ei(-4*((d*x
+ c)*(d*e/(d*x + ¢c) - cxf/(d*x + c) + f) - dxe + c*f)/d)*e” (-4*x(d*xe - c*f
)/d) - 12%c*£"3*Ei(-4*((d*x + c)*(d*e/(d*x + c) - cxf/(d*x + c) + f) - dxe
+ c*xf)/d)*e~(-4*x(d*e - c*f)/d) + 6%(d*x + c)*(d*e/(d*x + c) - c*xf/(d*x +

c) + £)*f"2*Ei(-6*%((d*x + c)*(d*xe/(d*x + c) - cxf/(d*x + c) + f) - d*e + ¢
*f) /d)*e~ (-6*%(d*e - c*f)/d) - 6kxdxexf 2+Ei(-6*%((d*x + c)*(d*e/(d*x + c) -

cxf/(d*x + c) + f) - d*e + cxf)/d)*e”(-6x(d*e - c*f)/d) + 6xcxf~3*Ei(-6*((
d*x + c)*(d*e/(d*x + c) — c*xf/(d*x + c) + f) - dxe + c*xf)/d)*e” (-6*(d*e -

cxf)/d) + 3xd*xf~2*e” (-2*(d*x + c)*(d*e/(d*x + c) - c*f/(d*x + ¢c) + f)/d) -
3kd*f"2%e” (-4*(d*x + c)*(d*e/(d*x + c) - c*f/(d*x + c) + f)/d) + d*f~2%e”
(-6x(d*x + c)*(dxe/(d*x + c) - cxf/(d*x + c) + £)/d) - d*£72)*d"2/(((d*x +
c)*a”~3*d"4*(d*xe/(d*x + c) - c*f/(d*x + c) + f£) - a"3*xd"5*e + a”~3*cxd"4xf)
*f)

3.31.9 Mupad [F(-1)]

Timed out.

1 1

(c+dz)*(a + acoth(e + fx))3 do = / (a+ acoth (e + fx))° (c+dx)? e

inputtint(l/((a + axcoth(e + f*x))"3*(c + d*x)~2),x)

output

~—

-

N\

int(1/((a + a*coth(e + f*x))~3*(c + d*x)"2), x)

J

1
3.3L. f (c+dz)?(a+acoth(e+fz))3 dzx
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3.32 [(c+ dz)™(a + acoth(e + fz))*dx

3.32.1 Optimalresult . . . . . . .. . ...
3.32.2 Mathematica [N/A] . . . . ... .. . . L
3.32.3 Rubi [N/A] © © o o oo oo e e
3.32.4 Maple [N/A] (verified) . . . . . . . . .. .
3.32.5 Fricas [N/A] . . . . .
3.32.6 Sympy [N/A] . . . . e
3.32.7 Maxima [N/A] . . . . . . .
3.32.8 Giac [N/A] . . . . o o
3.32.9 Mupad [N/A] . o oo vt

3.32.1 Optimal result

Integrand size = 20, antiderivative size = 20

/(c + dz)™(a + acoth(e + fz))* dz = Int((c + dz)™(a + acoth(e + fz))?, )

output LUnintegrable ((d*x+c) “m* (a+a*coth (f*x+e))~2,x)

3.32.2 Mathematica [N/A]

Not integrable

Time = 41.61 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + acoth(e + fxr))?dx = /(c +dz)™(a + acoth(e + fz))*dx

input

Integrate[(c + d*x) m*(a + axCoth[e + f*x])~2,x]

N

output‘ Integrate[(c + d*x) m*(a + axCoth[e + f*x])~2, x]

3.32.  [(c+dz)™(a+ acoth(e+ fz))*dz




input

output

rule 3042

rule 4223
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3.32.3 Rubi [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/}c+-¢w"«acouqe4-fx)+«n2dm
| 3042
/(c—i—d:c)m (a—iatan (ie+ifw+ g))2dw
| 4223

/(c + dz)™(acoth(e + fz) + a)’dzx

-

LInt[(c + d*x) “m*(a + a*Cothl[e + f*x])~2,x]

L$Aborted

3.32.3.1 Defintions of rubi rules used

~— ~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, ¢, d, e, £, m, n}, x]

3.32.  [(c+dz)™(a+ acoth(e+ fz))*dz
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3.32.4 Maple [N/A] (verified)

Not integrable

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (dz + ¢)™ (a + acoth (fz + e))* dz

inputLint((d*x+c)‘m*(a+a*coth(f*x+e))“2,x)

outputLint((d*x+c)“m*(a+a*coth(f*x+e))“2,x)

3.32.5 Fricas [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.85

/(c +dz)™(a + acoth(e + fx))*dx = / (acoth (fz + €) 4+ a)*(dz + ¢)™ dz

inputLintegrate((d*x+c)“m*(a+a*coth(f*x+e))“2,x, algorithm="fricas")

output‘ integral((a~2*coth(f*x + e)”2 + 2*%a"2*coth(f*x + e) + a”2)*(d*x + c)’m, x)

3.32.6 Sympy [N/A]
Not integrable

Time = 4.42 (sec) , antiderivative size = 44, normalized size of antiderivative = 2.20

/(c +dz)™(a + acoth(e + fz))*dxr = a® (/ 2(c+dz)™ coth (e + fz) dx

—|—/(c+da:)m coth® (e + fx) da:—i—/ (c+dz)™ dﬂ?)

inputLintegrate((d*x+c)**m*(a+a*coth(f*x+e))**2,x)

output‘ a*x*2* (Integral (2x(c + d*x)**m*coth(e + f*x), x) + Integral((c + d*x)**m*co
‘th(e + f*x)**2, x) + Integral((c + d*x)**m, X))

3.32.  [(c+dz)™(a+ acoth(e+ fz))*dz
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3.32.7 Maxima [N/A]

Not integrable

Time = 0.39 (sec) , antiderivative size = 122, normalized size of antiderivative = 6.10

/(c + dz)™(a + acoth(e + fr))*dx = / (acoth (fz +e) + a)*(dz + ¢)™ dz

B
input Lintegrate ((d*x+c) “m* (ata*coth(f*x+e)) ~2,x, algorithm="maxima")

~—

output‘ (d*x + c)~(m + 1)*a~2/(d*(m + 1)) + integrate((d*x + c) m*xa~2*(e~(f*x + e)
|+ e (-fxx - e))72/(e"(fxx + ) - e~ (-f*x - e))"2 + 2k (dxx + c) m¥a2x(e"(
£rx + @) + " (~f4x - €))/(e7(f*x + &) - e (~f*x - o)), X)

3.32.8 Giac [N/A]
Not integrable

Time = 0.33 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c +dz)™(a + acoth(e + fr))?dx = / (acoth (fz + €) + a)*(dz + )™ dz

-

input  integrate((d*x+c) “m* (at+a*coth(f*x+e))~2,x, algorithm="giac")

N\

output Lintegrate((a*coth(f*x + e) + a)72x(d*x + ¢c)"m, x)

3.32.9 Mupad [N/A]
Not integrable

Time = 2.15 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(c + dz)™(a + acoth(e + fz))*dz = / (a +acoth(e + fz))? (c+dz)" dx

-

input int((a + a*coth(e + f*x)) 2*(c + d*x) m,x)

N

output Lint((a + axcoth(e + f*x))~2*(c + d*x)"m, x)

3.32.  [(c+dz)™(a+ acoth(e+ fz))*dz
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3.33 [(c+ dx)™(a + acoth(e + fz)) dzx

3.33.1 Optimal result . . . . .. .. . .. . 257
3.33.2 Mathematica [N/A] . . . . ... . . 257
3.33.3 Rubi [N/A] . . o oo oot e DAY
3.33.4 Maple [N/A] (verified) . . . . . . . . ... 259
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3.33.1

Optimal result

Integrand size = 18, antiderivative size = 18

/(c + dz)™(a + acoth(e + fx)) dz = Int((c + dz)™(a + acoth(e + fz)), z)

output LUnintegrable ((d*x+c) “m* (a+a*xcoth(f*x+e)) ,x)

3.33.2

Mathematica [N/A]

Not integrable

Time =

20.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dx)™(a + acoth(e + fx))dr = /(c + dx)™(a + acoth(e + fx)) dz

input

N

Integrate[(c + d*x)"mx(a + a*Coth[e + fxx]),x]

output‘ Integrate[(c + d*x)"mx(a + a*Coth[e + f*x]), xI]

3.33.

[ (c+ dz)™(a + acoth(e + fz)) dz




input

output

rule 3042

rule 4223
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3.33.3 Rubi [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

L/kcﬁ—dm)m(acoﬂﬁe4—fm)ﬁ—a)dw
| 3042
/(c+d:c)m (a—iatan (ie+ifx+ %)) dx
| 4223

/(c + dx)™(acoth(e + fz) + a)dx

-

LInt[(c + d*x) “m*(a + a*Cothl[e + f*x]),x]

L$Aborted

3.33.3.1 Defintions of rubi rules used

~— ~—

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, ¢, d, e, £, m, n}, x]

3.33.  [(c+dz)™(a+ acoth(e + fz))dz
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3.33.4 Maple [N/A] (verified)

Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/(dm +¢)" (a + acoth (fz +e))dz

p
input Lint ((d*x+c) “m* (a+a*xcoth(f*x+e)) ,x)

-/

output Lint ((d*x+c) “m* (a+axcoth(f*x+e)),x)

-/

3.33.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dz)™(a + acoth(e + fz))dzx = / (acoth (fx +e)+a)(dz +¢)™ dz

input tintegrate ((d*x+c) “m* (a+a*xcoth(f*x+e)) ,x, algorithm="fricas")

outputLintegral((a*coth(f*x + e) + a)x(d*x + c)"m, x)

3.33.6 Sympy [N/A]
Not integrable

Time = 2.78 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.33

/(c + dz)™(a + acoth(e + fz))dz = a(/ (c+ dz)™ coth (e + fz)dz + / (c+ dz)™ dx)

input ‘ integrate ((d*x+c) **m* (ata*coth (f*x+e)) ,x)

output La*(Integral((c + d*x)**mxcoth(e + f*x), x) + Integral((c + d*x)**m, x))

3.33.  [(c+dz)™(a+ acoth(e + fz))dz



CHAPTER 3. LISTING OF INTEGRALS

3.33.7 Maxima [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 68, normalized size of antiderivative = 3.78

/(c + dz)™(a + acoth(e + fz))dzx = / (acoth (fz +e)+ a)(dz + ¢)™ dz

input Lintegrate ((d*x+c) “m* (ata*xcoth(f*x+e)),x, algorithm="maxima")

-/

Output‘a*integrate((d*x + c)mk(e”(f*x + e) + e"(-f*xx - e))/(e"(f*x + e) - e~ (-f*
x - e)), x) + (d*x + c)"(m + 1)*a/(d*(m + 1))

N\

3.33.8 Giac [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c + dx)™(a + acoth(e + fz))dz = / (acoth (fz +e€) + a)(dz + ¢)™ dz

inputLintegrate((d*x+c)‘m*(a+a*coth(f*x+e)),x, algorithm="giac")

output Lintegrate((a*coth(f*x +e) + a)x(d*x + c)"m, x)

3.33.9 Mupad [N/A]
Not integrable

Time = 2.15 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/(c+ dx)™(a + acoth(e + fz))dr = / (a + acoth(e + fz)) (c+dz)"dx

-

input | int((a + a*coth(e + f*x))*(c + d*x) m,x)

N

output Lint((a + axcoth(e + f*x))*(c + d*x)"m, x)

3.33.  [(c+dz)™(a+ acoth(e + fz))dz
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3.34 [ aE gy
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3.344 Maple [F] . . . . . o o 263
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3.34.1 Optimal result

Integrand size = 20, antiderivative size = 88

(c+ dz)™ _ (c+dz)ttm
/ a + acoth(e + fz) v 2ad(1 4+ m)

2—2—me—2e+¥ (C + dz)m (f(c—(}i-d:c) ) o T (1 + m, 2f(03‘dw)>
af

+

output(1/2*(d*x+c)“(1+m)/a/d/(1+m)+2‘(—2-m)*exp(-2*e+2*c*f/d)*(d*x+c)“m*GAMMA(1+m
,2%£x (dxx+c) /d) /a/£/ ((£* (d¥x+c) /d) "m) |

3.34.2 Mathematica [A] (verified)

Time = 1.20 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.31

/ (c+dx)™ i

a + acoth(e + fz)
csch(e + fx) (% + 2_1_me_e+¥(c +dz)™ (Edf + fz) - I'(1+m, 2(5} + fx))) (cosh(fx) + s
- 2f(a+ acoth(e + fx))

e

inputtlntegrate[(c + d*x)"m/(a + a*Coth[e + f*x]),x]

A >

(c+dz)™
334 f m d.’L'
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Output‘ (Cschle + fxx]*((E"exf*(c + d*x)~(1 + m))/(dx(1 + m)) + (2°(-1 - m)*E"(-e
\+ (2%cxf)/d)*(c + d*x) m*Gamma [l + m, 2%x((c*xf)/d + £*xx)])/((cxf)/d + £*x)~
‘m)*(Cosh[f*x] + Sinh[f*x]))/(2%fx(a + a*Coth[e + f*x]))

3.34.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 150 Ryles used = {3042,
integrand size
4210, 2612}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+dx)™
acoth(e+ fz)+a v
| 3042

/ (c+dx)™ dz
a—iatan (ie +ifz+ %)
l 4210

(c + d:L‘)m+1 fei(2i6+2ifw+7r) (C 4+ d:c)mdx
2ad(m + 1) 2a

l 2612

e () i 1, 255) e

-

input LInt [(c + d*x)"m/(a + a*Coth[e + f*x]),x] J

output‘ (c + d*x)~(1 + m)/(2%a*d*(1 + m)) + (27(-2 - m)*E~(-2%e + (2%c*f)/d)*(c +
Ld*x)‘m*Gamma[l +m, (2xfx(c + d*x))/d])/(axf*x((f*x(c + d*x))/d) "m)

(c+dz)™
334 f m d.’L'
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3.34.3.1 Defintions of rubi rules used

rule 2612 Int [(F_)~((g_.)*((e_.) + (£_.)*(x_)))*((c_.) + (d_.)*(x_))"(m_), x_Symboll]
:> Simp[(-F~(gx(e - c*(£/d))))*((c + d*x) FracPart[m]/(d*((-£f)*gx(Log[F]/d)

)~ (IntPart[m] + 1)*((-f)*g*Logl[F]*((c + d*x)/d)) FracPart[m]))*Gamma[m + 1,
((-f)*g*(Log[F]/d))*(c + d*x)], x] /; FreeQ[{F, c, d, e, £, g, m}, x] &&

! IntegerQ[m]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

ruke4210‘Int[((C_.) + (d_)*(x)) (@ )/((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1), x_Sym
‘bol] :> Simp[(c + d*x)"(m + 1)/(2*axd*(m + 1)), x] + Simp[1/(2*a) Int[(c
‘+ d*x) “m*E~ (2% (a/b)*(e + f*x)), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] &
‘& EqQ[a~2 + b~2, 0] && !IntegerQ[m]

—

3.34.4 Maple [F]

(dz + )™
/a+acoth(fz+e)dx

input Lint ((d*x+c) "m/ (a+a*coth(f*x+e)) ,x)

~—

-

output Lint ((d*x+c) “m/ (a+axcoth(f*x+e)),x)

-/

3.34.5 Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.68

/ (c+ dz)™ i

a + acoth(e + fx)
miog(*f ) +2de-2c mlog (2
(dm -+ d) cosh (d oo Jroae 2 f)r@u,w)_(dm+d)r(m+1,z<df3+cf>)smh <_d os(’,

4 (adfm + adf)

inputLintegrate((d*x+c)“m/(a+a*coth(f*x+e)),x, algorithm="fricas") J

(c+dz)™
334 f m d.’L'
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output‘ 1/4x((d*m + d)*cosh((d*m*log(2*f/d) + 2*dxe - 2%c*f)/d)*gamma(m + 1, 2*x(d*
\f*x + cxf)/d) - (d*m + d)*gamma(m + 1, 2*(d*f*x + c*f)/d)*sinh((d*m*1log (2%
\f/d) + 2%dxe - 2%cxf)/d) + 2x(d*f*x + cxf)*cosh(m*log(d*x + c)) + 2*(d*f*x
‘ + c*f)*sinh(m*log(d*x + c)))/(axd*f*m + a*d*f)

3.34.6 Sympy [F]

(c+dzx)™

/ (C + dx)m f coth (e+f)z)+1 dx

dr =
a + acoth(e + fz) a

input Lintegrate ((dxx+c)**m/ (a+a*coth(f*x+e)) ,x)

outputLIntegral((c + d*x)**m/(coth(e + f*x) + 1), x)/a

3.34.7 Maxima [F]

/ (c+dx)™ dp — / (dz +c)™ i

a + acoth(e + fz) acoth(fr+e)+a

inputLintegrate((d*x+c)‘m/(a+a*coth(f*x+e)),x, algorithm="maxima")

outputtintegrate((d*x + ¢)"m/(a*coth(f*x + e) + a), x)

3.34.8 Giac [F]

/ (c+ dz)™ dp — / (dz +c)™ i

a + acoth(e + fz) acoth(fx+e)+a

-

input Lintegrate ((d*x+c) “m/ (ata*coth(f*x+e)) ,x, algorithm="giac")

-/

outputtintegrate((d*x + c)"m/(axcoth(f*x + e) + a), x)

(c+dz)™
334 f m d.’L'
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3.34.9 Mupad [F(-1)]

Timed out.

/ (c+ dz)™ d — / (c+dz)™ I

a + acoth(e + fz) a+ acoth (e+ fx)

input Lint((c + d*x)"m/(a + axcoth(e + f*x)),x)

output Lint((c + d*x)"m/(a + axcoth(e + f*x)), x)

(c+dz)™
334 f m d.’L'
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3.35.1 Optimal result

Integrand size = 20, antiderivative size = 152

(c+dz)™ dp — (c+ dz)t+™
/ (a + acoth(e + fx))?2 v 4a2d(1 4+ m)

9-2-me=2e+ % (0 4 g)m <f(0+dw)>_m r (1 +m, 2f(c;dw)>

i d
a’f

A-2-m g —det 2 (c + da)™ (f(c:;dw)>_ F<1 +m, 4f(c;dw)>
a?f

(1/4* (d*x+c) "~ (1+m) /a~2/d/ (1+m) +2~ (-2-m) *exp (—2*e+2*c*f /d) * (d*x+c) “m*xGAMMA (1
\ +m, 2*%f* (d*x+c)/d) /a~2/f/ ((£* (d*x+c) /d) "m) -4~ (-2-m) xexp (-4*e+4*xc*f/d) x (d*x+ \
Lc) “m*GAMMA (1+m, 4*£* (d*x+c) /d) /a~2/£/ ((£* (d*x+c) /d) "m) J

3.35.2 Mathematica [A] (verified)

Time = 1.73 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.07

(c+ dx)™ d
T
(a + acoth(e + fx))?
(c+ dz)mesch?(e + f) (%3” + 22 (f(5 ) T (14 m, L) gme-2er ! ((Letde)

1662 f(1 + coth(e + fx))?

(c-l-dz
335. | Gracothersm? 9%
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input ‘ Integrate[(c + d*x)"m/(a + axCoth[e + f*x])~2,x]

output‘/((c + dx*x) “m*Cschle + f£xx] 2% ((4*E~(2*e)*f*(c + d*x))/(d*(1 + m)) + (27(2

‘— m) *E~ ((2*c*f) /d) *Gamma[1 + m, (2*%fx(c + d*x))/d])/(fx(c/d + x))"m - (E~(
‘—2*e + (4xcxf)/d)*Gamma [l + m, (4*f*(c + d*x))/d])/ (4 m*((f*(c + d*x))/d)~
Lm))*(Cosh[f*x] + Sinh[f*x])~2)/(16*xa~2xf*(1 + Cothl[e + f*x])~2)

|

3.35.3 Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, number of rules _ 150, Rules used
integrand size

= {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dx) i
(acoth(e + fz) + a)?

| 3042
/ (a—i e + da:)fn 2%

a—iatan (ie+ifr+ %))

l 4212

/ e—4e—4f:v(c+dw)m B e—2e—2fw(c+dw)m N (C+d$)m i
4a2 2a2 4q?

l 2009

2-m=2¢" ~2¢(c 4 da)™ (M) B F(m +1,20 dgc))
a’f -
2f 4a2d(m + 1)

input LInt[(c + d*x)“m/(a + a*Coth[e + f*x])~2,x]

output‘ (c + d*x)~(1 + m)/(4*%a~2%d*(1 + m)) + (2°(-2 - m)*E~(-2%e + (2xcxf)/d)*(c

\+ d*x) “m*Gamma[1 + m, (2*xf*x(c + d*x))/d])/(a~2*f*x((f*(c + d*x))/d)"m) - (4
\‘(—2 - m)*E~(-4%e + (4*c*f)/d)*(c + d*x) m*Gammal[l + m, (4xf*(c + d*x))/d]
)/ (a"2x£x ((£*(c + d*x))/d)"m)

ERI———.——., -/

(c-l-dz
3.35. f (a+a coth(e+fz))2 dz



CHAPTER 3. LISTING OF INTEGRALS 268

3.35.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4212 Int [((c_.) + (d_.)*(x)) " (m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~(2x(a/b)*(e + f*
x))/(2*xa))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a~2 + b~2
» 0] && ILtQ[n, O]

3.35.4 Maple [F]

/ (dz + c) i
(a + acoth (fz +¢€))?

input Lint((d*x+c)’“m/(a+a*coth(f*x+e))“2,x) J

outputLint((d*x+c)“m/(a+a*coth(f*x+e))“2,x) J

3.35.5 Fricas [A] (verification not implemented)
Time = 0.09 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.63

(c+dz)™
(a + acoth(e + fx))?2

mlog (£ e—4dc mlog (21 . 9e
(dm + d) cosh (d oo ?1+4d : f) I‘(m +1, _4(dfﬂccl+0f)> — 4 (dm + d) cosh <d og (4 ();Qd ’ f) F(m

inputLintegrate((d*x+c)‘m/(a+a*coth(f*x+e))‘2,x, algorithm="fricas") J

(c+d$)m
335. | Gracothersm? 9%
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output | -1/16*((d*m + d)*cosh((d*m*log(4*f/d) + 4*d*e - 4xc*f)/d)*gamma(m + 1, 4x(
d*f*x + cxf)/d) - 4x(d*m + d)*cosh((d*m*xlog(2*f/d) + 2*d*e - 2xc*f)/d)*gam
ma(m + 1, 2x(d*f*x + cxf)/d) - (d*m + d)*gamma(m + 1, 4x(d*f*x + cxf)/d)*s
inh ((d*m*log(4*f/d) + 4*d*e - 4*cxf)/d) + 4*(d*m + d)*gamma(m + 1, 2*(d*f=*
x + c*f)/d)*sinh((d*m*log(2*f/d) + 2*d*e — 2%c*f)/d) - 4*x(d*f*x + c*f)*cos
h(m*log(d*x + c)) - 4*x(d*f*x + c*f)*sinh(m*log(d*x + c)))/(a"2xd*f*m + a~2
*xd*f)

3.35.6 Sympy [F]

dz

(c+dz)™
/ (C + dx)m _ f coth? (e4fx)+2 coth (e+fx)+1 dx
(a + acoth(e + fz))? a?

inputLintegrate((d*x+c)**m/(a+a*coth(f*x+e))**2,x)

outputtlntegral((c + d*x)**m/(coth(e + f*x)**2 + 2%coth(e + f*x) + 1), x)/a*x*2

3.35.7 Maxima [F]

(c+ dzx) B (dz +¢) .
/ (a + acoth(e + fz))? de = / (acoth (fz + €) + a)? d

inputLintegrate((d*x+c)“m/(a+a*coth(f*x+e))“2,x, algorithm="maxima")

output Lintegrate((d*x + ¢c)"m/(axcoth(f*x + e) + a)72, x)

(c+d$)m
335. | Gracothersm? 9%
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3.35.8 Giac [F|

/ (c+ dz)™ (dz +c)™
(

a + acoth(e + fx))? de (acoth (fz +€) + a)?

inputLintegrate((d*x+c)‘m/(a+a*coth(f*x+e))‘2,x, algorithm="giac")

output Lintegrate((d*x + c)"m/(a*xcoth(f*x + e) + a)72, x)

3.35.9 Mupad [F(-1)]

Timed out.

(c+ dz)™ _ (c+dx)™
(a + acoth(e + fx))? dz = / (

a+ acoth (e + f z))?

inputtint((c + d*x)"m/(a + axcoth(e + f*x))~2,x)

output Lint((c + d*x)"m/(a + akxcoth(e + f*x))~2, x)

(c+dm)m
335. | Gracothersm? 9%
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3.36.1 Optimal result

Integrand size = 20, antiderivative size = 223

/ (c+dz)™ d
(a + acoth(e + fx))3

(c+ dz)*+m 3 9-4-me=2e+2 (o 4 dg)m ( Hd_dx)> o I‘(l +m, M)
8a3d(1+ m) adf
3 270 2metet Y (¢ 4 doym (LE54)) D (14 m, et
adf
9—4-mg—1-mg—6e+ G (c+ dz)™ <M> r (1 +m, L‘J{dm»
a3 f

_|_

output | 1/8%(d*x+c) ~(1+m) /a~3/d/ (1+m) +3%2~ (-4-m) *exp (-2*e+2xc*f/d) * (d*x+c) “m*GAMMA
(1+4m,2*%f* (d*x+c) /d) /a~3/f/ ((£* (d*x+c) /d) “m) -3*2~ (-5-2*m) *exp (-4*e+4*c*f/d)
* (d*x+c) “m*GAMMA (1+m, 4*f* (d*x+c) /d) /a~3/f/ ((£*(d*x+c)/d) "m)+2~ (-4-m) *3~ (-1
-m) xexp (—6*e+6*xcxf/d) * (d*x+c) “m*GAMMA (1+m, 6*f* (d*x+c)/d) /a~3/£f/ ((£*(d*x+c)
/d)"m)

(c-l-dz
336. | Gracothersm 9T




.
input Integrate[(c + d*x) m/(a + a*Coth[e + f*x])~3,x]

output
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3.36.2 Mathematica [A] (verified)

Time = 1.97 (sec) , antiderivative size = 228, normalized size of antiderivative = 1.02

(c+dx)
/ (a + acoth(e + fx))3 dz
275-2m3-1-me=3¢(f (< 4 z)) ™" (c + dz)™csch®(e + fz) (121+m666f (F(¢+2))" (c+ dz) + 21+m3*md

(27(-5 - 2*m)*3" (-1 - m)*(c + d#*x) m*Cschl[e + f*xx] 3*(127(1 + m)*E~ (6*e)*f
*(fx(c/d + x))"mk(c + d*x) + 27(1 + m)*37(2 + m)*d*E~(4*e + (2*cxf)/d)*(1
+ m)*Gamma[1 + m, (2%f*x(c + d*x))/d] - 37(2 + m)*d*E~(2*xe + (4*cxf)/d)*(1
+ m)*Gamma[1 + m, (4*fx(c + d*x))/d] + 27 (1 + m)*d*E~ ((6*c*f)/d)*(1 + m)*G
amma[l + m, (6%fx(c + d*x))/d])*(Cosh[f*x] + Sinh[f*x])~3)/(a~3*d*E~(3*e)*
fx(1 + m)*(fx(c/d + x))"m*x(1 + Coth[e + f*x])~3)

3.36.3 Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Bumber of rules _ 150 Ryles used

integrand size
= {3042, 4212, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c+ dzx) i
(acoth(e + fz) + a)3
| 3042

/ ( (c+dx)™ i

: . 3
a—iatan (ie+ifr+ %))

l 4212

8a3 8a3d 8a3 8a3

l 2009

(c-l-dz
3.36. f (a+a coth(e+fz))3 dz
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327t 2 (o doym (L4 ) T (m 41, 2lepin))

e
3 272m=5¢ " ~4¢(c 4 dz)™ (f({j;d’”)) (1, M)
a3f +
g—m—4g-—m—1, Sef 6e(c+dx)m< c+da:)> F(m—i—l 6f(c+dm)) (c 1 dz)™+1
adf 8a3d(m + 1)

input‘Int[(c + d*x) "m/(a + a*Coth[e + f*x])~3,x]

output| (¢ + d*x)~(1 + m)/(8%a~3*d*(1 + m)) + (3*%2°(-4 - m)*E~(-2%e + (2xc*f)/d)*(
¢ + d*x) “m*Gamma[1l + m, (2*f*(c + d*x))/d])/(a"3*f*((f*(c + d*x))/d)"m) -
(3%27° (-5 - 2*«m)*E~(-4*e + (4*xcxf)/d)*(c + d*x) mkGamma[l + m, (4*xf*(c + dx*
x))/dl)/(a~3*%f*((f*(c + d*x))/d)"m) + (27(-4 - m)*37 (-1 - m)*E~(-6%e + (6%
cxf)/d)*(c + d*x) "m*Gamma[l + m, (6*f*(c + d*x))/d])/(a"3*fx((£*(c + d*x))
/d) "m)

3.36.3.1 Defintions of rubi rules used

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ruk33042‘Int[u_, x_Symbol] :> Int([DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

rule 4212‘Int[((c_.) + (d_)*(x_))"(m_)*((a ) + (b_.)*tan[(e_.) + (£_.)*(x_01)"(n.),
‘x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + E~(2x(a/b)*(e + f*
'x))/(2%a))~(-n), x1, x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a~2 + b™2
, 0] && ILtQ[n, 0]

(c-l-dz
336. | Gracothersm 9T
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3.36.4 Maple [F]

/ (dz + ¢) s
(a + acoth (fz + e))3

~—

p
input Lint ((d*x+c) “m/ (a+a*coth (f*x+e)) ~3,x)

~—

output Lint ((d*x+c) “m/ (a+a*coth (f*x+e)) ~3,x)

3.36.5 Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 345, normalized size of antiderivative = 1.55

(c+ dx)™ s
(a + acoth(e + fx))3
dmlog(%)—i—ﬁde—ﬁcf 6 (dfz+cf) dmlog(%)+4de—4cf
2 (dm + d) cosh i F<m+1,T) — 9 (dm + d) cosh 5 I‘(m
input Lintegrate ((d*x+c)“m/ (at+a*xcoth(f*x+e)) "3,x, algorithm="fricas") J

/

output | 1/96* (2% (d*m + d)*cosh((d*m*log(6*f/d) + 6*d*e - 6%c*f)/d)*gamma(m + 1, 6%
(d*f*x + c*f)/d) - 9*(d*m + d)*cosh((d*m*log(4*f/d) + 4*xdxe - 4*cxf)/d)*ga
mma(m + 1, 4*(d*f*x + cxf)/d) + 18x(d*m + d)*cosh((d*m*log(2*f/d) + 2*d*e
- 2xc*f)/d)*gamma(m + 1, 2x(d*f*x + c*f)/d) - 2*(d*m + d)*gamma(m + 1, 6%(
dxf*x + cxf)/d)*sinh((d*m*log(6*f/d) + 6*d*e - 6%c*f)/d) + 9*(d*m + d)*gam
ma(m + 1, 4x(d*f*x + c*f)/d)*sinh((d*m*xlog(4*f/d) + 4xdxe - 4xcxf)/d) - 18
*(d*m + d)*gamma(m + 1, 2x(d*f*x + c*f)/d)*sinh((d*m*log(2+f/d) + 2*d*e -
2xcxf)/d) + 12x(d*fxx + c*xf)*cosh(mklog(d*x + c)) + 12%(d*f*x + c*f)*sinh(
m*xlog(d*x + c)))/(a~3*d*f*m + a~3*d*f)

(c-l-dz
336. | Gracothersm 9T
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3.36.6 Sympy [F]

(c+dx)™
(C + dx)m dr — f coth® (e+fx)+3 coth? (e+ fz)+3 coth (e+fz)+1 dz
(a 4+ acoth(e + fz))3 a?

inputLintegrate((d*x+c)**m/(a+a*coth(f*x+e))**3,x)

output‘Integral((c + dxx)**m/(coth(e + f*x)#**3 + 3*coth(e + f*x)**2 + 3*coth(e +

\f*x) + 1), x)/a**3

3.36.7 Maxima [F]

/ (c+ dzx)™ dp — (dzx + )™ i
(a + acoth(e + fx))3 (acoth (fz +e) + a)°

inputLintegrate((d*x+c)‘m/(a+a*coth(f*x+e))‘3,x, algorithm="maxima")

outputtintegrate((d*x + c)"m/(a*coth(f*x + e) + a)~3, x)

3.36.8 Giac [F]

/ (c+ dz)™ dp — (dz + )™ s
(a + acoth(e + fz))? (acoth (fz +e) + a)®

inputkintegrate((d*x+c)‘m/(a+a*coth(f*x+e))‘3,x, algorithm="giac")

p
output Lintegrate((d*x + c)"m/(a*xcoth(f*x + e) + a)~3, x)

-/

(c+dz)™
336. | Gracothersm 9T
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3.36.9 Mupad [F(-1)]

Timed out.

(c+ dz)™ B (c+dz)™
(a + acoth(e + fx))3 do = / (a + acoth (e + f z))°

p
input Lint((c + d*x)“m/(a + a*coth(e + f*x))~3,x)

\ 4

output Lint((c + d*x)"m/(a + axcoth(e + f*x))~3, x)

(c+d$)m
336. | Gracothersm 9T
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3.37 [(c+dz)3(a+ bceoth(e + fz)) dz

3.37.1 Optimal result . . . . . . .. . ... 27T
3.37.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 278
3.37.3 Rubi [A] (verified) . . . . . ... .. 279
3.37.4 Maple [B] (verified) . ... ... . ... ... 280
3.37.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ... 28]
3.37.6 Sympy [F] . . . . . . 28]
3.37.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ...
3.37.8 Giac [F] . . . . o 283
3.37.9 Mupad [F(-1)] . . . . o o 283

3.37.1 Optimal result

Integrand size = 18, antiderivative size = 133

e = a(c+ dx)* (et dz)* N b(c + dz)3log (1 — eXc/2))
4d 4d f
3bd(c + dz)? PolyLog (2, eX(¢*/2))
+ 2f2
3bd*(c + dz) PolyLog (3, e2(¢+/®))
_ T
3bd? PolyLog (4, e(¢+/®))
4f4

/(c +dz)*(a + beoth(e + fx))

output \ 1/4xa* (d*x+c) ~4/d-1/4*b* (d*x+c) ~4/d+b* (d*x+c) “3*1n(1-exp (2xf*x+2%e)) /£+3/2
‘*b*d*(d*x+c)A2*polylog(2,exp(2*f*x+2*e))/f‘2—3/2*b*d‘2*(d*x+c)*polylog(3,e
xp (2*f*xx+2%e) ) /£~ 3+3/4*b*d~3*polylog (4, exp (2*f*x+2%e)) /"4

N\ J

3.37.  [(c+dz)*(a+ beoth(e + fz))dz
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3.37.2

Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 249, normalized size of antiderivative = 1.87

/(c + dz)3(a + beoth(e + f)) dx

1
- <4ac3m + 6ac’dx® — 6bc*dz? + dacd®*x® — dbed?

W

12bc?dz log (1 — eX(e*/2))

~/~

+ ad®z* — bd®z* +

<

N 12bed?z? log (1 — e2(+/®))

~[—

4bd?z3 log (1 — e2(e+/2)) N 4bc? log(cosh(e + fz))

f f
N 4bc3 log(tanh(e + fr))

f
6bd(c + dz)? PolyLog (2, e2(et+f w))

Iz
6bd*(c + dz) PolyLog (3, e2(e+f ﬂﬂ))

f3
N 3bd® PolyLog (4, eX(¢+/)) )

f4

-

input LIntegrate [(c + d*x)"3*x(a + b*Coth[e + f*x]),x]

output

~—

(4*a*c™3*x + Bkaxc™2*d*x"2 — 6%bkcT2xd*x"2 + 4¥akckd"2%x"3 - 4xb*ckd"2xx"3
+ a*d"3*x~4 - b*d"3*x"4 + (12%bkxc~2*d*x*Log[l - E~(2x(e + f*x))]1)/f + (12
*bkcxd~2%x"2*Log[1 - E~(2%(e + £*x))])/f + (4*bxd~3*x"3*Log[l - E~(2*(e +
f*x))])/f + (4xbxc~3xLog[Cosh[e + f*x]])/f + (4xbxc~3xLog[Tanh[e + f*x]])/
f + (6xbxd*(c + d*x) " 2*PolyLog[2, E~(2*(e + £xx))])/£f72 - (6%b*d"2x(c + d*
x)*PolyLog[3, E~(2*(e + f*x))])/f"3 + (3*bxd~3*PolyLogl[4, E~(2*%(e + f*x))]

)/£74)/4

3.37.  [(c+dz)*(a+ beoth(e + fz))dz



CHAPTER 3. LISTING OF INTEGRALS 279

3.37.3 Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 157 Ryles used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3(a + beoth(e + fx)) dz
| 3042

/(c+d:c)3 (a—z’btan (ie+ifx+ g)) dz

l 4205

/ (a(c+ dz)® + b(c + dz)? coth(e + fz)) dz

| 2009
a(c+ dz)*  3bd*(c + dz) PolyLog (3, 62(e+fw)) N 3bd(c + da)? PolyLog (2, e2(e+f:1:)) .
4d 2f3 2f2
b(c+ dz)®log (1 — eXT/2))  p(c+ da)* N 3bd® PolyLog (4, e2(¢+f2))
f 4d 4f4

inputtlnt[(c + d*x)~3x(a + b*Coth[e + f*x]),x]

output‘ (a*x(c + d*x)"4)/(4%d) - (bx(c + d*x)~4)/(4*d) + (bx(c + dxx) 3*Logl[l - E~(
‘2*(6 + £xx))])/f + (3xb*d*(c + d*x) 2*PolyLog[2, E~(2*(e + f*x))])/(2*£~2)
| - (3%bxd~2%(c + d*x)*PolyLogl[3, E~(2x(e + £xx))1)/(2%£°3) + (3%bxd"3+Poly
‘Logl4, E~(2+(e + £*x))1)/(4*£74)

3.37.3.1 Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

3.37.  [(c+dz)*(a+ beoth(e + fz))dz



rule 4205 Int[((c_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tanl(e_.) + (£_.)*x(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],

input

output
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\ x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.37.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 765 vs. 2(123) = 246.

Time = 0.42 (sec) , antiderivative size = 766, normalized size of antiderivative = 5.76

method | result

I'iSCh f3 - f2 f3 f4

3.3 2.2 2.3 2bd3e3 In(efzte 2.2 4
__2bdle’z 3bd c’e _|_4bd ce + ( ) +ad2cw3+3ad2ca: —|—ac3a:+bf

_ d3ba*
4

ad3z?
+ 4

_|_

;
int ((d*x+c) ~3* (a+b*coth (f*x+e)) ,x,method=_RETURNVERBOSE)

-2/f73%b*d"3%e"3*x-3/f " 2%bxd*c"2%e"2+4/f ~3*b*d"2%c*e~3+2/f 4*b*d~3*e”3*1n(
exp (f*x+e)) +a*xd~2kcxx~3+3/2xaxd*c~2*x"2+a*c”~3*x+1/4/d*bxc”4-1/4*d"3*b*x "4+
1/4*a*d”3%x"4+1/4%a/d*c”4+6/£f " 2%bxd~2*%c*e~2xx-d " 2%b*c*x"3-3/2*d*b*c"2*%x "2+
b*c~3*x-6/f*b*d*c~2*exx-2/f*bxc”3*1n(exp (f*x+e))-3/2/f~4*bxd"3*xe~4-6/f"3*b
*d~2%c*e”2x1n(exp (f*x+e))+6/f " 2xb*d*c~2xe*1n(exp (f*x+e) ) +3/f " 2*b*d*c~2*pol
ylog(2,exp (f*x+e))+3/f " 2*%b*d*c~2*polylog(2,-exp (f*x+e))+1/f 4*b*d~3*1n(1-e
xp(f*x+e) ) *e"3+1/f*b*d"3*1n(1-exp (f*x+e) ) *x"3+3/£f " 2*b*d~3*polylog(2,exp (£f*
x+e) ) *x~2-6/£f"3*%bxd~2*c*polylog(3,exp (f*x+e))-6/f " 3xbxd~2*c*polylog(3,-exp
(f*x+e))-6/f"3*b*d"3*polylog(3,exp (f*x+e))*x+1/f*bxd~3*1n(1+exp (f*x+e))*x~
3+3/f72xb*d~3*polylog(2,-exp (f*x+e))*x~2-6/f"3*b*d~3*polylog(3,-exp (f*x+e)
) *x—1/f"4%bxd"3*e”~3%1n (exp (f*x+e)-1)+3/f*b*d*c”2*1n(1-exp (f*x+e) ) *x+3/£f 2%
bxd*c~2*1n(1-exp (f*x+e) ) *e+3/f*b*xd*c~2*1n (1+exp (f*x+e) ) *x+3/f "3*b*d " 2*c*e”
2x1n (exp (f*x+e)-1)+3/f*bxd"2*c*1n(1-exp (f*x+e) ) *x~2-3/£"3*b*d"2*c*1n(1-exp
(f*xx+e) ) *xe”2+6/£f"2xb*d~2*c*polylog(2,exp (f*x+e) ) *x+3/f*b*d~2*c*1n (1+exp (f*
x+e) ) *x~2+6/f " 2%b*xd~2*c*polylog(2,-exp(f*x+e) ) *x+1/f*b*c"3*1n(exp (f*x+e)-1
)+1/fxbxc~3%1n(1+exp (f*x+e))+6/f~4*b*d~3*polylog(4,-exp(f*x+e))+6/f 4xb*d~
3*polylog(4,exp(f*x+e))-3/f"2xb*d*c~2xex1n(exp (f*x+e)-1)

3.37.  [(c+dz)*(a+ beoth(e + fz))dz
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3.37.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 488 vs. 2(122) = 244.

Time = 0.26 (sec) , antiderivative size = 488, normalized size of antiderivative = 3.67

/(c + dz)*(a + beoth(e + fz)) dz
(a —b)d3fiz* + 4 (a — b)cd® fA23 + 6 (a — b)?df*z? + 4 (a — b)c3 fiz + 24 bd®polylog(4, cosh (fz + €) +

inputLintegrate((d*x+c)‘3*(a+b*coth(f*x+e)),x, algorithm="fricas") J

e N

output | 1/4*((a - b)*d"3*f"4*x"4 + 4*(a - b)*cxd"2*xf"4*x"3 + 6%(a - b)*c™2xd*f~4x*x
2 + 4*x(a - b)*c"3*xf"4*x + 24*bxd"3*polylog(4, cosh(f*x + e) + sinh(f*x +

e)) + 24xb*d~3*polylog(4, -cosh(f*x + e) - sinh(f*x + e)) + 12%(b*d"~3*f~2x
X"2 + 2xbxckd"2*f"2%x + b*c"2xd*f~2)*dilog(cosh(f*x + e) + sinh(f*x + e))

+ 12%(b*xd"3*f"2+x"2 + 2*%b*c*xd"2*f"2%x + bkxc 2*d*f"2)*dilog(-cosh(f*x + e)

- sinh(f*x + e)) + 4x(b*d"3*f£73*x"3 + 3*bkc*kd 2xf"3*x"2 + 3xbkc”2*d*f " 3*x

+ b*c~3*xf"3)*log(cosh(f*x + e) + sinh(f*x + e) + 1) - 4*(b*d"3%e”3 - 3*bx*c
*q"2%e"2xf + 3*kbxc"2*d*exf~2 - bkc~3*f"3)*log(cosh(f*x + e) + sinh(f*x + e
) = 1) + 4x(b*d~3*f"3%x"3 + 3%bkckxd"2*f"3*x"2 + 3*bkxc"2*d*f"3*x + b*d"3%e”
3 - 3*b*c*d"2xe”2*%f + 3¥bkc"2xd*e*xf~2)*log(-cosh(f*x + e) - sinh(f*x + e)

+ 1) - 24x(b*d~3*f*x + bkckd~2*f)*polylog(3, cosh(f*x + e) + sinh(f*x + e)
) - 24%(b*d~3*f*x + bkcxd"2*f)*polylog(3, -cosh(f*x + e) - sinh(f*x + e)))
/£74

3.37.6 Sympy [F]

/(c + dz)3(a + beoth(e + fx)) dr = / (a + beoth (e + fz)) (c + dz)® d

inputLintegrate((d*x+c)**3*(a+b*coth(f*x+e)),x) J

outputLIntegral((a + bxcoth(e + f*x))*(c + d*x)*x*3, x) J

3.37.  [(c+dz)*(a+ beoth(e + fz))dz
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3.37.7 Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 419 vs. 2(122) = 244.

Time = 0.26 (sec) , antiderivative size = 419, normalized size of antiderivative = 3.15

/(c +dz)*(a + beoth(e + fz)) dr = E ad’z* + ! bd>z* + acd®x® + bed*x® + g ac’dz?

4 4
3 . 1 (fz+e) 4 1 Li, (—e(fz+e) 2
+gbc2dx2+ac3m+bc 10g(s1n;1(fx+e))+3(fx og (e + 302+ ir(—e ))bc*d
3 (fzlog (—e\™+9) 4+ 1) + Liy (e/=+9)) ) bc*d
+ 72
3 (f2z%log (e=+9) + 1) + 2 fzLis (—el/*+)) — 2 Liz(—el/*+9))) bed?
73
N 3 (f2z?log (—e\/™+9) + 1) + 2 fzLiy (elU*T9) — 2 Liz(el/*+¢))) bed?
3
N (f3z%log (e*+) + 1) + 3 f22?Liy (—e/*+)) — 6 faLis(—e/*+)) + 6 Liy(—el/*+)))bd®
Iz
(f3z%log (—elft® + 1) + 3 f22?Liy (/o)) — 6 faLis(el/*+)) + 6 Lis(e/29) ) bd?
Iz

b izt + dbed® f1a® + 6 bdf e’
2 f4

inputLintegrate((d*x+c)“3*(a+b*coth(f*x+e)),x, algorithm="maxima")

output | 1/4*a*d~3*x"4 + 1/4%bxd"3*x74 + axc*xd"2*x"3 + bxc*kd"2*xx"3 + 3/2%axc”2*d*x”
2 + 3/2*%b*c”2*d*x"2 + a*c”3*x + bxc~3*log(sinh(f*x + e))/f + 3*(f*xx*log(e”
(fxx + e) + 1) + dilog(-e~(f*x + e)))*b*xc™2*xd/f72 + 3*x(f*x*log(-e~(f*x + e
) + 1) + dilog(e”(f*x + e)))*bxc™2xd/f72 + 3*x(£"2*x"2*log(e”(f*x + e) + 1)
+ 2xfxx*dilog(-e~ (f*x + e)) - 2*polylog(3, -e~(f*x + e)))*b*xcxd~2/£f°3 + 3
*(£72+x"2*1log(-e~(f*x + e) + 1) + 2*fxx*kdilog(e”(f*x + e)) - 2*polylog(3,
e~ (f*x + e)))*b*xcxd~2/f"3 + (£ 3*x"3xlog(e~(f*x + e) + 1) + 3*f 2*x"2xdilo
g(-e~(fxx + e)) - 6xf*x*polylog(3, -e~(f*x + e)) + 6*polylog(4, -e~(f*xx +
e)))*bxd~3/f74 + (£73*x"3*log(-e~(f*x + e) + 1) + 3*f"2xx"2*dilog(e” (f*x +
e)) - 6xf*xxxpolylog(3, e~ (f*x + e)) + 6*polylog(4, e~ (f*x + e)))*bxd~3/f"
4 - 1/2%(b*d"3*f"4*x"4 + 4¥bkcxd"2*f"4*x"3 + 6*¥bxc”2*d*f"4xx"2)/f"4

3.37.  [(c+dz)*(a+ beoth(e + fz))dz
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3.37.8 Giac [F|

/(c +dz)3(a + beoth(e + fx)) dx = / (dz + ¢)*(bcoth (fz + €) + a) dz

input Lintegrate ((d*x+c) “3*(atb*coth(f*x+e)) ,x, algorithm="giac")

outputtintegrate((d*x + ¢c)73x(b*xcoth(f*x + e) + a), x)

3.37.9 Mupad [F(-1)]

Timed out.

/(c +dz)*(a + beoth(e + fz)) dr = / (a+bcoth(e + fx)) (c+dz)®de

input Lint((a + b*coth(e + f*x))*(c + d*x)~3,x)

output Lint((a + b*coth(e + f*x))*(c + d*x)~3, x)

3.37.  [(c+dz)*(a+ beoth(e + fz))dz
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3.38 [(c+dz)*(a+ bceoth(e + fz)) dzx

3.38.1 Optimal result . . . . .. .. . .. . 2841
3.38.2 Mathematica [A] (verified) . . . . . .. . ... ... o 284
3.38.3 Rubi [A] (verified) . . . . . ... ... 285
3.38.4 Maple [B] (verified) . . . ... ... . ... 280
3.38.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... . 287
3.38.6 Sympy [F] . . . . . . 28T
3.38.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ..
3.38.8 Giac [F] . . . o o o 288
3.38.9 Mupad [F(-1)] . . . . o 289

3.38.1 Optimal result

Integrand size = 18, antiderivative size = 101

di = a(c+dz)®  b(c+dr)® N b(c + dz)?log (1 — eX(c/2))

/(c + dz)*(a + beoth(e + fx))

3d 3d f
bd(c + dz) PolyLog (2, eX(¢/2))
12
bd? PolyLog (3, e2(+/2))
2f3
output ‘/1/3*a* (d*x+c)~3/d-1/3*b* (d*x+c) ~3/d+b* (d*x+c) “2*x1n(1-exp (2*f*x+2xe) ) /f+b*xd \

% (dxx+c) *polylog (2, exp(2xf*x+2xe) ) /£72-1/2%bxd"2¥polylog (3, exp (2+f*x+2xe))

L/f*s J

3.38.2 Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.48

/(c +dz)*(a + beoth(e + fz)) dx

_ 2f*(3ac®fx + 3acdfz® — 3bedfz® + ad® fz® — bd® fx® + 3bdz(2c + di) log (1 — e2T/™) + 3bc? log(cosh(
= &7

e

inputLIntegrate[(c + d*x) "2%(a + b*Coth[e + f*x]),x]

~—

3.38.  [(c+dz)*(a+ beoth(e+ fz))dz
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output‘ (2%£~2% (3ka*c™2xf*x + 3kakxckdrf*x~2 — 3xbkckd*f*x"2 + a*d™2xf*x"3 - b*d~2x*
‘f*x"B + 3*bkd*xx*(2xc + d*x)*Log[l - E~(2*(e + f*x))] + 3*b*c™2xLog[Coshl[e
\+ fxx]] + 3xbxc”"2*Log[Tanh[e + f*x]]) + 6%bxdxf*(c + d*x)*PolyLog[2, E~(2*
‘(e + f*x))] - 3%bkd~2xPolyLogl[3, E~(2x(e + £*x))])/(6%f~3)

3.38.3 Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.00,

number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 167 Ryles used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)?(a + beoth(e + fz)) dx
| 3042

/(C+d.%')2 (a—ibtan (ie+ifx+ g)) dx

l 4205

/ (a(c+ dz)? + b(c + dz)? coth(e + fz)) dz

| 2009
a(c + dz)? N bd(c + dz) PolyLog (2, eX(¢+/2)) N b(c+ dz)?log (1 — e2+f2))  p(c 4 dz)3
3d 72 7 3d
bd? PolyLog (3, e2(¢+f2))
213

-

input LInt[(c + d*x)"2%(a + b*Coth[e + f*x]),x]

~—

output‘ (a*(c + d*x)73)/(3*%d) - (bx(c + d*x)~3)/(3*d) + (bx(c + d*x)~2*Logl[l - E~(
‘2*(e + £*x))])/f + (b*d*(c + d*x)*PolyLogl[2, E~(2x(e + £f*x))])/f"2 - (b*xd~
2%PolyLog[3, E~(2x(e + f*x))])/(2x£73)

N

3.38.  [(c+dz)*(a+ beoth(e+ fz))dz
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3.38.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4205

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D)*(x_))"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bxTan[e + f*x])“n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.38.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 464 vs. 2(95) = 190.

Time = 0.36 (sec) , antiderivative size = 465, normalized size of antiderivative = 4.60

method | result

obdce?  2bd*e*In(ef™Fe)  g2p43
f? f3 3

4bdce In(ef=+e)

risch

bc3 2 2 ad?z? acd 4bdcex
+W+T+QC x + adcx +T+W_—

f

— (

input‘int((d*x+c)“2*(a+b*coth(f*x+e)),x,method=_RETURNVERBOSE)

output

-2/£"2xbxd*c*e”2-2/f"3*bxd~2*e”~2x1n (exp (f*x+e) ) -1/3*d"2xb*x"3+1/3/d*b*c” 3+
4/f~2xb*d*c*ex1n(exp (f*x+e) ) +a*c”2*x+a*xd*kcxx~2+1/3*a*d~2+x"3+1/3*a/d*c”3-4
/f¥b*d*cxe*x—d*bxc*x~2+bxc~2%x+4/3/f"3*%b*d"2*e”3-2/f*b*c"2*1n(exp (f*x+e))+
2/£72%b*d"2xe"2*x+2/f "2%b*d"2*polylog(2,—exp (f*x+e) ) *x+2/f " 2*b*d*c*polylog
(2,exp(f*x+e))+2/f"2*b*d*c*polylog(2,—exp (f*x+e))+1/f " 3*bxd~2%e~2*1n (exp (£
*xx+e)-1)+2/fxb*xd*c*1n(1-exp (f*x+e) ) *x+2/f " 2*b*d*c*1n(1-exp (f*x+e) ) xe+2/f*Db
*xd*cx1n(1+exp (f*x+e) ) *x-2/f " 2*b*d*c*ex1ln(exp (f*x+e)-1)+1/f*bxd~2+1n(1-exp(
f*x+e))*x"2-1/f"3%bxd~2+1n(1-exp (f*x+e) ) *e~2+2/f " 2%bxd~2*polylog(2,exp (f*x
+e) ) *x+1/f*bxd~2*1n (1+exp (f*x+e) ) *x~2-2/f " 3*b*d~2*polylog(3,-exp(f*x+e))-2
/£73%bxd~2xpolylog(3,exp (f*x+e))+1/fxb*c™2*1n(exp (f*x+e)-1)+1/fxb*c 2x1n(1
+exp (f*x+e))

3.38.  [(c+dz)*(a+ beoth(e+ fz))dz
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Time = 0.26 (sec) , antiderivative size = 303, normalized size of antiderivative = 3.00

3.38.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 303 vs. 2(94) = 188.

/(c + dz)?(a + beoth(e + fz)) dx

(a —b)df3z® + 3 (a — b)edf*z? + 3 (a — b)2 f3z — 6 bd®polylog(3, cosh (fz + €) + sinh (fz + €)) — 6 bd

inputLintegrate((d*x+c)‘2*(a+b*coth(f*x+e)),x, algorithm="fricas")

output

-

1/3%((a - b)*d"2*f"3*x"3 + 3*x(a - b)*cxd*f~3*x"2 + 3*(a - b)*c 2*xf"3*x - 6
*b*d~2*polylog(3, cosh(f*x + e) + sinh(f*x + e)) - 6xb*d~2*polylog(3, -cos
h(f*x + e) - sinh(f*x + e)) + 6*%(b*d"2*xf*x + bxcxd*f)*dilog(cosh(f*x + e)
+ sinh(f*x + e)) + 6%(b*xd"2*f*x + bxc*d*f)*dilog(-cosh(f*x + e) - sinh(f*x
+ e)) + 3x(bxd"2xf"2+x"2 + 2*kbkckxd*xf 2*x + bxc 2*xf~2)*log(cosh(f*x + e) +
sinh(f*x + e) + 1) + 3*(bxd"2*e”2 - 2*b*c*dxexf + b*c 2xf~2)*log(cosh(f*x
+ e) + sinh(f*x + e) - 1) + 3x(bxd™2*f"2%x"2 + 2*b*cxd*f~2*x - bxd"2%e”2
+ 2%b*ckdxexf)*log(-cosh(f*x + e) - sinh(f*x + e) + 1))/£f"3

3.38.6 Sympy [F]

/(c + dz)*(a + beoth(e + fx))dr = / (a + beoth (e + fz)) (c+ dx)? dx

inputLintegrate((d*x+c)**2*(a+b*coth(f*x+e)),X)

output

N

Integral((a + bxcoth(e + f*x))*(c + d*x)**2, x)

3.38.  [(c+dz)*(a+ beoth(e+ fz))dz
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3.38.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 240 vs. 2(94) = 188.

Time = 0.26 (sec) , antiderivative size = 240, normalized size of antiderivative = 2.38

/(c + dz)*(a + beoth(e + fz)) dx

1 1 2] inh
=3 ad’z® + 3 bd*x® + acdz?® + bedx® + ac’z + be log (smf (fz+e))
2 (fzlog (eV*+9) 4+ 1) + Liy (—e/*+)) ) bed
+ Iz
2 (fzlog (—e\/®+9) + 1) + Liy (e/*+9)) ) bed
+ 72
N (f2z2 log (e(fac+e) + 1) +2 foi2(_e(fx+e)) -9 Lig(—e(f$+€)))bd2
73
N (f2z%log (—e=+®) + 1) + 2 fzLis(el/*+)) — 2 Lig(e/=+))) bd?
73
| 2(bd2f%° + 3bedfz?)
3f3

inputtintegrate((d*x+c)‘2*(a+b*coth(f*x+e)),x, algorithm="maxima")

output | 1/3*a*d~2*xx~3 + 1/3*%b*d"2*x"3 + a*cxd*x~2 + bkckd*x~"2 + a*c”2*x + b*xc~2x*lo
g(sinh(f*x + e))/f + 2x(fxx*xlog(e”(f*x + e) + 1) + dilog(-e~(f*x + e)))x*b*
c*d/f72 + 2+ (f*x*log(-e~(f*x + e) + 1) + dilog(e~(f*x + e)))*bxc*xd/f~2 + (
£72xx"2+1log(e~(f*x + e) + 1) + 2xfxxxdilog(-e~(f*x + e)) - 2*polylog(3, -e
“(fxx + e)))*bxd"2/£73 + (f72*%x"2*xlog(-e” (f*x + e) + 1) + 2xf*x*dilog(e™(f
*x + e)) - 2%polylog(3, e~ (f*x + e)))*b*d~2/£f73 - 2/3*(b*d~2xf~3%x"3 + 3*b
*xckd*f~3xx"2) /£73

3.38.8 Giac [F]

/(c + dz)*(a + beoth(e + fz)) dr = / (dz + ¢)*(beoth (fz + €) + a) dz

-

input  integrate((d*x+c) ~2*(a+b*coth(f*x+e)),x, algorithm="giac")

outputtintegrate((d*x + c)"2x(b*xcoth(f*x + e) + a), x)

3.38.  [(c+dz)*(a+ beoth(e+ fz))dz
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3.38.9 Mupad [F(-1)]

Timed out.

/(c+ dz)?(a + beoth(e + fx)) dr = /(a +beoth(e + f2)) (c+dx)’dx

input Lint((a + bxcoth(e + f*x))*(c + d*x)~2,x)

outputtint((a + bkcoth(e + f*x))*(c + d*x)~2, x)

3.38.  [(c+dz)*(a+ beoth(e+ fz))dz
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3.39 [(c+ dx)(a+ beoth(e + fz)) dx

3.39.1 Optimalresult . . . . . . ... ... .. 290)
3.39.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 290
3.39.3 Rubi [A] (verified) . . . . . . ... .. 291]
3.39.4 Maple [B] (verified) . .. ... ... ... ... 292
3.39.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 292
3.39.6 Sympy [F] . . . . . . 293
3.39.7 Maxima [F] . . . . . ... 293
3.39.8 Giac [F] . . . . . o 294
3.39.9 Mupad [F(-1)] . . . . o o o 294

3.39.1 Optimal result

Integrand size = 16, antiderivative size = 75

a(c+dz)?  b(c+ dx)? N b(c + dz)log (1 — /)

/(c+ dz)(a + beoth(e + fz)) dz = g T od 7

bd PolyLog (2, eX(¢*/2))
2f2

output \ 1/2*xa* (d*x+c) ~2/d-1/2*b* (d*x+c) ~2/d+b* (d*x+c) *1n(1-exp (2*f*xx+2xe) ) /£+1/2%Db
L*d*polylog(Q,exp(2*f*x+2*e))/f‘2

3.39.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.16

bdz log (1 — e?¢*+2/7)

/(c + dz)(a + beoth(e + fz)) dr = acx + %aal:z:2 — 1bdar:2 +

2 f
N be(log(cosh(e + fx)) + log(tanh(e + fx)))
f
bd PolyLog (2, e?+2/7)

2f2

input LIntegrate[(c + dxx)*(a + b*Coth[e + f*x]),x]

3.39.  [(c+dz)(a+bcoth(e+ fz))dz
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output‘a*c*x + (axd*x~2)/2 - (b*d*x~2)/2 + (bxd*x*Log[l - E~(2xe + 2*f*x)])/f + (
‘b*c*(Log[Cosh[e + f*x]] + Logl[Tanh[e + £*x]]))/f + (b*d*PolyLog[2, E~(2%e
+ 26£%x)1)/ (2%£72)

3.39.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 198 Ryjles used = {3042,
integrand size
4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

L/kcﬂ—dm)@z+—bcoﬂﬂe+—fx))dx
| 3042
/(c-i—dw) (a—z‘btan (ie+z‘fx+ g)) do
l 4205
j/auc4—dx)4—ba»+d¢)coﬂqe4-fx»dx

l 2009

a(c+ dx)? + b(c+ dz)log (1 — 62(e+f””)) b(c + dx)? N bd PolyLog (2, 62(e+fx))
2d f 2d 2f?

input LInt[(c + d*x)*(a + b*Coth[e + f*x]),x]

e

(ax(c + d*x)~2)/(2%d) - (bx(c + d*x)~2)/(2*d) + (b*(c + d*x)*Logl[l - E~(2%
‘(e + f*x))])/f + (b*d*PolyLog[2, E~(2x(e + £*x))])/(2%£72)

output

3.39.  [(c+dz)(a+bcoth(e+ fz))dz
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3.39.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4205

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D)*(x_))"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bxTan[e + f*x])“n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.39.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 200 vs. 2(69) = 138.

Time = 0.19 (sec) , antiderivative size = 201, normalized size of antiderivative = 2.68

method | result

bd €2 bdln(1—efote
S R A

beln(ef=te—1) + beln(1+ef=+e) 2bcln(ef2+e) 2bdex
- _ —

: adz? bd 2
risch ¥ +acr — > + bex + 7 7 s

input‘int((d*x+c)*(a+b*coth(f*x+e)),x,method=_RETURNVERBOSE) ‘

output

1/2*%axd*x~2+a*xcxx-1/2*bxd*x~2+bxc*x+1/fxbxc*1ln (exp (f*x+e)-1)+1/f*b*ck1ln(1+
exp (fxx+e))-2/f*b*cx1n(exp (f*x+e))-2/f*xb*d*e*xx-1/f"2xb*d*e~2+1/f*b*d*1n(1-
exp (fxx+e) ) *x+1/f"2xb*d*1n (1-exp (f*x+e) ) *e+1/f~2xb*d*polylog(2,exp (f*x+e))
+1/fxb*d*1n (1+exp (f*x+e) ) *x+1/f"2%b*d*polylog(2,-exp (f*x+e))—-1/f"2xb*d*e*l
n(exp(f*x+e)-1)+2/f"2xb*d*e*1n(exp (f*x+e))

3.39.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 156 vs. 2(68) = 136.

Time = 0.26 (sec) , antiderivative size = 156, normalized size of antiderivative = 2.08

/(c + dz)(a + beoth(e + fz)) dz
(a — b)df?z? + 2 (a — b)cf2x + 2 bdLis(cosh (fz + €) + sinh (fz + €)) + 2 bdLis(— cosh (fx + €) — sinh (

3.39.  [(c+dz)(a+bcoth(e+ fz))dz
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293

input‘integrate((d*x+c)*(a+b*coth(f*x+e)),x, algorithm="fricas")

output | 1/2*%((a - b)*d*£f~2*x"2 + 2*%(a - b)*ckxf~2*x + 2xbxd*dilog(cosh(f*x + e) + s
inh(f*x + e)) + 2%bxd*dilog(-cosh(f*x + e) - sinh(f*x + e)) + 2x(bxd*f*x +
b*c*f)*log(cosh(f*x + e) + sinh(f*x + e) + 1) - 2% (b*d*e — b*c*f)*log(cos

h(f*x + e) + sinh(f*x + e) - 1) + 2% (bxd*f*x + b*d*e)*log(-cosh(f*x + e) -
sinh(f*x + e) + 1))/£f72

3.39.6 Sympy [F]

/(c + dz)(a + beoth(e + fz)) dz = / (a +bcoth (e + fx)) (c+ dx) dx

-

inputLintegrate((d*x+c)*(a+b*c0th(f*X+e)),X)

~—

output LIntegral((a + b*coth(e + f*x))*(c + d*x), x)

3.39.7 Maxima [F]

/(c+dx)(a+bcoth(e+fw)) dx = /(dx+c)(bcoth (fr+e)+a)dz

inputLintegrate((d*x+c)*(a+b*coth(f*x+e)),x, algorithm="maxima")

output‘1/2*a*d*x“2 + 1/2%(x"2 - 2xintegrate(x/(e”(f*x + e) + 1), x) + 2*integrate
‘(x/(e”(f*x + e) - 1), x))xbxd + axcxx + bxcxlog(sinh(f*x + e))/f

3.39.  [(c+dz)(a+bcoth(e+ fz))dz
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3.39.8 Giac [F|

/(c—i—da:)(a—l—bcoth(e—l—fa:)) dz = /(dm+c)(bcoth (fx+e)+a)dr

input Lintegrate ((d*x+c) *(atb*coth(f*x+e)) ,x, algorithm="giac")

output Lintegrate((d*x + c)*(bxcoth(f*x + e) + a), x)

3.39.9 Mupad [F(-1)]

Timed out.

/(c—l—dm)(a+bcoth(e—|—fm)) dx =/(a—|—bcoth(e+fm)) (c+dzx) dx

input Lint((a + b*coth(e + f*xx))*(c + d*x),x)

output Lint((a + bxcoth(e + f*x))*(c + d*x), x)

3.39.  [(c+dz)(a+bcoth(e+ fz))dz
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3.40 f a+b coth(e+fx) dx

ct+dzx
3.40.1 Optimal result . . . . . . . . . . . . . . e 295]
3.40.2 Mathematica [N/A] . . . . . . . . . 295
3.40.3 Rubi [N/A] . . . . o 296!
3.40.4 Maple [N/A] (verified) . . . . . . . ... L 297
3.40.5 Fricas [N/A] . . . . o 297
3.40.6 Sympy [N/A] . . . o 297
3.40.7 Maxima [N/A] . . . . . . . 298
3.40.8 Giac [N/A] . . . . . o 298]
3.40.9 Mupad [N/A] . . . . 298

3.40.1 Optimal result

Integrand size = 18, antiderivative size = 18

/ a + beoth(e + fz)

dp — Int(a + beoth(e + fz),x)
c+dz

c+dzx

output LUnintegrable ((atb*coth(f*x+e))/(d*x+c) ,x)

-/

3.40.2 Mathematica [N/A]

Not integrable

Time = 5.73 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

dz

/a—l—bcoth(e—l— fx) /a—l— bcoth(e + fx)
dz =
c+dz c+dz

-

input LIntegrate [(a + bxCoth[e + f*x])/(c + d*x),x]

~—

output LIntegrate[(a + b*Coth[e + f*x])/(c + d*x), x] J

3.40. [ wtbethletfo) gy
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3.40.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ a + bceoth(e + fz)
c+dz

l 3042

dz

/a—ibtan (ie+ifa:+ %)
c+dx

l 4223

/a—i—bcoth(e—i—fﬂv)dw
c+dz

input‘Int[(a + b*Cothl[e + f*x])/(c + d*x),x]

output ‘ $Aborted

3.40.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4223 Int[((c_.) + (d_.)*(x_)) " (m_.)*((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.40. [ wtbethletfo) gy
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3.40.4 Maple [N/A] (verified)

Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a—l—bcoth(fx—l—e)dx
dr +c

input Lint ((at+bxcoth (f*x+e)) / (d*x+c) ,x)

output Lint ((at+bxcoth (f*x+e)) / (d*x+c) ,x)

3.40.5 Fricas [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a+bcoth(e+fx) dwz/bcoth(fx+e)+adx
c+dx dr +c

input Lintegrate ((at+b*coth(f*x+e))/(d*x+c) ,x, algorithm="fricas")

output Lintegral((b*coth(f*x +e) +a)/(d*x + c), x)

3.40.6 Sympy [N/A]

Not integrable

Time = 0.96 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.83

/a+bcoth(e+fa:) dmz/a+bcoth(e+fx) i
c+dz c+dr

input Lintegrate ((atb*coth(f*x+e))/(d*x+c) ,x)

output‘ Integral((a + b*coth(e + f*x))/(c + d*x), x)

3.40. [ wtbethletfo) gy
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3.40.7 Maxima [N/A]

Not integrable

Time = 0.26 (sec) , antiderivative size = 78, normalized size of antiderivative = 4.33

/a-l—bcoth(e—l—fx) /bcoth(fx—l—e)-l—a
dr =
c+dz dz +c

dx

inputLintegrate((a+b*coth(f*x+e))/(d*x+c),x, algorithm="maxima")

output‘b*(log(d*x + c)/d - integrate(1/(d*x + (d*x*e”e + c*e”e)*e”(f*x) + c), x)
‘+ integrate(-1/(d*x - (d*x*e~e + c*e~e)*e”(f*x) + c), x)) + a*xlog(d*x + c)

/4

3.40.8 Giac [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a-l—bcoth(e—l—f:v) /bcoth(fx—l—e)-l—a
dr =
c+dz dz +c

dzx

input Lintegrate ((at+b*coth(f*x+e))/(d*x+c) ,x, algorithm="giac")

output Lintegrate((b*coth(f*x +e) +a)/(d*x + c), x)

3.40.9 Mupad [N/A]

Not integrable

Time = 1.97 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a-l—bcoth(e—l—fx) dx:/a—i-bcoth(e—l—f:c) i
c+dz c+dzx

input Lint((a + b*coth(e + f*x))/(c + d*x),x)

—

output Lint((a + bxcoth(e + f*x))/(c + d*x), x)

3.40. [ wtbethletfo) gy
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3.41 f a+bcoth(e—;—fx) dx
(c+dzx)

3.41.1 Optimal result . . . . . . . . . .. .. 299
3.41.2 Mathematica [N/A] . . . . .. . . . 299
3413 Rubi [N/A] . . . oo 300
3.41.4 Maple [N/A] (verified) . . . . . . . ... . L
3.41.5 Fricas [N/A] . . . . o
3.41.6 Sympy [N/A] . . . . e
3.41.7 Maxima [N/A] . . . . .
3.41.8 Giac [N/A] . . . . o
3.41.9 Mupad [N/A] . . ..

3.41.1 Optimal result

Integrand size = 18, antiderivative size = 18

a + beoth(e + fz)

/ a + beoth(e + fz)

(c+dz)? dr = Int(

(c+ dz)?

)

p
output LUnintegrable ((atb*coth(f*x+e))/(d*x+c)~2,x)

~—

3.41.2 Mathematica [N/A]

Not integrable

Time = 31.41 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

/a-l—bcoth(e-l—fz) dr — / a + beoth(e + fx)

(c+ dx)?

(c+ dx)?

dz

input LIntegrate[(a + b*Coth[e + f*x])/(c + d*x)~2,x]

e

output tIntegrate[(a + b*Coth[e + f*xx])/(c + d*x)~2, x]

~—

341. [ —“*”(‘;‘ﬂg‘;jf 2) dy
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3.41.3 Rubi [N/A]

Not integrable

Time = 0.21 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a + beoth(e + fx) d
(c+ dx)? v
| 3042
/a—ibtan (ie+ifz+ %)d
(c+ dz)? v
| 4223
/ a + beoth(e + fx)
d
(c+ dz)?
input LInt[(a + b*Coth[e + f*x])/(c + d*x)~2,x] J
outputL$Aborted J

3.41.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4223 Int[((c_.) + (d_.)*(x_)) " (m_.)*((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.41. t[ﬂi%§§g§;@ﬁd¢
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3.41.4 Maple [N/A] (verified)

Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.00

/a—l—bcoth(fx—l—e)dx
(dz + ¢)*

input Lint ((a+bxcoth (f*x+e))/(d*x+c)~2,x)

output Lint ((atb*coth(f*x+e))/(d*x+c) ~2,x)

3.41.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.72

a+bcoth(e+ fx) . [beoth(fzr+e)+a
/ (c+ dx)? dz = / (dx + 0)2 de

inputLintegrate((a+b*coth(f*x+e))/(d*x+c)“2,x, algorithm="fricas")

outputkintegral((b*coth(f*x + e) + a)/(d™2*%x"2 + 2%c*kd*x + c72), x)

3.41.6 Sympy [N/A]
Not integrable

Time = 3.17 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.94

a+bcoth(e+ fz) ,  [a+bcoth(e+ fx)
/ (c+ dx)? de = / (c+ dx)2 de

input‘integrate((a+b*coth(f*x+e))/(d*X+C)**2,X)

outputLIntegral((a + bxcoth(e + f*x))/(c + d*x)**2, x)

R
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3.41.7 Maxima [N/A]
Not integrable
Time = 0.27 (sec) , antiderivative size = 131, normalized size of antiderivative = 7.28

a+bcoth(e+ fz) . [beoth(fzr+e)+a
/ (c+ dx)? de / (dx + c)2 de

input‘integrate((a+b*coth(f*x+e))/(d*x+c)”2,x, algorithm="maxima")

output‘-b*(l/(d‘2*x + cxd) + integrate(1/(d"2*x"2 + 2kcxd*x + c”2 + (d72*x"2*e"e
‘+ 2%cxdxx*e”e + c”2xe"e)*e”(f*x)), x) - integrate(-1/(d"2%x"2 + 2¥cxd*x +
‘0‘2 - (d~2%x"2%e"e + 2¥cxd*x*e"e + c " 2xe”e)*e” (f*x)), x)) - a/(d"2%x + cxd

)

3.41.8 Giac [N/A]
Not integrable
Time = 0.36 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+bcoth(e+ fz) . [beoth(fzr+e)+a
/ (c+ dx)? de = / (dx + c)2 dz

input‘integrate((a+b*coth(f*x+e))/(d*x+c)”2,x, algorithm="giac")

outputLintegrate((b*coth(f*x +e) +a)/(d*x + c)72, x)

3.41.9 Mupad [N/A]
Not integrable
Time = 2.04 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.11

a+bcoth(e+ fx) . [a+bcoth(e+ fzx)
/ (c+ dz)? = / (c+dz)? &

inputtint((a + bxcoth(e + f*x))/(c + d*x)~2,x)

—

outputtint((a + bxcoth(e + f*x))/(c + d*x)~2, x)

341. [ —“*”("c‘ﬂ;‘;jf 2) dy
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3.42 [(c+ dz)*(a+ beoth(e + fz))? dx

3.42.1 Optimalresult . . . . .. .. . .. 303]
3.42.2 Mathematica [B] (verified) . . . . . .. . ... L Lo
3.42.3 Rubi [A] (verified) . . . . . . ...
3.42.4 Maple [B] (verified) . . . . .. . .. ...
3.42.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ...
3.42.6 Sympy [F] . . . . . . 308
3.42.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 3091
3428 Giac [F] . . . . . . e B0
3.42.9 Mupad [F(1)] .« o v oot e e e 310

3.42.1 Optimal result

Integrand size = 20, antiderivative size = 271

2 3 2 4 4
/(c + dz)3(a + beoth(e + fz))? dx = _b(c+dz) 49 (c+dz)"  ab(c+ dz)
f 4d 2d
+ b*(c + dz)* B b?(c + dz)3 coth(e + fx)
4d f
3b%d(c + dz)*log (1 — e2(eHf™)
72
2ab(c + d:lj)?’ log (1 — 62(6+f$))
f

3b%d?(c + dz) PolyLog (2, e2(¢+/2))

+
73

3abd(c + dz)? PolyLog (2, 62(6+fx))

+
Iz
3b2d® PolyLog (3, X /)
2f4

3abd?(c + dz) PolyLog (3, e2(e+fw))
_ 7

3abd® PolyLog (4, e2(+/2))

2f4

342.  [(c+dz)*(a+ beoth(e + fz))* dx
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output | -b~2x (d*x+c) “3/f+1/4*a~2* (d*x+c) ~4/d-1/2*a*b* (d*x+c) ~4/d+1/4*%b"2* (d*x+c) "4
/d-b"2x (d*x+c) “3xcoth (f*x+e) /E+3xb~2*d* (d*x+c) "2*1n(1-exp (2*L*x+2xe) ) /£~ 2+
2xa*bx (d*x+c) “3*1n(1-exp (2*f*x+2%e) ) /£+3*%b~2+d~2* (d*x+c) *polylog (2, exp (2*f
*xx+2%e) ) /£~ 3+3*axbxd* (d*x+c) “2*polylog (2, exp (2*f*x+2%e)) /£72-3/2%b~2*%d~3*p
olylog(3,exp (2*f*x+2%e) ) /f~4-3*a*b*d~2* (d*x+c) *polylog(3, exp (2*f*x+2%e)) /£
~3+3/2*a*b*d~3*polylog(4,exp(2*f*x+2%e)) /"4

3.42.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 843 vs. 2(271) = 542.

Time = 4.91 (sec) , antiderivative size = 843, normalized size of antiderivative = 3.11

_ 2bA(3bd + 2acf)z  2b*(c+dx)®  ab(c+ dx)
/(c—l— dz)?(a + beoth(e + fz))*dr = — 7 Tt d(-1ted)

. Sbod(b + acf)olog (1~ e-c-5%) _ 3beP(bd + 2acf)e? log (1 - =5

f2 f2

2abd3z®log (1 — e7**)  6bed(bd + acf)wzlog (1 + e~*7/7)
+ f + 7

3h2(bd + 2acf)olog (1+ ¢~/%) _ 2abd’s? log (1+ e~~/*)
+ 7 + ;

b02(3bd + 2acf) log (1 _ ee+fx) b02(3bd + 2acf) log (1 + ee—i—fx)
+ +

f? 72

6bcd(bd + acf) PolyLog (2, —e~~/%)  6bd%(bd + 2acf)z PolyLog (2, —e~*~/®)
_ 5 B .

6abd®z? PolyLog (2, —e~*~/*)  6bcd(bd + acf) PolyLog (2,e*777)
_ i B f3

6bd?(bd + 2acf)z PolyLog (2,e7¢"/®)  6abd*z? PolyLog (2,e°~/2)
_ 7 B -

6bd?(bd + 2acf) PolyLog (3, —e*~/*)  12abd®z PolyLog (3, —e~*~/*)
_ 5 B i

6bd?(bd + 2acf) PolyLog (3,e7*/%)  12abd®z PolyLog (3,e~*~/%)
_ 5 B -

12abd?® PolyLog (4, —e*/%)  12abd® PolyLog (4,e~*~/*)
_ i B o

N csch(e)esch(e + fxz) (—((a® + b%) fz(4c® + 6c*dx + 4ed?z? + d3x3) cosh(fz)) + (a® + b?) fr(4c® + 6

inputLIntegrate[(c + d*x)"3*(a + bxCothle + f*x])"2,x] J

342.  [(c+dz)*(a+ beoth(e + fz))* dx
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output | (-2%bxc~2*(3*b*d + 2xaxc*f)*x)/f - (2*xb~2*(c + d*x)~3)/((-1 + E~(2*e))*f)

- (a*bx(c + d*x)~4)/(d*(-1 + E~(2*e))) + (6*bxcxd*(bxd + akcxf)x*xxLogl[l -

E"(-e - £xx)]1)/£72 + (3*bxd"2*(b*d + 2xaxc*f)*x"2*Log[l - E~(-e - f*x)])/f
2 + (2%a*b*d~3*x"3*Log[l - E~(-e - f*x)])/f + (6*b*ckd*(b*d + a*c*f)*x*Lo
gll + E"(-e - £xx)])/£72 + (3*bxd~2*(b*d + 2*a*c*f)*x"2xLog[l + E~(-e - f*
x)1)/£72 + (2%a*bxd~3*x"3*Log[l + E"(-e - £*x)])/f + (b*c™2*%(3%b*d + 2*a*c
xf)xLog[l - E"(e + £*x)])/£72 + (b*c™2%(3*b*d + 2xa*c*f)*Log[l + E~(e + fx*
x)]1)/£72 - (6%bkcxd*(bxd + akxcxf)*PolyLogl[2, -E~(-e - £f*x)])/f"3 - (6%bxd"
2% (b*d + 2xaxc*f)*x*PolyLog[2, -E~(-e - f*x)])/£f~3 - (6*a*xbxd~3xx~2+PolyLo
gl2, -E~(-e - £*x)])/£f72 - (6xb*c*d*(b*d + a*cxf)*PolyLogl[2, E"(-e - f*x)]
)/£73 - (6*%b*d~2x(b*d + 2*a*c*f)*x*PolyLog[2, E~(-e - £*x)])/£f"3 - (6*axbx
d"3*x"2*PolyLog[2, E~(-e - £*x)])/£72 - (6%b*d~2x(b*d + 2*a*cxf)*PolyLogl[3
, "E"(-e - £*x)])/f"4 - (12%a*b*d~3*x*PolylLog[3, -E~(-e - £*x)]1)/f~3 - (6%
b*d~2* (b*d + 2%axc*f)*PolyLogl[3, E~(-e - f*x)])/f74 - (12*axb*d~3*x*PolyLo
gl3, E"(-e - £*x)])/£"3 - (12%a*b*d~3*PolyLog[4, -E~(-e - f*x)])/f74 - (12
*a*b*d~3*PolyLog[4, E~(-e - f*x)])/f~4 + (Csch[el*Csch[e + fxx]*(-((a"2 +

b~2) ¥f*x*k (4%Cc™3 + B6*c™2xd*x + 4xcxd"2*x"2 + d”3*x"3)*Cosh[f*x]) + (a”2 + b
“2)xfxx* (4%c”3 + 6xcT2*d*x + 4*ckd"2%x"2 + d73#x73)*Cosh[2*e + f*x] + 2%bx
((4xbx(c + d*x)~3 + a*fxxx(4*c™3 + 6*c™2xd*x + 4*xcxd"2*x"2 + d~3*x"3))*Sin
h[fxx] + a*f*x*(4*c™3 + 6*%Cc™2*d*x + 4*c*d™2*x"2 + d"3*x~3)*Sinh[2*e + f...

3.42.3 Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 271, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ 0.150, Rules used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3(a + beoth(e + fx))? dx

l 3042

/(c+da:)3 (a—ibtan (ie—i—z’fz—l— g>>2dx

| 4205
/ (a®(c + dz)® + 2ab(c + dz)? coth(e + fz) + b*(c + dz)> coth®(e + fz)) dz

l 2009

342.  [(c+dz)*(a+ beoth(e + fz))* dx
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a? (c+ dx)4 3abd? (c + dz) PolyLog (37 62(e+fm)) 3abd(c + dm)z PolyLog (27 62(€+f“°))
— n N
4d f3 f2
2ab(c + dz)®log (1 — €2/ ab(c + dz)? L 3abd3 PolyLog (4, e*(¢+/2))
f 2d 2f4
3b2d?(c + dz) PolyLog (2,e2+/®)  3b2d(c + dz)?log (1 — *(e+/2))
3 + 2
f f
b*(c+dzx)®coth(e + fz) b (c+dz)® b (c+dz)*  3b2d3 PolyLog (3,eX(c+/2))
f - f L R 2f4

+

inputLInt[(c + d*x)~3%(a + bxCoth[e + f*x])~2,x] J

output | -((b~2x(c + d*x)~3)/f) + (a~2*(c + d*x)~4)/(4*d) - (a*bx(c + d*x)~4)/(2*d)
+ (b"2x(c + d*x)~4)/(4xd) - (b"2x(c + d*x) 3*Coth[e + f*x])/f + (3*b~2*dx
(c + d*x)~2*Log[1 - E~(2%(e + f*x))])/£72 + (2*%a*bx(c + d*x) 3*Logl[l - E~(
2%(e + £*x))])/f + (3*b~2*d~2*(c + d*x)*PolyLog[2, E~(2*(e + f*x))])/f"3 +
(3*a*xbkdx(c + d*x) "2+PolyLog[2, E~(2x(e + f*x))])/f"2 - (3*b~2%d"3*PolyLo

g3, ET(2x(e + £*x))]1)/(2x£74) - (3*a*xb*d"2x(c + d*x)*PolyLog[3, E~(2x(e +
£*x))])/£73 + (3*a*b*d~3*PolyLogl[4, E~(2*(e + £*x))])/(2%£~4)

3.42.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4205 | Int[((c_.) + (d_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

342.  [(c+dz)*(a+ beoth(e + fz))* dx
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3.42.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1424 vs. 2(261) = 522.

Time = 0.52 (sec) , antiderivative size = 1425, normalized size of antiderivative = 5.26

method | result size

risch Expression too large to display | 1425

input‘int((d*x+c)“3*(a+b*coth(f*x+e))“2,x,method=_RETURNVERBOSE)

output

-12/£72%b~2%d"2*c*ke*x—6/f " 2¥b*axc”2xd*e~2-4/f " 3xbxd~3*axe 3*x+8/f " 3*b*d~2*
c*axe~3+6/f"3*xb~2*%d"3*polylog(2,exp(f*x+e) ) *x+3/f 2%b"2*d"3*1n (1+exp (f*x+e
))*x~2+6/£"3%b~2*d"3*polylog(2,-exp (f*x+e) ) *x+2/f*b*a*c”~3*1n(exp (f*x+e)-1)
+2/fxbxa*c”~3*1n(1+exp (f*x+e))+12/f~4*b*d~3*a*polylog(4,exp(f*x+e))+12/f 4%
b*d~3*a*polylog(4,—-exp(f*x+e))+6/f"3*¥b~2+%d"2*c*polylog(2,exp(f*x+e))+6/£~3
*b~2%d"2*c*polylog(2,-exp (f*x+e))+3/f"2xb~2+c~2xd*1n(exp (f*x+e)-1)+3/£"2xb
~2*%c”2*d*1n(1+exp (f*x+e))+3/f"4*b~2xe~2*d " 3*1n(exp (f*x+e)-1)+3/£"2%b"2%d"3
*1n(1-exp(f*x+e))*x"2-3/£74*b"2+d"3*1n(1-exp(f*x+e))*e”~2+1/4/d*b"2%c~4+1/4
*a~2/dxc”4+1/4%a"2%d"3%x"4-1/2*d"3*axb*x"4+d"2%b"2*Cc*kx"3+3/2%d*b"2%Cc"2%x"2
+12/£~2*bxd"2*c*axpolylog(2,exp (f*x+e) ) *x+6/f*¥b*d"2*cxa*1ln (1+exp (f*x+e) ) *x
~2+6/f"2xb*axc”2*d*1n(1-exp(f*x+e) ) *e+6/f*b*a*c~2*d*1n(1-exp (f*x+e) ) *x+6/£
*b¥a*xc~2xd*1n(1+exp (f*x+e) ) *x+12/£"2*b*d~2*c*a*polylog(2,-exp (f*x+e) ) *x-6/
f~2xb*e*xa*c~2*d*1n(exp(f*x+e)-1)+6/f " 3*bxe~2+%d"2*c*a*ln(exp(f*x+e)-1)+a~2*
d"2*%c*xx"3+3/2%a"2xd*c”2*x"2+a"2*c” 3*x+2/f¥b*d"3*a*x1n(1-exp (f*x+e) ) *x~3+6/f
~2%b*d~3*axpolylog(2,exp(f*x+e) ) *x~2-12/f 3*b*d~3*a*polylog(3,exp(f*x+e))*
x+2/f*b*d~3*a*1ln(1+exp (f*x+e) ) *x"3+6/f " 2xb*xd~3*a*polylog(2,-exp (f*x+e)) *x~
2-12/£"3%bxd"3*a*polylog(3,-exp (f*x+e) ) *x+2/f 4*b*d " 3*a*1ln(1-exp(f*x+e))*e
~3-12/f"3*bxd"2*c*a*polylog(3,exp(f*x+e))-12/f " 3*bxd~2*c*a*polylog(3,-exp(
f*x+e))+6/f 2xb*axc~2+d*polylog(2, exp (f*x+e))+6/f " 2*bxa*xc™2*d*polylog(2,-e
xp(£*xx+e))-2/f"4+b*e~3xd"3*a*1ln(exp(f*x+e)-1)-6/L*b"2xd"2%c*x~2-6/f"3*b. ..

3.42.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 3239 vs. 2(259) = 518.

Time = 0.32 (sec) , antiderivative size = 3239, normalized size of antiderivative = 11.95

/(c + dz)3(a + beoth(e + fz))? do = Too large to display

input‘integrate((d*x+c)“3*(a+b*coth(f*x+e))“2,x, algorithm="fricas")

342.  [(c+dz)*(a+ beoth(e + fz))* dx




output
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-1/4%x((a~2 - 2%axb + b~2)*d"3*xf"4*x~4 + 4x(a”2 - 2%a¥b + b~2)*ckd 2xf 4*x"

3 + 6%(a”2 - 2xaxb + b~2)*kc"2*xd*f"4*x"2 + 4xaxbxd"3*e”4 + 4%(a”2 - 2*axb +
b~2) *c"3*f"4*x - 8%b"2*%d"3*e”3 - 8*(2*a*b*c”3*e - b"2xc"3)*f"3 + 24x*(a*b*
c"2xd*xe”2 — b"2kc"2*d*e)*f72 - ((a”2 - 2*axb + b"2)*d"3*f74*x"4 + 4dxaxbxd”
3*e"4 - 16*axbxc”3*e*f"3 - 8xb"2*%d"3*e”3 - 4*(2xb"2*%d"3*f~3 - (a"2 - 2*a*b
+ b"2) *c*d"2*%f74)*x"3 + 24*(axbk*c”"2*¢d*e”2 - bT2xc"2xd*e) *f"2 — 6% (4*b"2*c
*d"2*xf~3 - (a”2 - 2%a*b + b"2)*c"2*d*f"4)*x"2 - 8% (2*a*b*c*d"2*e"3 - 3*b~2
*cxd"2xe"2) *xf — 4k (6%b"2%c"2%d*f~3 - (a”2 - 2%a*b + b"2)*c~3*f~4)*x)*cosh(
fxx + e)”2 - 2%((a”2 - 2*%axb + b"2)*d"3*f~4*x~4 + 4d*axbxd"3*xe”"4 - 16*axb*c
~3kexf~3 - 8*b"2*d"3%e~3 - 4% (2*b~2%d"3*f~3 - (a”2 - 2%axb + b~2)*ckxd"2*f"
4)*x"3 + 24*(axbxc™2xd*xe”2 - b~2*xc"2*d*e)*f"2 - 6x(4xb"2kckd"2*f"3 - (a~2
- 2xa*xb + b72)*c”2xd*f"4) *x"2 - 8% (2*a*b*ckxd"2*e”3 - 3*b"2*cxd"2*e"2)*f -
4% (6%b"2%c"2%d*f"3 - (a”2 - 2*a*b + b"2)*c"3*f74)*x)*cosh(f*x + e)*sinh(f*
x + e) - ((a”2 - 2xaxb + b"2)*d"3*f"4*x"4 + 4xaxbxd"3xe”4 - 16*axb*c”3*e*f
~3 - 8*%b"2*%d"3*e”"3 - 4*(2*b"2xd"3*f"3 - (a”2 - 2*axb + b"2)*cxd"2*f"4)*x"3
+ 24%(a*b*c™2*d*e”2 - b72xc"2kd*e) *f"2 — 6% (4*¥b"2*xcxd"2*xf"3 - (a2 - 2*a*
b + b72)kc"2%d*f"4) *x"2 - 8x(2*xaxbxckd"2%e”"3 — 3*b"2*c*xd"2*xe"2)*f — 4% (6%b
“2xcT2xd*xf~3 - (2”2 - 2%axb + b"2)*c”3*f"4)*x)*sinh(f*x + e)”2 - 8x(2*xaxbx*
ckd"2xe”3 - 3xb"2*ckd"2xe”2)*f + 24* (a*bkd"3*f"2*x"2 + a¥bkc"2xd*f"2 + b"2
xckd"2%f - (axb*d"3*f~2%x"2 + axb*c 2xd*f~2 + b 2%c*d"2xf + (2%axbkcxd”...

-

3.42.6 Sympy [F]

/(c + dz)3(a + beoth(e + fz))? dx = / (a + beoth (e + fz))? (c + dz)® dx

inputLintegrate((d*x+c)**3*(a+b*coth(f*x+e))**2,x)

output

N

-/

Integral((a + b*coth(e + f*x))*x2*(c + d*x)*x3, x)

_

342.  [(c+dz)*(a+ beoth(e + fz))* dx
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3.42.7 Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 781 vs. 2(259) = 518.

Time = 0.28 (sec) , antiderivative size = 781, normalized size of antiderivative = 2.88

2 2
/(C +dz)*(a + beoth(e + fz))* dz = le a’d*z* + a’ed’z® + g a*c’dz® + a*c’z — 60 Jcc de
2abc® log (sinh (fz +e))  3b2%c*dlog (V=9 +1)  3b2c?dlog (eVfF9) — 1)
f * f? + f2
2 (f323log (eV*+9) + 1) + 3 f22Liy (—el/*+9)) — 6 foLis(—e/*®) + 6 Lis(—e(/*+9))) abd®
Iz
2 (f323 log (—e\f™+9) + 1) + 3 f22?Liy (e/2+9)) — 6 fxLiz(e!/*+®)) + 6 Liy(e/*+9))) abd?
Iz

8022 + (2abd3 f + VA3 f)z* + 4 (3 f + 6 2d)b*x + 4 (2 abed? f + (cd®f + 2 d3)b?)z® + 6 (2 abc?df + (c

n 6 (abc2df + b2cd2) (f:l: log (e(;”ac+e) + 1) + Liy (_e(fac—i-e)))
| 8(abdf +bPed?)(fzlog (%(fw+e) +1) + Lip(eV+9)))

3(2abed’ f + b*d%) (f?2° log (€49 + 1) + 2 faLis (—eV*+9)) — 2 Lis(—el/=+9))

4
3(2abed’ f + b*d®) (f?2? log (—el/**) Jf 1) +2 faLip (eV"+9)) — 2Liz(eV*+))
4
_ abd’fz* + 2 (2abed?f + b°d%) f22° + 6f(abc2df2 + b%cd’ f) f?a?
f4

N _

input Lintegrate ((d*x+c) ~“3*(atb*coth(f*x+e)) "2,x, algorithm="maxima")

342.  [(c+dz)*(a+ beoth(e + fz))* dx
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output | 1/4*a~2*xd~3*x"4 + a”~2%c*d"2*x"3 + 3/2*xa"2*c”2*d*x"2 + a”~2*%c"3*x - 6xb"2*c”
2xdxx/f + 2xaxb*c”3*xlog(sinh(f*x + e))/f + 3*%b~2xc~2+d*log(e”(f*x + e) + 1
)/£72 + 3%b”2xc”2xd*log(e”(f*x + e) - 1)/f72 + 2% (£73*x"3*log(e” (f*x + e)
+ 1) + 3*%f72*x"2+dilog(-e~ (f*x + e)) - 6xfxx*polylog(3, —e~(f*x + e)) + 6%
polylog(4, -e~(f*x + e)))*a*b*d~3/f74 + 2% (£73*x"3xlog(-e~(f*x + e) + 1) +
3xf"2*x"2xdilog(e” (f*x + e)) - 6xf*x*polylog(3, e~ (f*x + e)) + 6*polylog(
4, e~ (f*x + e)))*axbxd~3/f"4 - 1/4%(8%b"2%c"3 + (2*axbxd~3*f + b~2%d"3*f)*
X4 + 4% (c73*f + 6*xc”2+d)*b"2xx + 4x(2ka*bxckd"2xf + (cxd"2*f + 2+%d"3)*b"2
)*x”3 + 6%(2%a*xbxc™2xd*f + (c™2xd*f + 4*cxd"2)*b"2)*x"2 - (4*b~2%c"3*kf*x*e
~(2%e) + (2*a*b*d”~3*f*e”(2xe) + b 2xd"3kfkre” (2%e))*x"4 + 4*(2kaxbkckd 2xf*
e~ (2%e) + b~ 24ckd"2xfxe”(2%e))*x"3 + 6k (2karbxc 2xdkfxe”(2xe) + b ~2kc 2xd*
fxe~ (2%e) ) *xx"2) xe” (2%f*x)) / (f*xe” (2*xf*x + 2*e) - f) + 6x(a*b*c™2xd*f + b~2*
cxd~2) * (fxxxlog(e” (f*x + e) + 1) + dilog(-e~(f*x + e)))/£f"3 + 6*x(axb*c™2+d
*f + b"2xc*xd"2) *(f*xx*log(-e” (f*x + e) + 1) + dilog(e~(f*x + e)))/£73 + 3x(
2%axbkckd~2*f + b~2*d"3) *(£72*xx"2xlog(e”(f*x + e) + 1) + 2*f*x*dilog(-e~ (£
*x + e)) - 2*%polylog(3, -e~(f*x + e)))/f74 + 3*(2*a*xbxcxd™2*f + b~2*d~3)*(
£72+%x"2%1log(-e~(f*x + e) + 1) + 2xfxxxdilog(e~(f*x + e)) - 2+*polylog(3, e~
(fxx + e)))/f74 - (axb*d"3*f~4*x~4 + 2% (2xa*b*cxd"2+f + b~2*xd"3)*f~3*x"3 +
6* (axbxc~2%d*f~2 + b~2kcxd"2%f)*f " 2*xx~2) /f~4

N\

3.42.8 Giac [F]

/(c + dz)3(a + beoth(e + fz))? dx = / (dz + ¢)®(beoth (fz + €) + a)* dz

inputLintegrate((d*x+c)‘3*(a+b*coth(f*x+e))‘2,x, algorithm="giac")

|

-

output Lintegrate((d*x + c)"3*(b*xcoth(f*x + e) + a)72, x)

~—

3.42.9 Mupad [F(-1)]

Timed out.

/(c +dz)*(a + beoth(e + fz))* dx = / (a+ beoth(e + fz))? (c+ dz)’ do

-

input | int((a + b*coth(e + f*x))~2*(c + d*x)~3,x)

N

output‘int((a + bxcoth(e + f*x))~2*(c + d*x)~3, x)

342.  [(c+dz)*(a+ beoth(e + fz))* dx



output
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3.43 [(c+ dz)*(a+ beoth(e + fz))? dz

3.43.1 Optimal result . . . . . . .. . ... .
3.43.2 Mathematica [B] (verified) . . . . . . ... ... L Lo oL
3.43.3 Rubi [A] (verified) . . . . . ... .
3.43.4 Maple [B] (verified) . . . . .. . .. ...
3.43.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ...
3.43.6 Sympy [F] . . . . .
3.43.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ...
3438 Giac [F] . . . . . .
3.43.9 Mupad [F(-1)] . . . . o

3.43.1 Optimal result

Integrand size = 20, antiderivative size = 209

_We+dn)?  a(c+dn)®  2ab(c+do)’
f 3d 3d
N b%(c + dx)3 _ b?(c + dz)? coth(e + fx)
3d f
2b%d(c + dz) log (1 — eX/2)
72
2ab(c + dz)? log (1 — (/)
f
b2d? PolyLog (2, eX(¢/2)
+ fi
2abd(c + dzx) PolyLog (2, e2(et+f z))
IZ
abd? PolyLog (3, e(¢+/®))
_ E

/(c + dz)?(a + beoth(e + fz))? dx =

—-b~2% (d*x+c) “2/f+1/3%a~2* (d*x+c) “3/d-2/3*axb* (d*x+c) “3/d+1/3%b~ 2% (d*x+c) "3
/d-b~2x (d*x+c) “2*coth(f*x+e) /£+2*b"2%d* (d*x+c) *1n (1-exp (2*f*xx+2xe) ) /£~ 2+2%
a*bx (d*x+c) “2*1n(1-exp(2*f*x+2xe) ) /f+b~2xd"2*polylog(2,exp (2*f*x+2xe) ) /£~3
+2*a*b*d* (d*x+c) *polylog(2, exp(2*xf*x+2*e))/f~2-a*xb*d~2*polylog(3, exp (2*xf*x
+2%e))/£73

343.  [(c+dz)*(a+ beoth(e + fz))* dz
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3.43.2

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 473 vs. 2(209) = 418.

Time = 6.92 (sec) , antiderivative size = 473, normalized size of antiderivative = 2.26

/(c +dz)?*(a + beoth(e + fx))? dz =

4bc(bd + acf)x  4be(bd + acf)x
- f (L) f

2bd(bd + 2acf)z*  4abd’z?
 (—l4ex)f 3 — 3e?e

3
2bd(bd + 2acf)zlog (1 — e~*7/7)
+
Iz
2abd?z*log (1 — e~=/*)
f
2bd(bd + 2acf)zlog (1 + e~¢7/7)
IZ
2abd?z*log (1 + e~ /*)
f
2bc(bd + acf) log (1 — /)
+ 2
f
2bc(bd + acf)log (1 + e=+/*)
_|_
72
2bd(bd + 2acf) PolyLog (2, —e~¢~/7)

73
4abd?z PolyLog (2, —e*~77)
_ 7
2bd(bd + 2acf) PolyLog (2,e~¢7/7)
_ 7
4abd?z PolyLog (2,e~°777)
_ 7
4abd? PolyLog (3, —e~*~ /%)
_ -
4abd? PolyLog (3,e~°77/7)
_ -

N b%(c + dz)?csch(e)csch(e + fx) sinh(fz)

f

+ 1ar:(3cz + 3cdz + d*z?) (a® + b + 2abcoth(e))

input tIntegrate [(c + d*x)~2*(a + bxCothl[e

+ £*x])72,x]

343.  [(c+dz)*(a+ beoth(e + fz))* dz
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output | (-4xbxckx(bxd + akxc*f)*x)/f - (4*b*cx(b*d + axc*xf)*x)/((-1 + E~(2*xe))*f) -
(2xbxd* (b*d + 2*a*xc*f)*x~2)/((-1 + E~(2%e))*f) + (4*axbxd"2*x"3)/(3 - 3*E~
(2xe)) + (x*(3%c™2 + 3xcxd*x + d"2*x"2)*(a"2 + b2 + 2*a*b*Coth[e]))/3 + (
2xb*d* (bxd + 2%axc*f)*x*xLog[l - E"(-e - £xx)])/£72 + (2xa*bxd~2*xx"2xLogl[1
- E"(-e - £xx)]1)/f + (2%b*d*(b*d + 2%a*c*f)*x*Log[l + E"(-e - f*x)])/£f72 +

(2%a*b*d~2*x"2*Log[1 + E~(-e - f*x)])/f + (2xb*c*(b*d + axc*f)x*Log[l - E~
(e + £xx)])/£72 + (2%bxcx(b*d + a*xc*f)*Logl[l + E~(e + £*xx)])/f"2 - (2x%bxd*
(b*d + 2xaxc*f)*PolyLog[2, -E~(-e - f*x)])/f~3 - (4*a*bxd~2*x*PolyLog[2, -
E~(-e - £*x)])/£"2 - (2%bxd*(b*d + 2*axc*f)*PolyLogl[2, E~(-e - f*x)])/f"3
- (4xaxb*d~2*x*PolyLog[2, E~(-e - £*x)])/£f72 - (4*a*bxd~2*PolyLogl[3, -E~(-
e - £*x)])/£°3 - (4*a*xbxd~2*PolyLog[3, E~(-e - £*x)])/£"3 + (b~2*(c + d*x)
~2*Csch[e]*Csch[e + f*x]*Sinh[f*x])/f

3.43.3 Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 209, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 153 Ryles used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)?(a + beoth(e + fz))% dx

| 3042
/(c—kdav)2 (a—ibtan (ie—i—z’f:c—l— g))zdx
| 4205
/ (a®(c + dz)? + 2ab(c + dz)? coth(e + fz) + b*(c + dz)? coth®(e + fz)) dz

l 2009

a®(c+dz)®  2abd(c+ dz)PolyLog (2,eXc+f?))  2ab(c + dz)%log (1 — e2(¢+/2))
+ +
3d f? f
2ab(c+ dz)®  abd? PolyLog (3, eX(c+f2)) N 2b2d(c + dz) log (1 — e(e+7/2))
3d f3 f2
b2(c+dz)? coth(e + fz) b2(c+dz)> b2 (c+dz)®  b*d?PolyLog (2,e(c+f2))
j A I

input\lnt[(c + d*x)~2%(a + b*Coth[e + f*x])~2,x]

343.  [(c+dz)*(a+ beoth(e + fz))* dz




output
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-((b"2%(c + d*x)~2)/f) + (a™2x(c + d*x)~3)/(3*%d) - (2*axb*(c + d*x)~3)/(3*
d) + (b™2%(c + d*x)~3)/(3*d) - (b"2*(c + d*x) 2+Coth[e + f*x])/f + (2*b"2*
dx(c + d*x)*Logl[l - E~(2%(e + £*x))])/f"2 + (2*xaxb*(c + d*x) 2*Log[1l - E~(
2x(e + £xx))])/f + (b"2xd"2*PolyLogl[2, E~(2*%(e + f*x))])/£"3 + (2*axb*d*(c
+ d*x)*PolyLog[2, E~(2%(e + £*x))])/f"2 - (a*bxd~2*PolyLog[3, E~(2x(e + £
*x))]1)/£73

3.43.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4205

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.43.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 824 vs. 2(203) = 406.

Time = 0.46 (sec) , antiderivative size = 825, normalized size of antiderivative = 3.95

method | result

2ba d? In(1—ef2+e)

. 4beda polylog(2,efzte 4bcda polylog (2,—efrte 2be2ad? In(efrte—1 2ba d? In(1—efzte) g2
risch e yff( ) Poy fgz( ) + f§, ) + (f )

f3

input Lint ((d*x+c) ~“2* (a+b*coth (f*x+e)) ~2,x,method=_RETURNVERBOSE)

343.  [(c+dz)*(a+ beoth(e + fz))* dz



output
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4/f~2xb*cxd*axpolylog(2,exp (f*x+e))+4/f " 2xb*cxd*axpolylog(2,-exp(f*x+e))+2
/£73*%bxe~2%a*d”2x1n (exp (f*x+e)-1)+2/fxb*a*d~2x1n(1-exp (f*x+e) ) *x"2-2/£"3%b
*a*d~2*1n(1-exp(f*x+e) ) *e”2+4/f " 2xb*axd~2xe 2*x-4/f " 2*bxc*kd*a*e~2-4/f ~3*b*
e~ 2*axd"~2x1n(exp(f*x+e) ) -4/f*bxa*xc”2*1n(exp(f*x+e))-4/f " 2xb~2*c*d*1n(exp (£
xx+e) ) +d*b 2% ckx"2+b 2% cT2xx+a " 2kd*ckx"2+a"2*c " 2*x+1/3*%d"2*%b"2*xx"3+1/3/d*b
“2%c"3+1/3%a”"2*d"2*x"3+1/3*a"2/d*c"3-2/f*¥b"2xd"2xx"2-2/f " 3*%b"2xd"2*xe"2+2/f
~2%b~2*d"2*1n(1-exp (f*x+e) ) *x+2/£"3%b"2%xd"2*1n (1-exp (f*x+e) ) *e+2/f"2%b~2x*d
~2x1n(1+exp (f*x+e) ) *x+2/f*b*axc~2*%1n (exp (f*x+e)-1)+2/f*b*a*c~2*1n(1+exp (£*
x+e) )+2/£72xb"2kcxd*1n (exp (f*x+e)-1)+2/£~2%b"2kcxd*1n (1+exp (f*x+e) ) -4/£"3*
bxa*d~2*polylog(3,exp(f*x+e))-4/f 3xb*a*xd~2*polylog(3,-exp(f*x+e))-4/f"2%b
~2xd"2%exx-2/f " 3*b~2xe*xd~2+1n (exp (f*xx+e)-1)+4/f " 2*b*a*d~2*polylog(2,exp (f*
x+e) ) *x+2/fxb*axd~2+1n (1+exp (f*x+e) ) xx~2+4/f " 2xbxa*d~2*polylog(2, —exp (f*x+
e) ) *x+2/£73%b~2*d"~2*polylog(2,exp (f*x+e) ) +2/f~3*%b~2+d " 2*polylog(2,-exp (f*x
+e))+8/3/£f " 3*b*a*d~2*e~3+4/f " 3*b~2%e*d~2*1n(exp (f*x+e))-2/3*d"2*a*b*x"3+2/
3/d*c~3%axb+4/f " 2*bxcxd*a*xln(1l-exp (f*x+e)) xe—-4/f " 2xbxe*c*kd*ax1ln(exp (f*x+e)
-1)-2/£%b" 2% (4" 2*x"2+2*c*kd*x+c~2) / (exp (2*f*x+2%e) —1) —2*d*a*bxc*x™2+2*axb*c
~2*x+4/fxb*cxd*a*xln(1-exp (f*x+e)) *x+4/f*bxc*d*a*1ln(1+exp (f*x+e) ) *x-8/f*b*c

*xd*axexx+8/f " 2xbxexcxd*axln (exp (f*x+e))

N

3.43.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1854 vs. 2(201) = 402.

Time = 0.29 (sec) , antiderivative size = 1854, normalized size of antiderivative = 8.87

/(c + dz)*(a + beoth(e + fx))? dr = Too large to display

7

input‘integrate((d*x+c)‘2*(a+b*coth(f*x+e))‘2,x, algorithm="fricas")

343.  [(c+dz)*(a+ beoth(e + fz))* dz




output
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-1/3%x((a~2 - 2%axb + b~2)*d"2xf"3%x~3 + 3*(a"2 - 2%a*b + b~2)*ckd*f 3*kx"2

- 4*axb*xd"2*xe~3 + 3*(a”2 - 2*a*b + b 2)*c"2xf"3*xx + 6kb"2%d"2%e"2 - 6x(2*xa
*bxc"2xe — b"2xc”"2)*f"2 - ((a”2 - 2*axb + b"2)*d"2*f"3*x"3 - 4*axbxd"2*xe”3
- 12*%axb*c”2%exf~2 + 6*%b"2xd"2*e”2 - 3*x(2*%b"2xd"2*%f"2 - (a"2 - 2%axb + b~
2) *c*d*f73)*x"2 + 12*x(ax*bkckd*e”™2 - b 2*ckxdxe)*f — 3% (4xb~2*c*kd*f"2 - (a™2
- 2%axb + b"2)*c"2*xf"3) *x) *cosh(f*x + e)~2 — 2x((a”"2 - 2%a*b + b~2)*d~2*f
“3%x73 - 4xaxbxd"2%e”3 - 12*axbxc”2xexf"2 + 6xb"2%d"2%e”2 - 3% (2xb"2xd"2*f
2 - (a”2 - 2%axb + b72)*ckd*f"3)*x"2 + 12k (axbxckd*e”2 - b~ 2kckdxe)*f - 3
* (4¥b"2%c*d*f"2 - (272 - 2xaxb + b~2)*c"2*xf~3)*x)*cosh(f*x + e)*sinh(f*x +
e) - ((a”2 - 2%axb + b"2)*d"2+f"3%x"3 - 4*axbxd"2xe”3 - 12*axb*c 2*e*xf"2
+ 6%b72%d"2%e"2 - 3*(2xb"2*%d"2*f72 - (a2 - 2xa*b + b"2)*cxd*f"3)*x"2 + 12
* (a*b*ckxdke 2 — b "2xckxd*e)*f — 3% (4*xb 2xckxd*f~2 - (a”2 - 2*axb + b~2)*c"2*
£f73)*x)*sinh(f*x + e)~2 + 12%(a*b*c*d*e”2 - b~ 2xckxd*e)*f + 6% (2*a*xb*d~2*fx*
X + 2%axb¥ckd*f + b"2xd"2 - (2*kaxb*d"2*f*x + 2¥axbxcxdxf + b~2*d"2)*cosh(f
*X + e)72 — 2% (2kaxb*d"2*f*x + 2xaxbxckxd*f + b~2*d"2)*cosh(f*x + e)*sinh(f
*x + e) — (2%axbxd"2*f*x + 2¥a*bkckxd*f + b~2xd"2)*sinh(f*x + e)~2)*dilog(c
osh(f*x + e) + sinh(f*x + e)) + 6*(2*axb*xd~2xf*x + 2*kaxbkckd*f + b~2*%d"2 -
(2*xaxbxd~2xf*x + 2%a*b*ckd*f + b 2*xd"2)*cosh(f*x + e)72 - 2% (2xaxbxd~2*fx*
X + 2%axbxckxd*f + b~2+%d"2)*cosh(f*x + e)*sinh(f*x + e) - (2kaxb*xd~2xf*xx +
2kaxbxcxd*f + b~2xd"2)*sinh(f*x + e)~2)*dilog(-cosh(f*x + e) - sinh(f*x...

-

3.43.6 Sympy [F]

/(c + dz)?(a + beoth(e + fz))? dx = / (a + beoth (e + fz))? (c + dz)* dx

input Lintegrate ((d*x+c) **2* (a+b*xcoth (f*x+e) ) **2,x)

output

N

-/

Integral((a + b*coth(e + f*x))*x2*(c + d*x)*x2, x)

_

343.  [(c+dz)*(a+ beoth(e + fz))* dz
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3.43.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 494 vs. 2(201) = 402.

Time = 0.27 (sec) , antiderivative size = 494, normalized size of antiderivative = 2.36

2
/(C +dz)?*(a + beoth(e + fx))? dx = % a’d*x® + a’cdx? + a®c’x — 4 bedx

2abc? log (sinh (fz +e))  2b%cdlog (eV*+9) +1)  2b%cdlog (/=) — 1)

+ 3 + 5

f f f
N 2 (f22?log (e/=+9) 4+ 1) + 2 fzLis (—el*t9) — 2 Lis(—e(/*+9))) abd?
73
N 2 (f2?log (—e\f™+9) + 1) + 2 fzLiy (eU*+)) — 2 Lis(el/*+*))) abd?
73

6b%c% + 3 (2 f + 4cd)b?x + (2abd? f + b%d? f)z® + 3 (2 abedf + (cdf + 2d?)b?)z? — (3b%c% fze) + (2
3 (fe@fzt2e) — f)

+ 2 (2 abedf + b2d2) (fm log (e(fx+e) + 1) + Liy (_e(fz+e)))
73
N 2 (2 abedf + b2d?)(fxlog (—eV™+®) 4 1) 4 Liy (el/=+9)))
73
_ 2(2abd*f*a® + 3 (2 abedf +b*d?) f*2?)
3f3

inputLintegrate((d*x+c)‘2*(a+b*coth(f*x+e))‘2,x, algorithm="maxima") J

~

output | 1/3*%a~2*d"2+x"3 + a"2%c*kd*x"2 + a"2%c”2*x - 4*b”2kcxd*x/f + 2xaxb*c”2xlog(
sinh(f*x + e))/f + 2xb~2xcxdxlog(e~(f*x + e) + 1)/f72 + 2*b"2*c*d*log(e” (£
*x + e) - 1)/£72 + 2x(£72*x"2*log(e” (f*x + e) + 1) + 2*f*x*dilog(-e~(f*x +
e)) - 2xpolylog(3, -e~(f*x + e)))*a*b*xd~2/f"3 + 2x(f~2*x"2*log(-e” (f*x +
e) + 1) + 2xfxx*dilog(e”(f*x + e)) - 2*polylog(3, e (f*x + e)))*a*bxd~2/f"
3 - 1/3%(6%b"2%c”2 + 3k (c™2xf + 4*ckd)*b"2xx + (2%a*bxd"2+f + b~2xd"2*f)*x
~3 + 3% (2ka*bxckxd*f + (ckd*f + 2+%d"2)*b~2)*x"2 - (3*%b~2kc " 2xf*x*e” (2*e) +
(2xa*b*xd~2*xf*xe”~ (2%e) + b "2xd"2*fxe” (2%e))*x~3 + 3*(2xaxb*ckxd*f*e~(2*%e) + b
~2xcxdxfxe” (2%e) ) *x"2) *e” (2*f*x) )/ (fxe” (2xf*x + 2%e) - f) + 2x(2xaxbkxckdx*f
+ b72xd"2) *(f*xx*xlog(e”(f*x + e) + 1) + dilog(-e~(f*x + e)))/f73 + 2% (2*ax
bxcxd*f + b~2%d"2)* (f*x*log(-e~(f*x + e) + 1) + dilog(e~(f*x + e)))/£f"3 -
2/3* (2*axbxd"2+%f"3*x"3 + 3*(2xa*b*ckxd*f + b"2+%d~2)*f"2*xx"2)/f~3

343.  [(c+dz)*(a+ beoth(e + fz))* dz
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3.43.8 Giac [F|

/(c +dz)?(a + beoth(e + fx))*dr = / (dz + c)*(beoth (fz + €) 4+ a)’ da

input Lintegrate ((d*x+c) "2x(a+b*coth(f*x+e))~2,x, algorithm="giac")

output Lintegrate((d*x + c)"2x(b*xcoth(f*x + e) + a)72, x)

3.43.9 Mupad [F(-1)]

Timed out.

/(c +dz)*(a + beoth(e + fx))* dz = / (a + beoth(e + fz))? (c+ dz)* dzx

input Lint((a + bxcoth(e + f*x)) 2*(c + d*x)~2,x)

output Lint((a + b*coth(e + f*x)) 2x(c + d*x)~2, x)

343.  [(c+dz)*(a+ beoth(e + fz))* dz
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3.44 [(c+ dz)(a+ bceoth(e + fz))*dx

3.44.1 Optimalresult . . . . . . . . . .. . 319
3.44.2 Mathematica [A] (verified) . . . . . ... ... ... L Lo oL 319
3.44.3 Rubi [A] (verified) . . . . . ... .. 320
3.44.4 Maple [B] (verified) . . . . ... .. ... 32T]
3.44.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ..
3.44.6 Sympy [F] . . . . .
3.44.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ...
344.8 Giac [F] . . . . . e 324
3.44.9 Mupad [F(-1)] « o v v oo e e 397

3.44.1 Optimal result

Integrand size = 18, antiderivative size = 127

2 2
/(c + dz)(a + beoth(e + fz))* dz = b*cz + %bzde + %

_ab(c+dzx)®  b*(c+ dx)coth(e + fx)

d f
2ab(c + dz)log (1 — e2(+/)
f
b*dlog(sinh(e + fz))  abdPolyLog (2, e2c+/®))
+ 72 + 7

output \ b~ 2%c*xx+1/2*%b"2%d*x"2+1/2%a~2* (d*x+c) ~2/d-a*b* (d*x+c) ~2/d-b~2* (d*x+c) *coth \
‘(f*x+e)/f+2*a*b*(d*x+c)*ln(l—exp(2*f*x+2*e))/f+b‘2*d*ln(sinh(f*x+e))/f‘2+a
 *b*d*polylog(2,exp(2+f+x+2ke))/£72 J

3.44.2 Mathematica [A] (verified)

Time = 7.22 (sec) , antiderivative size = 218, normalized size of antiderivative = 1.72

/(c +dz)(a + beoth(e + fz))*dx

(a + bcoth(e + fz))?sinh(e + fx) (—2b2f(c + dz) cosh(e + fx) — (a® + b%) (e + fx)(—2cf + d(e — fx)

344.  [(c+dz)(a+bcoth(e+ fz))?dz



input ‘

output

CHAPTER 3. LISTING OF INTEGRALS 320

Integrate[(c + d*x)*(a + bxCoth[e + f*x])~2,x]

-

inputLInt[(c + d*x)*(a + b*Coth[e + f*x])~2,x]

((a + bxCoth[e + f*x]) " 2#Sinh[e + f*xx]*(-2*b~2*xf*(c + d*x)*Cosh[e + f*x] -

(a2 + b"2)*(e + f*x)*(-2*c*xf + d*x(e — f*x))*Sinh[e + f*x] + 2xbx((axf~2x*
(c + d*x)~2)/d + bxd*(e + f*x) + (b*d + 2%a*f*x(c + d*x))*Log[l - E"(-e - f
*x)] + (b*d + 2¥a*f*(c + d*x))*Logl[l + E"(-e - f*x)] - 2%a*d*PolyLog[2, -E
~“(-e - f*x)] - 2*xaxd*PolyLog[2, E"(-e - f*x)])#*Sinh[e + f*x]))/(2%£~2%(b*C
osh[e + f*x] + axSinh[e + f*x])~2)

3.44.3 Rubi [A] (verified)
Time = 0.43 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.167, Rules used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)(a + beoth(e + fx))? dzx

l.3042

/(c-i-da:) (a—ibtan (ie—i—if:v-i— g))zda:

l 4205

/ (a®(c + dz) + 2ab(c + dz) coth(e + fz) + b*(c + dz) coth?(e + fz)) dz

| 2009
a®(c+ dz)? N 2ab(c + dz) log (1 — e2+F2))  gb(c + da)? N abd PolyLog (2, eX(¢+/2))
2d 7 d 2
b%(c+ dzx)coth(e + fz) = b*(c+dz)? = bdlog(sinh(e + fz))
i TTa T 72

344.  [(c+dz)(a+bcoth(e+ fz))?dz
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output‘(a“2*(c + d*x)"2)/(2%d) - (a*bx(c + d*x)"2)/d + (b~2%(c + d*x)~2)/(2%d) -
\ (b~2*(c + dxx)*Coth[e + f*x])/f + (2%a*b*(c + d*x)*Log[l - E"(2x(e + f*x))
\])/f + (b"2xd*Log[Sinh[e + f*x]])/f"2 + (axb*d*PolyLog[2, E~(2*(e + f*x))]
/572

3.44.3.1 Defintions of rubi rules used

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4205 | Int[((c_.) + (d_.)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x.)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

3.44.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 317 vs. 2(123) = 246.

Time = 0.39 (sec) , antiderivative size = 318, normalized size of antiderivative = 2.50

method | result

2(dz+c)b? b2dIn(efote—1)

bdn(1+ef7+e) 2

2

risch adz® _ paa? 4 % + a’cx + 2abex + bPcx — Flererre—) T 72

f2

-

input Lint ((d*x+c)*(a+tbxcoth (f*x+e)) ~2,x,method=_RETURNVERBOSE)

—/

output | 1/2*a”2xd*x~2-a*xbxd*xx~2+1/2*%b"2*d*x " 2+a" 2k ckx+2*a*xbxckxx+b~2kcxx-2/f* (d*x+c
)*b~2/ (exp (2*f*x+2%e)-1)+1/£~2xb~2*d*1n (exp (f*x+e)-1)+1/£"2¥b~2*d*1n (1+exp
(f*x+e))-2/£72xb~2*d*1n (exp (f*x+e) ) +2/f*b*axc*1n(exp (f*x+e)-1)+2/fxbkaxckl
n(1+exp(f*x+e))-4/fxbxa*xcxln(exp (f*x+e))-2/f " 2+bxe*d*a*x1ln(exp(f*x+e)-1)+4/
f~2xb*e*d*ax1ln(exp (f*x+e))-4/f*bxd*a*e*xx—2/f ~2*¥bkd*axe”2+2/fxb*d*a*ln(l-ex
p(£*x+e)) *x+2/f " 2+b*d*ax1ln(1-exp (f*x+e) ) *e+2/f " 2+b*d*axpolylog(2,exp (f*x+e
))+2/f*b*d*a*1ln(1+exp (f*x+e) ) *x+2/f " 2*b*d*a*polylog(2,-exp (f*x+e))

344.  [(c+dz)(a+bcoth(e+ fz))?dz
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3.44.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 851 vs. 2(122) = 244.

Time = 0.26 (sec) , antiderivative size = 851, normalized size of antiderivative = 6.70

/(c +dz)(a + beoth(e + fz))*dr =
(a? — 2ab + b?)df?x® + 4 abde? + 2 (a® — 2 ab + b?)cf2x — 4b%de — ((a® — 2ab + b?)df*z? + 4 abde?

input‘integrate((d*x+c)*(a+b*coth(f*x+e))‘2,x, algorithm="fricas")

output

-1/2%((a”2 - 2*axb + b"2)*d*f~2*%x"2 + 4xaxbxdxe”2 + 2*(a”2 - 2%a*b + b"2)*
cxf"2%x — 4%b~2kd*e - ((a”2 - 2%axb + b~2)*d*f~2*x"2 + 4*axbkd*e”2 - 8*xax*b
xcxe*xf — 4*xb72xdke - 2% (2*%b"2*d*f - (a”2 - 2%axb + b72)*c*f~2)*x)*cosh(f*x
+ e)”2 - 2x((a”2 - 2xa*xb + b~2)*d*f"2*x"2 + 4*axbxdke”2 - 8Skaxbkckxexf - 4
*b~2%d*e - 2%(2%b~2xd*f - (2”2 - 2*axb + b~2)*cxf~2)*x)*cosh(f*x + e)*sinh
(fxx + e) - ((a”2 - 2%axb + b"2)*d*f~2*xx~2 + 4d*axbkdxe”2 - 8xaxbkckexf - 4
*b~2%d*e - 2%(2%b~2xd*f - (2”2 - 2*axb + b~2)*cxf"2)*x)*sinh(f*x + e)"2 -
4% (2xaxb*ckxe — b~2xc)*f - 4*(axbkd*cosh(f*x + e)~2 + 2*axbk*d*cosh(f*x + e)
*sinh(f*x + e) + axb*d*sinh(f*x + e)~2 - a*bxd)*dilog(cosh(f*x + e) + sinh
(f*x + e)) - 4*x(axbxd*cosh(f*x + e)~2 + 2xaxb*d*cosh(f*x + e)*sinh(f*x + e
) + axbxd*sinh(f*x + e)~2 - a*b*d)*dilog(-cosh(f*x + e) - sinh(f*x + e)) +
2% (2ka*bxd*xf*x + 2*axbxckf + b"2+%d - (2%axbkd*fxx + 2*axb*c*xf + b~2*d)*co
sh(f*x + e)~2 — 2% (2%a*b*d*f*x + 2*axbxcxf + b~2%d)*cosh(f*x + e)*sinh(f*x
+ e) - (2xaxbkd*fxx + 2%axbxcxf + b"2xd)*sinh(f*x + e)~2)*log(cosh(f*x +
e) + sinh(f*x + e) + 1) - 2x(2xaxbxd*e - 2*axbkcxf - b~2xd - (2*a*bxd*e -
2xaxbkxckf - b~2*d)*cosh(f*x + e)~2 - 2k (2*axbxd*e - 2*axb*ckf - b~2*d)*cos
h(f*x + e)*sinh(f*x + e) - (2*axbkxd*e - 2*axbxc*f - b~2+d)*sinh(f*x + e)~2
)*log(cosh(f*x + e) + sinh(f*x + e) - 1) + 4*x(a*bxdxf*x + axbxd*e - (a*bxd
*f*x + axb*d*e)*cosh(f*x + e)~2 - 2% (axbxd*f*x + axbxd*e)*cosh(f*x + e)x*si
nh(f*x + e) - (ax*bxd*f*x + axbxd*e)*sinh(f*x + e)~2)*log(-cosh(f*x + e)...

344.  [(c+dz)(a+bcoth(e+ fz))?dz
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3.44.6 Sympy [F]

/(c + dz)(a + beoth(e + fz))*dr = / (a + beoth (e 4+ fx))? (c+ dx) dx

~—

inputLintegrate((d*x+c)*(a+b*coth(f*x+e))**2,x)

i

-

output

Integral((a + b*coth(e + f*x))**2x(c + d*x), x)

- J

3.44.7 Maxima [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.92

) 1 ,,, 5 o 2b%dx

(¢ + dz)(a + beoth(e + fx)) dx=§a dz® — 2 abdz” + a“cx — 7

2abclog (sinh (fz +¢€)) 2 (fzlog (e*+9) + 1) + Liy(—el29))abd
" 7 " Iz

2 (fzlog (—e\™+9) 4+ 1) + Liy (e/*+9)) ) abd
+ 72

b’dlog (eV"+9) +1)  b2dlog (e/=+e) — 1)

Iz " Iz

2(cf +2d)b%z + 4b%c + (2 abdf + b2df)z? — (2b%cfze®®) + (2abdfe®® + b2dfe?®))z?)e2f?)
B 2 (fe@fz+2e) — f)

p
inputLintegrate((d*x+c)*(a+b*coth(f*x+e))“2,x, algorithm="maxima")

| —

output | 1/2*a~2%d*x"2 - 2*axb*d*x”™2 + a~2*c*x - 2xb"2xd*x/f + 2*a*b*c*log(sinh (f*x
+ e))/f + 2x(fxx*log(e”(f*x + e) + 1) + dilog(-e~(f*x + e)))*a*xbxd/f"2 +
2x (fxxxlog(-e~(f*x + e) + 1) + dilog(e™(f*x + e)))*axb*d/f"2 + b~2*d*log(e
“(fxx + e) + 1)/£f72 + b"2+d*log(e”(f*x + e) - 1)/£72 - 1/2%(2*(c*f + 2xd)*
b7"2xx + 4%b"2xc + (2%axb*d*f + b 2*d*f)*x"2 - (2*b 2*kcxf*xxe” (2*%e) + (2%ax

b*d*fxe~(2%e) + b 2*d*xfxe”(2%xe))*x"2)*e” (2*%f*x))/(fxe~ (2xf*x + 2xe) - f)

344.  [(c+dz)(a+bcoth(e+ fz))?dz
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3.44.8 Giac [F|

/(c +dz)(a + beoth(e + fx))? dx = / (dz + c)(beoth (fz + e) + a)’ dz

inputLintegrate((d*x+c)*(a+b*coth(f*x+e))‘2,x, algorithm="giac")

output Lintegrate((d*x + c)*(b*xcoth(f*x + e) + a)72, x)

3.44.9 Mupad [F(-1)]

Timed out.

/(c + dz)(a + beoth(e + fz))*dx = / (a +beoth(e + fz))? (c+ dz) dz

input Lint((a + b*coth(e + f*x))~2*(c + d*x),x)

output Lint((a + bxcoth(e + f*x))~2*(c + d*x), x)

344.  [(c+dz)(a+bcoth(e+ fz))?dz
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3.45 f (a+bcoth(e+fx))? dx

ct+dx
3.45.1 Optimalresult . . .. ... ... . .. ... . e 325
3.45.2 Mathematica [N/A] . . . . . . . .
3453 Rubi [N/A] . . o oot oo 396
3.45.4 Maple [N/A] (verified) . . . . . . . ... . 327
3.45.5 Fricas [N/A] . . . . . o
3.45.6 Sympy [N/A] . . . o
3.45.7 Maxima [N/A] . . . . . . .
3.45.8 Giac [N/A] . . . . . .
3.45.9 Mupad [N/A] . . . .

3.45.1 Optimal result

Integrand size = 20, antiderivative size = 20

2 2
/ (a + beoth(e + fz)) o — Tnt (a + beoth(e + fx)) o
c+dz c+dr
output Unintegrable((a+b*coth(f*x+e)) 2/ (d*x+c),x)

3.45.2 Mathematica [N/A]

Not integrable

Time = 42.15 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

/ (a + beoth(e + fx))? (a + beoth(e + fz))?
dr =
c+dx c+dr

input LIntegrate[(a + b*Coth[e + f*x])72/(c + d*x),x]

output‘ Integrate[(a + bxCoth[e + f*x])~2/(c + d*x), x]

3.45. [ letbeothletfn)) gy
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3.45.3 Rubi [N/A]

Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

(a + beoth(e + fx))?
/ c+dz

J’3042

dz

. . ) )2
/ (a—zbtan (ze+zfx+ 5))
c+dzx

l 4223

/ (a+ beoth(e + fx))de
c+dz

input| Int[(a + bCothle + £*x1)72/(c + d¥x),x] |

output ‘ $Aborted ‘

rule 3042

rule 4223

3.45.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.45. [ letbeothletfn)) gy
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3.45.4 Maple [N/A] (verified)

Not integrable

Time = 0.17 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a+ beoth (fz + e))zdx
dz +c

input Lint ((at+bxcoth(f*x+e)) "2/ (d*x+c) ,x)

output Lint ((at+b*coth(f*x+e)) "2/ (d*x+c) ,x)

3.45.5 Fricas [N/A]

Not integrable

Time = 0.25 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

/(a+bcoth(e+fz))2 dx:/(bCOth (fz +e) +a) i
c+dz dz +c

inputtintegrate((a+b*coth(f*x+e))‘2/(d*x+c),x, algorithm="fricas")

output Lintegral((b’?*coth(f*x + e)72 + 2%axbxcoth(f*x + e) + a”2)/(d*x + c), x)

3.45.6 Sympy [N/A]
Not integrable

Time = 1.49 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

(a + beoth(e + fz))? dp — (a + beoth (e + fz))?

c+dx c+dx dz

input Lintegrate ((atb*coth(f*x+e) ) **2/ (d*x+c) ,x)

output LIntegral((a + bkcoth(e + f*x))*x2/(c + d*x), x)

3.45. [ letbeothletfn)) gy
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3.45.7 Maxima [N/A]

Not integrable

Time = 0.40 (sec) , antiderivative size = 226, normalized size of antiderivative = 11.30

(a + beoth(e + fz))? (beoth (fz +e) + a)?
dz = dz
c+dz dz +c

inputtintegrate((a+b*coth(f*x+e))‘2/(d*x+c),x, algorithm="maxima")

output

a~2xlog(d*x + c)/d + 2*b~2/(d*f*x + cxf - (d*f*x*e~(2xe) + cxf*e” (2%e))*e”
(2#f*x)) + (2%a*b + b~2)*log(d*x + c)/d - integrate((2*a*bkd*f*x + 2*axb*c
*f — b72xd) /(d"2*f*x72 + 2kxckd*f*x + c”2xf + (d"2*f*x"2%e"e + 2*ckxdkfrxke”
e + c"2xf*e"e)*e”(f*x)), x) + integrate(-(2xa*b*dxf*x + 2%axbkxcxf - b~2*d)
/(A"2*%f*x72 + 2xckd*fxx + c”2xf - (d"2*f*x"2%e"e + 2*cxd*frx*xe”e + c 2*fxe

~e)*e”~ (f*x)), x)

3.45.8 Giac [N/A]

Not integrable

Time = 0.32 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a + beoth(e + fz))? (bcoth (fz +e) + a)?
dz = dz
c+dz dz +c

inputLintegrate((a+b*coth(f*x+e))“2/(d*x+c),x, algorithm="giac")

outputLintegrate((b*coth(f*x +e) +a)2/(d*x + c), x)

3.45.9 Mupad [N/A]

Not integrable

Time = 2.20 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(a—l—bcoth(e—l—fgL'))2 dp — / (a + beoth(e + f z))? i
c+dx ct+dzx

3.45. [ letbeothletfn)) gy
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inputtint((a + bkcoth(e + £*x))~2/(c + d*x),x)

output Lint((a + bxcoth(e + £*x))~2/(c + d*x), x)

3.45. J‘ (a+bcoctj_1((it;+fz))2 dz
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3.46 f (a+bcoth(e+fx))? dx

(ct+dz)?
3.46.1 Optimalresult . . .. ... ... . .. ... .. 330
3.46.2 Mathematica [N/A] . . . . . . . . . 3301
3.46.3 Rubi [N/A] « . o oo oot e 3T
3.46.4 Maple [N/A] (verified) . . . . . . ... .. L
3.46.5 Fricas [N/A] . . . . .
3.46.6 Sympy [N/A] . . . . e
3.46.7 Maxima [N/A] . . . . . . ..
3.46.8 Giac [N/A] . . . . . .
3.46.9 Mupad [N/A] . . . . 334

3.46.1 Optimal result

Integrand size = 20, antiderivative size = 20

(a+bcoth(e+ fz))? , (a + beoth(e + fz))?
/ (c+ dzx)? do = Int ( (c+ dz)? ,x)

output LUnintegrable ((atb*coth(f*x+e)) 2/ (d*x+c) ~2,x) J

3.46.2 Mathematica [N/A]

Not integrable

Time = 34.10 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + beoth(e + fx))? g — (a + beoth(e + fz))?

(c+ dx)? N (c+ dx)? dz

-

input LIntegrate[(a + b*Cothl[e + f*x])72/(c + d*x)~2,x]

~—

output LIntegrate[(a + b*Coth[e + f*x])~2/(c + d*x)~2, x]

~—

a CO’ € T 2
3.46. [ (ctbeelebO) g
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3.46.3 Rubi [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a + beoth(e + fx))?
(c+dzx)?

l 3042

dx

(a —ibtan (ie +ifz + E))Q
/ (c+ dx)? “da

J'4223

/ (a + beoth(e + fx))?

d
(c+ dz)? v

input | Int[(a + bxCoth[e + f£xx])~2/(c + d*x)"2,x] |

output L$Aborted J

rule 3042

rule 4223

3.46.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*x((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

a CO’ € 22
3.46. [ (ctbeelebO) g
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3.46.4 Maple [N/A] (verified)

Not integrable

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/(a+bcoth (fx—l—e))?dx
(dz + c)®

input Lint ((atb*coth(f*x+e)) "2/ (d*x+c) ~2,x)

—

output Lint ((at+bxcoth(f*x+e)) "2/ (d*x+c)~2,x)

3.46.5 Fricas [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

(a + beoth(e + fz))? (beoth (fz + e) +a)

dz
(c+ dx)? (dz + ¢)*

inputLintegrate((a+b*coth(f*x+e))A2/(d*x+c)‘2,x, algorithm="fricas")

Output‘ integral ((b"2*coth(f*x + e)~2 + 2*ax*bkcoth(f*x + e) + a~2)/(d™2*x"2 + 2xcx*
‘d*x + ¢c72), x)

3.46.6 Sympy [N/A]
Not integrable

Time = 2.49 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

(a+bcoth(e+ fz))> | [ (a+bcoth(e+ fz))* .
/ (c+ dx)? de = / (c + dz)® :

input Lintegrate ((atbxcoth(f*x+e))*x*2/ (d*x+c)**2,x)

—

output LIntegral((a + bxcoth(e + f*x))**2/(c + d*x)**2, x)

a CO’ € T 2
3.46. [ (ctbeelebO) g
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3.46.7 Maxima [N/A]

Not integrable

Time = 0.45 (sec) , antiderivative size = 375, normalized size of antiderivative = 18.75

dz

(a +beoth(e + fz))* , / (beoth (fz +e) + a)?
(c+ dx)? (dz + c)®

input ‘ integrate((a+b*coth(f*x+e)) 2/ (d*x+c)~2,x, algorithm="maxima")

output | -a~2/(d"2*x + c*d) - (2*axbkxcxf + (c*xf - 2*%d)*b~2 + (2*axbxd*xf + b~ 2%xd*f)x*
x - (2%axb*c*fxe”(2xe) + b~ 2xckxf*e” (2%e) + (2*axbxdxfxe”(2xe) + b 2*d*f*e”
(2xe) ) xx) *e” (2*f*x) ) /(A" 3*f*x"2 + 2xckxd"2xf*x + c~2*d*f - (d"3*xf*x"2xe” (2%
e) + 2xcxd"2xfxxxe”(2xe) + c~2kdxfxe”(2%e))*e” (2xf*x)) - integrate(2x(axb*
d*f*x + axbxc*f - b72+d)/(d"3*f*x"3 + 3kckd"2*f*x"2 + 3kc"2*kd*xf*x + c"3*f
+ (d73*f*x"3*%e"e + 3kckd"2*xf*x"2*ke"e + 3*kcT2xd*frx*ke”e + c"3*kfxe”e)*e” (f*x
)), x) + integrate(-2x(axb*dxf*x + axbxc*f - b~2xd)/(d"3*f*x"3 + 3*cxd 2+f
*X72 + 3xcT2xd*fkx + c"3*%f - (d73*xf*x"3%ke"e + 3kckd"2*f*x"2%e"e + 3kcT2kd*
f*x*e~e + c"3*fxe"e)*e” (f*x)), x)

3.46.8 Giac [N/A]

Not integrable

Time = 0.46 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+bceoth(e + fz))> . [ (beoth(fz +e) +a)’ .
/ (c+dx)? de = / (dx + c)2 d

input

integrate((atb*coth(f*x+e))~2/(d*x+c)~2,x, algorithm="giac")

N

output‘ integrate((bxcoth(f*x + e) + a)~2/(d*x + ¢)~2, x)

a CO’ € T 2
3.46. [ (ctbeelebO) g
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3.46.9 Mupad [N/A]

Not integrable

Time = 2.45 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a + beoth(e + fz))? e — (a + beoth(e + fz))?

= dx
(c+ dz)? (c+da)’

input\ int((a + bxcoth(e + £*x))~2/(c + d*x)~2,x)

output Lint((a + bxcoth(e + £*x))~2/(c + d*x)~2, x)

a CO’ € T 2
3.46. [ (ctbeelebO) g
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3.47.1 Optimal result

Integrand size = 20, antiderivative size = 556

/(c +dz)*(a + beoth(e + fz))* dr =

_3b%d(c+dzx)®  3ab?(c+dz)’

b*(c + dz)?

2f° Y
a’(c+dz)!  3a’b(c+dz)*  3ab?(c+dx)’

4d d T
b*(c+dx)*  3b%d(c+ dz)? coth(e + fx)

4d 2f2
3ab?(c + dz)3 coth(e + fz)

f
b*(c + dz)? coth®(e + fx)

2f
3b3d?(c + dz) log (1 — e2(e+/2))

f3

N 9ab?d(c + dz)?log (1 — eX(+/2))

Iz
3a2b(c + dz)®log (1 — e2(e+f)

f
b (c + dz)3log (1 — 2+/))

f
3b3d® PolyLog (2, eX(¢*f2))

2/

N 9ab%d?*(c + dz) PolyLog (2, e2(¢+/2))

f3

N 9a2bd(c + dz)? PolyLog (2, eX(¢*/2))

+

2f2
3b*d(c + dz)? PolyLog (2, 62(e+fw)>

2f2
9ab?*d® PolyLog (3, 62(e+fw))

2f4
9a2bd?(c + dz) PolyLog (3, e2(¢+/®))

23
3b3d?(c + dz) PolyLog (3, e2+/2))

2f3
9a2bd® PolyLog (4, e2(+/2))

4f4
3b3d3 PolyLog (47 62(6+fz))

4f

3.47.

J(c+ dz)?(a + beoth(e + fz))? dz
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-3/2xb~3*d* (d*x+c) ~2/£"2-3%a*b~2* (d*x+c) "3/£+1/2%b"3* (d*x+c) "3/f+1/4*a"3*(
d*x+c) "4/d-3/4%a”2%b* (d*x+c) "4/d+3/4*a*b” 2% (d*x+c) "4/d-1/4*%b"3* (d*x+c) ~4/d
-3/2*%b~3*d* (d*x+c) "2*coth(f*x+e) /£~2-3*%a*xb~2* (d*x+c) “3*coth(f*x+e)/£-1/2%b
~3*(d*x+c) “3*coth(f*x+e) "2/f+3%b~3*d" 2% (d*x+c) *1n (1-exp (2*f*x+2%e) ) /£~ 3+9%
axb~2*d* (d*x+c) "2*1n(1-exp (2*%f*x+2*e) ) /£72+3%a"2xb* (d*x+c) “3*1n(1-exp (2*f*
x+2%e) ) /£+b~ 3% (d*x+c) “3*1n(1-exp (2xf*x+2%e) ) /£+3/2%b~3*d"3*polylog(2,exp(2
*xf*xx+2%e) ) /£74+9*%axb~2%d "2 (d*x+c) *polylog (2, exp (2xf*x+2%e) ) /£73+9/2%a~2xb
*xd* (d*x+c) “2*xpolylog(2, exp (2*f*x+2%e) ) /£~2+3/2%b~3*d* (d*x+c) "2*polylog(2,e
xp(2*f*x+2%e)) /£72-9/2*a*b~2*d"3*polylog (3, exp (2xf*x+2*e)) /£~4-9/2%a~2*bxd
~2%(d*x+c) *polylog (3, exp (2xf*x+2%e)) /£~3-3/2xb~3%d"~2* (d*x+c) *polylog(3, exp
(2*fxx+2%e)) /£73+9/4*a"2xb*d"3*polylog (4, exp (2*f*x+2%e)) /£~4+3/4xb~3%d~3*p
olylog(4,exp(2xfxx+2%e))/f~4

3.47.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 2043 vs. 2(556) = 1112.

Time = 8.91 (sec) , antiderivative size = 2043, normalized size of antiderivative = 3.67

/(c + dz)3(a + beoth(e + fz))® dr = Result too large to show

)
input | Integrate[(c + d*x)~3*(a + bxCoth[e + f*x])~3,x]

347.  [(c+dz)*(a+ beoth(e + fz))3 dx
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output | ((-(b~3%c~3) - 3*b~3*c~2xd*x - 3*b~3*kcxd"2*x"2 - b~3*d"3*x"3)*Csch[e + f*x
172)/(2x£) - (b*E~(2%e)*(24xb~2xcxd~2xx + 72*a*bkc 2kd*f*x + 24%a~2%c~3*f"
2%x + 8%b72x%c”3*f72%x + 12%bT2*%d"3%x72 + T2*akxbxckd"2*xf*x"2 + 36%a”2xc”2%xd
*f72%x72 + 12%b72%xcT2*d*f72%x72 + 24*axbxd"3*f*x"3 + 24*a”2%xcxd"2*f"2%x"3

+ 8%b"2%ckd"2*xf72%x"3 + 6*%a”2%d"3*f72*%x"4 + 2xb"2*d"3*f"2*%x"4 - 36*axb*c”2
*xdxLog[1 - E"(2*%(e + f*x))] + (36*a*bkc™2*d*Log[l - E~(2*(e + £*x))])/E~(2
xe) — (12%b~2xc*d~2*Log[l - E~(2x(e + £*x))])/f + (12%b~2xc*d~2*Log[1l - E~
(2%(e + £*x))])/(E~(2%e)*f) - 12*a~2xc”3*f*Log[l - E"(2x(e + f*x))] - 4*b~
2xc”3xf*Log[l - E~(2x(e + £*x))] + (12xa"2*c"3*fxLog[l - E~(2*(e + £x*x))])
/E"(2%e) + (4xb~2xc”~3*fxLogl[l - E~(2x(e + £xx))])/E~(2%e) - T2*xa*bxc*xd 2*x
*Log[1l - E"(2%(e + f*x))] + (72%a*bxc*d~2*x*Log[l - E~(2*(e + f*x))])/E~(2
xe) - (12%b~2xd"3*x*Log[l - E~(2*(e + f*x))])/f + (12*b~2xd"3*x*Log[l - E~
(2%(e + £*x))])/(E"(2xe)*f) - 36%a~2xc 2kdxfxx*Log[l - E~(2*(e + f*x))] -

12xb~2%c~2xd*f*x*Log[1l - E~(2*%(e + f*x))] + (36%a~2xc 2*xd*f*x*Log[l - E~(2
x(e + £*x))]1)/E~(2%e) + (12*%b~2xc~2*d*f*x*Log[l - E~(2*(e + f*x))])/E~(2%e
) - 36%axbxd~3*x"2xLog[l - E"(2*(e + fx*x))] + (36%axb*d~3*x"2+Logl[l - E~(2
*(e + £xx))])/E~(2%e) - 36*%a~2xc*d 2xf*x"2*Log[l - E~(2*(e + £*x))] - 12*b
~2xcxd"2xfxx"2xLog[1 - E"(2%(e + fx*x))] + (36*%a~2*xcxd~2xf*x"2xLog[1l - E~(2
*(e + £xx))])/E~(2%e) + (12%b~2xc*d 2xf*x~2*Log[l - E~(2*(e + f*x))])/E~(2
*e) - 12%a”2%d"3*f*x"3*Log[l - E~(2%(e + f*x))] - 4%b~2*d"3*f*x"3*Logl[1l...

3.47.3 Rubi [A] (verified)

Time = 1.43 (sec) , antiderivative size = 556, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ 0.150, Rules used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3(a + beoth(e + fx))3 dzx
| 3042
/(c+ dz)3 (a — ibtan (ie +ifr+ g>>3dx

l'4205

/ (a®(c + dz)? + 3a®b(c + dz)® coth(e + fz) + 3ab?(c + dz)® coth® (e + fz) + b3(c + dz)? coth®(e + fz)) d

l 2009

347.  [(c+dz)*(a+ beoth(e + fz))3 dx
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a3(c+dz)*  9a%bd?(c + dz) PolyLog (3,e2+/2))  9a2bd(c + dz)? PolyLog (2, e2(e+/2))
ad 2f3 + 212
3a2b(c + dz)3log (1 — 2(¢+f2))  342b(c + dx)* = 9a%bd® PolyLog (4, e2(¢+/2))
f R 471
9ab*d?(c + dx) PolyLog (2, 62(6+fx)) 9ab%d(c + dx)? log (1 — ez(e"'fx))
f3 N 7
3ab%(c + dz)3 coth(e + fz)  3ab*(c+dx)®  3ab?(c+dz)*  9ab’d® PolyLog (3,e2(+f2))
f - 4d - 2f*
3b3d?(c + dz) PolyLog (3,e2¢+/®)  3b3d%(c + dz) log (1 — e2(¢+f2))
2f3 + f3
3b3d(c + dz)? PolyLog (2,e2(¢+/®)  3b3d(c + dx)? coth(e + fz)
212 - 212 +
b3 (c+dz)3log (1 — eXc+f2))  B3(c + dx)dcoth®(e + fz)  3b3d(c+dz)?  b3(c+ dx)3
f - 2f T Y
b3(c + dz)* 3b3d3 PolyLog (2, e2(etf x)) 3b3d3 PolyLog (4, 62(e+fx))
d 2f4 + 4fs

_|_

+

+

input Int[(c + d*x)~3x(a + b*Coth[e + £*x])~3,x]

output | (-3*xb~3*d*(c + d*x)~2)/(2+%f~2) - (3*a*b~2x(c + d*x)~3)/f + (b"3*(c + d*x)"~
3)/(2xf) + (a~3x(c + dxx)"4)/(4*d) - (3*xa~2*b*(c + d*x)~4)/(4*xd) + (3xaxb”
2% (c + d*x)74)/(4%d) - (b73*(c + d*x)~4)/(4xd) - (3*b~3*d*(c + d*x) 2*Coth
[e + £*x])/(2*%£72) - (3*a*b™2x(c + d*x) "3*Coth[e + f*x])/f - (b"3*(c + d*x
)~3*Coth[e + f*x]~2)/(2*f) + (3*b~3xd"2*(c + d*x)*Logl[l - E~(2*(e + f*x))]
)/£73 + (9*%a*xb~2xd*(c + d*x) 2*Log[l - E~(2x(e + f*x))])/f"2 + (3*a~2*bx*(c
+ d*x)"3*Log[1l - E~(2*%(e + f*x))])/f + (b™3x(c + d*x)~3*Log[l - E~(2x(e +
fxx))])/f + (3xb~3*%d"3*PolyLogl[2, E~(2*(e + £*x))])/(2*£74) + (9*axb~2%d"
2x(c + d*x)*PolyLog[2, E~(2x(e + £*x))])/£"3 + (9*a~2*xb*d*(c + d*x) ~2%Poly
Log[2, E~(2*%(e + f*x))])/(2%£72) + (3*%b~3*d*(c + d*x) ~2*PolyLog[2, E~(2x(e
+ £%x))1)/(2%£72) - (9*a*xb~2*d"3*PolyLog[3, E~(2x(e + £*x))]1)/(2*£74) - (
9*%a~2%b*d"2*(c + d*x)*PolyLog[3, E"(2x(e + £*x))])/(2*£73) - (3*b~3*d~2*(c
+ d*x)*PolyLog[3, E"(2x(e + £*x))]1)/(2%£73) + (9*a~2%b*d~3*PolyLogl[4, E~(
2%(e + £*x))])/(4%£74) + (3%b~3*d"3*PolyLogl[4, E~(2*(e + £*x))])/(4*f"4)

347.  [(c+dz)*(a+ beoth(e + fz))3 dx



CHAPTER 3. LISTING OF INTEGRALS 340

3.47.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

rule 4205

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_D)*(x_))"(m_.)*x((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)“"m, (a + bxTan[e + f*x])“n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

3.47.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 2822 vs. 2(524) = 1048.

Time = 0.78 (sec) , antiderivative size = 2823, normalized size of antiderivative = 5.08

method | result size
risch Expression too large to display | 2823

inputLint((d*x+c)“3*(a+b*coth(f*x+e))“3,x,method=_RETURNVERBOSE)

347.  [(c+dz)*(a+ beoth(e + fz))3 dx



output

input

output

CHAPTER 3. LISTING OF INTEGRALS

341

-3/f74xb"3%e"2%d"3-3/f"2%b"3%d"3%x"2-3/2/f"4*b"3%e~4*d~3+3/f "4*b~3%d"3*pol
ylog(2,exp(f*xx+e))+3/f~4*b~3*d"3*polylog(2,-exp (f*x+e))+6/f 4xb~3*d"3*poly
log(4,exp(f*x+e))+6/f"4xb~3*d"3*polylog(4,—exp(f*x+e))-18/f*b " 2*a*c*xd~2*x"
2+12/f"3xb*e~3*%d"2*c*a”2+6/f " 2xb~3*d"2*c*polylog(2,exp (f*x+e) ) *x+3/L*b~3*d
~2%c*1n(1+exp(f*x+e) ) *x"2+6/f"2xb~3*%d"2*c*polylog(2,-exp (f*x+e) ) *x+3/f*b*a
~2xd~3*1n(1-exp (f*x+e) ) *x~3+9/f " 2*%b*a~2*d~3*polylog(2,exp(f*x+e))*x~2-18/f
~3*b*a”~2*d"3*polylog(3,exp(f*x+e))*x+3/f*b*a~2+%d"3*1n(1+exp (f*x+e))*x~3+9/
f~2xb*xa~2*xd"3*polylog(2,-exp(f*x+e))*x~2-18/f 3*b*a~2*d~3*polylog(3,-exp(f
xx+e) ) ¥x+9/f"4*b"2xe~2*a*d"~3*1n(exp (f*x+e) -1)-6/£"3*%b"3*d"3*e*x+12/f~4*b~2
*e"3%axd"3-6/f*b"2%a*d " 3*x"3-2/f "3*b"3*ke"3*d"3*x+3*a”2¥b*c"3*x+3*a*xb"2*c"3
*x+1/4*d"3%a"3*%x"4-1/4*%d"3*xb"3*x"4+1/4/d*c"4*a"3+1/4/d*c”4*b"3-18/f "4*Db" 2%
e”2xa*d”~3*1n(exp (f*x+e))-3/£ " 3*b~3*e”2*d"2*c*1n (1-exp (f*x+e) ) -9/f~4*b"2xe”
2xa*d~3*1n(1l-exp(f*x+e))-3/f 4xb*e~3*a~2*%d"3*1n(exp(f*x+e)-1)+6/f 4xb*xe~3*
a~2xd"3*1n(exp(f*x+e) ) +18/f"3*xb~2*a*c*xd~2*polylog(2,exp(f*x+e))+18/£73*b"2
*xaxc*d~2xpolylog(2,-exp (f*x+e))+9/f " 2*b~2*a*d~3*1n(1-exp (f*x+e))*x~2+18/f"
3*b~2*a*d"3*polylog(2,exp(f*x+e) ) *x+9/f " 2*%b"2*a*xd " 3*1n(1+exp (f*x+e))*x"2+1
8/£73%b~2*axd"3*polylog(2,-exp(f*x+e) ) *x+3/f*b~3*c"2xd*1n(1-exp (f*x+e) ) *x+
3/£72%b"3*%c"2*d*1n(1-exp (f*x+e) ) *e+3/L*b"3*c~2*d*1n(1+exp (f*x+e) ) *x+3/f 4%
b*e~3*a~2+d"3*1n(1-exp (f*x+e))+9/f " 2*bxd*c~2*a"2*polylog(2,exp (f*x+e))+9/f

~2%bxd*c~2*a"2*polylog(2,-exp (f*x+e))+3/f3xb~3*e~2*d"2*c*1n (exp (f*x+e). ..

3.47.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 11137 vs. 2(520) = 1040.

Time = 0.39 (sec) , antiderivative size = 11137, normalized size of antiderivative = 20.03

c+dzx)’(a+ bcoth(e + fz z = Too large to display
dz)? bcoth fz))*d Too 1 displ

integrate ((d*x+c) 3% (at+b*coth(f*x+e))~3,x, algorithm="fricas")

N

~—

s

Too large to include

\

347.  [(c+dz)*(a+ beoth(e + fz))3 dx
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3.47.6 Sympy [F]

/(c + dz)3(a + beoth(e + fx))* dr = / (a + beoth (e + fz))* (c + dz)® da

p

input | integrate ((d*x+c)**3* (at+tb*coth (f*x+e) ) **3,x)

|

>

output

Integral((a + b*coth(e + f*x))*x3*(c + d*x)*x3, x)

N

J

3.47.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1531 vs. 2(520) = 1040.

Time = 0.30 (sec) , antiderivative size = 1531, normalized size of antiderivative = 2.75

c+dx)’(a+ bcoth(e + fz z = Too large to display
dz)? bcoth fz))*d Too 1 displ

input integrate((d*x+c) ~3*(a+b*coth(f*x+e))"3,x, algorithm="maxima")

output | 1/4*a~3*%d~3*x"4 + a”3*c*d"2*x"3 + 3/2*a"3*c”2xd*x"2 + a~3*c"3*x + 3*a~2*bx*
c"3xlog(sinh(f*x + e))/f + 1/4%(24xaxb~2%c"3*f + 12+%b"3*c~2+d + (3*a”~2xbx*d
“3*%f72 + 3*a*b”"2xd"3*%f"2 + b~3*%d"3*f"2)*x"4 + 4*(3*xa~2*bkckd"2xf"2 + b~ 3*c
*d"2*%f72 + 3k (ckd"2*%f72 + 2+%d73*f)*axb"2)*x"3 + 6% (3*a"2¥b*xc”2xd*xf"2 + 33*(
cT2xd*f"2 + 4dxckd"2*f)*a*b”2 + (c72xd*f"2 + 2*d"3)*b"3)*x"2 + 4*(3x(c"3*f"
2 + B6*%c”2xd*xf)*axb”2 + (c"3*f72 + 6xc*kd"2)*b"3)*x + ((3*a"2xbxd"3*f"2*e” (4
xe) + 3*xaxb”2xd"3*f 2xe” (4xe) + b~ 3*kA"3*xf"2%e” (4*e))*x"4 + 4*x(3*a~2kb*ckxd”
2xf72%e” (4%e) + 3*kaxb~2*ckd"2xf 2%e” (4*e) + b 3xc*xd"2*xf"2xe” (4*e))*x"3 + 6
* (3*ka " 2xbkc " 2xd*f"2%e” (4d*e) + 3*axb"2*c”2xd*f 2*xe” (4xe) + b7 3kc 2xd*kf "2xe”
(4xe))*x~2 + 4x(3*kaxb~2kxc~3*f"2xe” (4*e) + b~ 3*xc 3*xf"2xe” (4*e) ) *x) *e”™ (4*f*x
) = 2x(12%a*b”2xc"3*f*ke” (2xe) + (3*a~2xb*d"3*f"2%e”(2%e) + 3*kaxb~2+%d"3*f~2
*e”~ (2%e) + b~ 3*xd"3*xf"2ke” (2*e) ) *x~4 + 2x(2*xc"3xf*e” (2xe) + 3kc 2xd*xe” (2*e)
)*b"3 + 4k (3*%a”2¥b*c*xd"2xf"2xe” (2xe) + 3k (ckd"2+f72xe” (2xe) + d"3*xf*e” (2*e
))*axb”2 + (c*d"2*%f72%e”(2*e) + d~3*xf*xe” (2%e))*b"3)*x"3 + 6x(3*xa~2xbkxc~2*d
*f"2xe” (2xe) + 3k (c"2*¢d*f"2%e” (2xe) + 2xcxd"2kf*xe” (2%e))*a*xb”2 + (c”2xd*f”
2%e” (2%e) + 2*cxd”"2*fxe” (2%e) + d"3*xe” (2xe))*b~3)*x"2 + 4*(3x(c"3*xf"2*e” (2
xe) + 3xc”2*dxf*xe” (2xe))*axb”2 + (c"3*f72xe” (2xe) + 3*xc”2*dxf*e” (2xe) + 3%
ckxd~2xe” (2%e) ) *¥b~3) *x) *e” (2%f*x)) /(£ 2%e~ (4*f*x + 4*e) - 2%f 2xe~ (2xf*x +

2xe) + £72) - 2% (9%a*xb”"2xc”2*d*kf + (cT3*f"2 + 3xc*d"2)*b"3)*x/£f72 + (9*a*b
“2xc72kd*f + (c73x£72 + 3%cxd"2)*b"3)*log(e” (f*x + e) + 1)/f73 + (9*axb...

347.  [(c+dz)*(a+ beoth(e + fz))3 dx
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3.47.8 Giac [F|

/(c +dz)3(a + beoth(e + fr))? dr = / (dz + c)*(beoth (fz + €) + a)® d

input Lintegrate ((d*x+c) "3*(a+bxcoth(f*x+e))"3,x, algorithm="giac")

output Lintegrate((d*x + c)"3*(b*xcoth(f*x + e) + a)~3, x)

3.47.9 Mupad [F(-1)]

Timed out.

/(c + dz)3(a + beoth(e + fz))* dr = / (a + beoth(e + f2))° (c+ dz) dzx

input Lint((a + bxcoth(e + f*x))~3%(c + d*x)~3,x)

output Lint((a + b*coth(e + f*x)) 3*(c + d*x)~3, x)

347.  [(c+dz)*(a+ beoth(e + fz))3 dx



CHAPTER 3. LISTING OF INTEGRALS 344
3.48 [(c+ dz)*(a+ beoth(e + fz))° dz

3.48.1 Optimalresult . . . . . . .. . ... ... 345
3.48.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 346
3.48.3 Rubi [A] (verified) . . . . . . ...
3.48.4 Maple [B] (verified) . . . ... . ... ... 348
3.48.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 349
3.48.6 Sympy [F] . . . . . . 349
3.48.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 3491
3488 Giac [F] . . . . . . e 350
3.48.9 Mupad [F(-1)] . . . . . o 351

3.48.

J(c+ dz)*(a + beoth(e + fz))* dzx
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3.48.1 Optimal result
Integrand size = 20, antiderivative size = 401
_ blede +_b3d2x2_ 3ab*(c + dz)?
f 2f f
a®(c + dz)? B a’b(c + dz)? N ab*(c + dzx)?
3d d d
B b®(c + dz)? B b3d(c + dz) coth(e + fx)
3d 12
_ 3ab?(c + dz)® coth(e + fx)
f
b*(c + dz)? coth®(e + fx)
2f
6ab’d(c + dz) log (1 — eX(+f))
IZ
3a?b(c + dz)*log (1 — e2(e+/)
f
b3(c+ dz)?log (1 — eXet/2)
f
b*d? log(sinh(e + fx))
+
73
3ab%d? PolyLog (2, e2(¢+/2))
73
3a?bd(c + dz) PolyLog (2, e2(¢+/®))
+
Iz
b3d(c + dz) PolyLog (2, e2(¢+/®))
72
3a2bd? PolyLog (3, e2(¢+/2))
2f3
b*d? PolyLog (3, e2(¢+/®))
2f3

/(c +dz)*(a + beoth(e + fx)) dz

output b~ 3*c*d*xx/f+1/2%b"3*%d"2*x"2/f-3*a*xb~2* (d*x+c) ~2/f+1/3*a"~3* (d*x+c) ~3/d-a~2%*
b* (d*x+c) ~3/d+a*b~2* (d*x+c) "3/d-1/3*b"3* (d*x+c) “3/d-b"3*d* (d*x+c) *coth (f*x
+e) /£72-3*a*b~2* (d*x+c) “2*coth (f*x+e) /£-1/2*b"3* (d*x+c) "2*xcoth(f*x+e) ~2/f+
6*axb~2*d* (d*x+c)*1n(1-exp (2*%f*x+2xe) ) /£~ 2+3%a"2xb* (d*x+c) “2*1n(1-exp (2*f*
x+2%e) ) /£+b"3* (d*x+c) “2*1n(1-exp (2*f*x+2%e) ) /f+b~3*d"2*1n(sinh (f*x+e)) /£73
+3*a*xb~2*%d~2*polylog (2, exp (2xf*x+2%e)) /£~ 3+3%a~2%b*d* (d*x+c) *polylog(2,exp
(2*fxx+2%e) ) /£72+b"3*d* (d*x+c) *polylog (2, exp (2*f*x+2*e) ) /£72-3/2%a~2*b*d"2
*polylog(3,exp (2xf*x+2%e)) /£73-1/2xb~3%d"2*polylog(3, exp (2*f*x+2xe))/£~3

348.  [(c+dz)*(a+ beoth(e + fz))3 dx
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3.48.2 Mathematica [A] (verified)

Time = 7.47 (sec) , antiderivative size = 585, normalized size of antiderivative = 1.46

/(c +dz)*(a + beoth(e + fx))3 dx

_8bezefm(9abdf(20+dm)+3a,2f2 (3c2+3cii:f—-::522::2)+b2 (3c2 f2+3cdf2x+d? (3+ f2x?))) + 12b(6abdf(c + dx) + 3a2f2(c + d$)2 ]

e

inputtlntegrate[(c + d*x)~2%(a + bxCoth[e + f*x])~3,x]

~—

p

output | ((—8*b*E~ (2*e) *f*xx* (9*a*b*d*f* (2*xc + d*xx) + 3*a~2*%f 2% (3*%c™2 + 3*ckxd*x + d
“2%x72) + bT2x(3kcT2%f"2 + 3kckd*f"2xx + d72%(3 + £72%x72)))) /(-1 + ET(2*e
)) + 12*xb* (6*axb*d*f*x(c + d*x) + 3*a 2*xf 2+ (c + d*x)”2 + b™2*%(c™2*f"2 + 2%
cxd*f~2xx + 472+ (1 + £72xx72)))*Logl[l - E~(2%(e + f*x))] + 12%bxd*(3*axb*d

+ 3*%a”2xfx(c + d*x) + b"2*fx(c + d*x))*PolyLogl[2, E"(2x(e + f*x))] - 6%b*
(3*a™2 + b~2)*d"2*PolyLog[3, E"(2*(e + f*x))] + f*Csch[e]l*Csch[e + f*x] 2#
(-2*b* (9*a*xb*fx(c + d*x) "2 + 3*%a~2xf " 2*x*(3*%c™2 + 33*ckxd*x + d~2*%x72) + b~2
*(3kc™2xf"2%x + d72*x* (3 + £724x72) + 3xck(d + d*f"2*xx72)))*Cosh[e] + bx(1
8*a*b*f*(c + d*x) "2 + 3*ka"2*%f " 2*x*(3*%c”2 + 3kckdxx + d72*x"2) + b2*(3*%c”"2
*f72xx + 3xckdk (2 + £72%x72) + d72xx*(6 + £f72*x"2)))*Cosh[e + 2xf*xx] + f*(
b*(3*%a~2 + b72) *f*x*x(3*%c”2 + 3*ckxd*x + d"2*x72)*Cosh[3*e + 2*xf*x] - 2*(3*b
“3x(c + dkx)72 + a”3xf*kx*k(3*xc”2 + 3kckdxkx + dT2*x72) + 3*kaxb"2*kfxx*k(3*c”2
+ 3*cxd*x + d72%x72) - ax(a”2 + 3*b72)kf*x*(3*%c”2 + 3*ckxd*kx + d72*x72)*Cos
h[2*(e + f*x)])*Sinh[e])))/(12%£~3)

3.48.3 Rubi [A] (verified)
Time = 1.04 (sec) , antiderivative size = 392, normalized size of antiderivative = 0.98,
number of steps used = 3, number of rules used = 3, number of rules _ 0.150, Rules used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)%(a + beoth(e + fx))3 dx

l 3042

/(c—kdar:)2 (a—ibtan (ie—l—if:v—l— g))gdx

348.  [(c+dz)*(a+ beoth(e + fz))3 dx
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l 4205

/ (a®(c + dz)? + 3a®b(c + dz)? coth(e + fz) + 3ab®(c + dz)? coth?(e + fz) + b*(c + dz)? coth®(e + fz)) d

l 2009

a3(c+dz)®  3a’bd(c + dz) PolyLog (2,e¢+/®))  3a2b(c + dz)?log (1 — eX(c+f2))

3d + 12 + f
a2b(c+dzx)®  3a?bd?PolyLog (3, e2(¢+f2)) N 6ab%d(c + dz)log (1 — e2(¢+/2))

d 2f3 7
3ab?(c + dx)? coth(e + fx)  3ab’(c+dz)? ab*(c+dx)®  3ab’d® PolyLog (2, e2(e+f””))

7 - + 7
b%d(c + dz) PolyLog (2, eX( /7)) _ b%d(c+ dx) coth(e + fz) N b3(c + dz)?log (1 — e¥e+/2))
f? f? f
b3(c + dz)? coth?(e + fx) N b*(c+dx)®  b*(c+dx)®  bd?*PolyLog (3, e2(e+fa))
2f 2f 3d 23
b3d? log(sinh(e + fx))
73

_|_

+

-

input LInt[(c + d*xx)"2*(a + bxCothl[e + f*x])~3,x]

~—/

output | (-3*axb~2*(c + d*x)~2)/f + (b"3*(c + d*x)"2)/(2*f) + (a~3*(c + d*x)~3)/(3*
d) - (a™2xbx(c + d*x)~3)/d + (a*b™2*(c + d*x)~3)/d - (b~3*(c + d*x)~3)/(3x
d) - (b"3xd*(c + d*x)*Coth[e + f*x])/f~2 - (3%axb~2*%(c + d*x) 2*Coth[e + f
*x])/f - (b73x(c + dxx) 2xCoth[e + £*x]~2)/(2*f) + (6*axb~2*d*(c + d*x)*Lo
gll - E7(2x(e + £*x))])/£72 + (3*a"2*bx(c + d*x)~2*Logl[l - E~(2x(e + f*x))
1)/f + (b73*(c + d*x) 2*Log[1l - E"(2*(e + £*x))])/f + (b~3*d"2*Log[Sinh[e
+ £*x]]1)/£73 + (3*a*b~2*d~2xPolyLogl[2, E~(2*(e + £*x))])/£f7"3 + (3*%a~2*bxd*
(c + d*x)*PolyLog[2, E~(2x(e + f*x))])/£f"2 + (b~3*d*(c + d*x)*PolyLog[2, E
“(2x(e + £*x))])/£72 - (3*%a~2xbxd"2*PolyLog[3, E~(2%(e + £*x))])/(2%£73) -
(b~3%d~2*PolyLog[3, E~(2x(e + £*x))])/(2*£73)

3.48.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

p
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x] \

348.  [(c+dz)*(a+ beoth(e + fz))3 dx
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rule 4205 Tnt [((c_.) + (d_.)*(x))"(m_.)*((a)) + (b_.)¥tanl(e_.) + (£_.)*(x)1)"(n_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x],
] x] /; FreeQ[{a, b, c, d, e, £, m}, x] & IGtQ[m, 0] && IGtQ[n, O]

3.48.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1585 vs. 2(389) = 778.

Time = 0.63 (sec) , antiderivative size = 1586, normalized size of antiderivative = 3.96

method | result size

risch Expression too large to display | 1586

r

inputLint((d*x+c)“2*(a+b*coth(f*x+e))“3,x,method=_RETURNVERBOSE)

| —

output | 2/f~2*%b~3*d"~2*polylog(2,exp (f*x+e)) *x+1/f*b~3*%d"2*1n(1+exp (f*x+e) ) *x~2+2/f
~2%b~3*d"2*polylog(2,-exp (f*x+e) ) *x+1/£f"3*b~3*%e~2*d"~2*1n(exp(f*x+e)-1)-1/f
~3%b~3*d"2*1n(1-exp(f*x+e) ) *e~2+3/f*b*a~2*c " 2*1n(exp (f*x+e)—-1) +3/f*b*a~2*c
~2%1n(1+exp(f*x+e) )+6/f " 3*%b~2*%axd~2*polylog(2,exp (f*x+e))+6/f " 3*b~2*a*d 2%
polylog(2,-exp(f*x+e))-6/£f"3*bxa~2*d"2*polylog(3,exp(f*x+e))+4/3/£ 3*%b"3*d
~2%e”3-2/f"3%b"3*d"2*1n(exp (f*x+e) ) -2/fxb~3*c"2x1n (exp (f*x+e) ) -4/f*b"3*c*d
xe*xx—-12/f*b*d*xcxa~2*xe*x+12/f " 2xbkexd*c*a~2x1n (exp (f*x+e) ) -6/f " 3*bxa~2xd "~ 2#
polylog(3,-exp(f*x+e))+2/f 2xb~3*ckd*polylog(2,exp (f*x+e))+2/f ~2xb~3*c*d*p
olylog(2,-exp(f*x+e))+1/£f*b~3*d"2*1n(1-exp(f*x+e))*x"2+4/f " 3*b*a~2xd"2*e"3
+2/£72%b"3%d"2%e"2%x-6/f*b"2%a*d " 2xx"2-2/f "2xb~3*kc*kd*e"2-6/f " 3*b~2*a*xd"2*e
~2-2/£"3%b~3*%e~2*d"2*1n(exp (f*x+e) ) -6/f*b*a~2*c~2*1n (exp (f*x+e) ) +6/f ~2xb*a
“2%d"2%e”2+x-6/f"2xb*d*c*a~2%e"2-12/f"2%b"2+a*xd"2*e*x+12/f " 3*b~2*kexa*xd"2*1
n(exp(f*x+e))-12/f"2xb"2*a*cxd*1n(exp (f*x+e))+4/f"2xb"3*e*xcxd*1n(exp (f*x+e
))-6/£"3*%bxe”2xa"~2xd"2*1n (exp (f*x+e) ) —c*d*x"2*%b~3-1/3*d"2*x"3*b"3+x*b"3*c”
2+1/3/d*b~3*%c"3-3*%d*a"2xb*c*xx"2+3*d*axb " 2*xckx"2+3*%a " 2*bxCc”2*x+3*ka*b 2kc 2%
X—-2%b"2% (3ka*xd~2*xf*x"2%exp (2*%f*x+2%e) +b*xd~2*f*x"2*exp (2*f *x+2%e) +6*a*ckd*f
*xxkexp (2xfxx+2%e) +2¥b*cxd*fxx*kexp (2xfxx+2%e) +3*axc™2xf*exp (2*xf*x+2%e) —3*a*
d"2*f*x"2+b*c " 2% fxexp (2*%f *x+2%e) +b*xd~2*x*exp (2*f*x+2%e) —6*axcxd*f *x+exp (2%
fxx+2%e) *d*bkc—3*a*xc~2xf-b*xd"2*x-bxc*d) /£~2/ (exp (2xf*xx+2%e) -1) "2+6/f*xb*d*c
*a~2%1n (1-exp (f*x+e) ) *x+6/f " 2xbxd*c*a”2x1n(1-exp (f*x+e) ) *e+6/f*xb*d*c*xa”. ..

348.  [(c+dz)*(a+ beoth(e + fz))3 dx
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3.48.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 6356 vs. 2(386) = 772.

Time = 0.34 (sec) , antiderivative size = 6356, normalized size of antiderivative = 15.85

/(c + dz)?(a + beoth(e + fz))? do = Too large to display

p
input

N\

integrate ((d*x+c) 2% (atb*coth(f*x+e)) ~3,x, algorithm="fricas")

outputt

Too large to include

-

3.48.6 Sympy [F]

/(c + dz)?(a + beoth(e + fz))? dx = / (a + beoth (e + fz))? (c + dz)* dx

input Lintegrate ((d*x+c) **2% (atbxcoth (f*x+e) ) **3,x)

-/

output LIntegral((a + bxcoth(e + fxx))**3*%x(c + d*x)**2, x)

e

input t

~—

3.48.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 997 vs. 2(386) = 772.

Time = 0.28 (sec) , antiderivative size = 997, normalized size of antiderivative = 2.49

/(c + dz)*(a + beoth(e + fx))? dz = Too large to display

integrate ((d*x+c) ~2*(atb*coth(f*x+e))~3,x, algorithm="maxima")

~—

348.  [(c+dz)*(a+ beoth(e + fz))3 dx
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1/3*a”~3*%d"2*x"3 + a”3kckxd*x"2 + a~3kc"2*x + 3*a~2*b*xc 2*xlog(sinh(f*x + e))
/£ + 1/3%(18*a*xb~2%c™2*f + 6*¥b~3*ckxd + (3*a”~2*b*xd~2*%f~2 + 3*axb~2+d~2*f"2
+ b73*%d"2+%£72)*x"3 + 3% (3*a”"2kbkckd*f"2 + b 3kckd*f~2 + 3k (ckd*f"2 + 2%d"2
*f)*axb~2) *x"2 + 3k (3% (c"2*f72 + 4xckxdxf)*axb”2 + (c"2*%f72 + 2%d"2)*b"3)*x
+ ((3*%a"2%b*d"2*f"2xe” (4*e) + 3*kaxb~2*%d"2*f 2xe” (4*e) + b~ 3*xd"2*f " 2%e” (4%
e))*x"3 + 3*%(3*a~2*b*ckxd*f 2xe” (4*e) + 3*axb"2*ckxd*f 2xe” (4*e) + b 3*kckd*f
~2xe” (4xe) ) *x72 + 3% (3ka*xb"2xc”2xf"2%e” (4*e) + bT3*cT2xf"2xe” (4*e) ) *x) *e” (
4xfxx) — 2x(9*axb~2kc " 2xf*ke” (2xe) + 3*x(c"2xf*e” (2xe) + cxd*e” (2*e))*b”"3 +
(3*xa~2xbxd~2xf "2xe~ (2%e) + 3*axb~2%d"2%f 2%e~(2%e) + b~3*d"2%f "2%e”(2%e))*
X"3 + 3*%(3*%a"2xbkckd*f~2%e” (2%e) + 3k (ckd*f~2xe”(2%e) + d"2xfxe”(2xe))*axb
"2 + (c*kd*f~2%e”(2xe) + d"2*xf*e”(2%e))*b~3)*x"2 + 3% (3*(c"2xf"2xe” (2%e) +
2+cxdxf*e” (2%e) ) *xa*b™2 + (c™2*xf"2xe”~(2%e) + 2*ckxdxf*e”(2%e) + d"2*e~(2*e))
*b"3) *x) *e” (2*xf*x) )/ (£72%e” (4*f*x + 4xe) — 2*xf~2*e” (2*f*x + 2%e) + £72) -
2% (6*a*xb™2xcxd*xf + (c”2*f"2 + d"2)*b"3)*x/f72 + (3*a”"2*b*d"2 + b~3*d"2)*(f
~2xx"2xlog(e” (f*x + e) + 1) + 2kf*x*kdilog(-e~(f*x + e)) - 2*polylog(3, -e~
(fxx + e)))/£73 + (3*¥a™2xbxd"2 + b~3%d"2)* (£ 2*x"2+log(-e~(f*x + e) + 1) +
2xf*x*dilog(e” (f*x + e)) - 2*polylog(3, e~ (f*x + e)))/f73 + 2x(3*a ~2*b*c*
d*xf + b~3xckxd*f + 3*axb~2xd"2)*(fxx*xlog(e”(f*x + e) + 1) + dilog(-e~(f*x +
e)))/£f"3 + 2% (3*a~2*kbkckd*f + b 3xckd*f + 3xa*b~2xd"2)*(f*x*log(-e” (f*x +

e) + 1) + dilog(e~(fxx + e)))/f73 + (6*axb~2*cxd*f + (c™2*f72 + d™2)*b...

3.48.8 Giac [F]

/(c +dz)*(a + beoth(e + fz))* dx = / (dz + ¢)?(beoth (fz + €) + a)® d

-

Lintegrate((d*x+c)‘2*(a+b*coth(f*x+e))‘3,x, algorithm="giac")

-/

integrate((d*x + c) 2*(bxcoth(f*x + e) + a)~3, x)

N

_

348.  [(c+dz)*(a+ beoth(e + fz))3 dx
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3.48.9 Mupad [F(-1)]

Timed out.

/(c + dz)*(a + beoth(e + fz))* dr = / (a+bceoth(e + fz))® (c+ dz)’ dx

input Lint((a + bxcoth(e + f*x)) 3%(c + d*x)~2,x)

outputtint((a + bxcoth(e + f*x))~3%(c + d*x)~2, x)

348.  [(c+dz)*(a+ beoth(e + fz))3 dx
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3.49 [(c+ dz)(a+ bceoth(e + fz))’ dx

3.49.1 Optimalresult . . . . .. .. . .. ...
3.49.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.49.3 Rubi [A] (verified) . . . . . ... ..
3.49.4 Maple [B] (verified) . . . ... ... . ...
3.49.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 350
3.49.6 Sympy [F] . . . . . . 350
3.49.7 Maxima [B] (verification not implemented) . . . . . . . . ... ... ... ...
3.49.8 Giac [F] . . . . . o 358
3.49.9 Mupad [F(-1)] . . . . o

3.49.1 Optimal result

Integrand size = 18, antiderivative size = 261

3 3 2
¢+ dz)(a+ beoth(e + fz))® dz = 3ab’cx + bds + §ab2dar:2 + M
2f "2 2d
_ 3a’b(c+dx)®  b(c+dx)?
2d 2d
_ bPdcoth(e + fz)  3ab*(c+dx)coth(e + fx)
2f? f
b3(c + dz) coth®(e + fz)
2f
3a2b(c + dz)log (1 — eXtf2)
’ /
b3(c + dz)log (1 — e2e+/2))
" 7
3ab?dlog(sinh(e + fx))
+
Iz
3a?bd PolyLog (2, e2(¢+/2))
2f?
b3d PolyLog (2, e2(+/2))

272

349.  [(c+dz)(a+bcoth(e+ fz))*dz
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output | 3xa*b”~2xc*x+1/2xb~3*d*x/f+3/2*%a*b™2+d*x"2+1/2%a"3* (d*x+c) ~2/d-3/2*a”~2xb* (4
*x+c) "2/d-1/2%b"3% (d*x+c) "2/d-1/2*b"3*d*coth (f*x+e) /£~2-3*axb”~ 2 (d*x+c) *co
th(f*x+e) /f-1/2%b"3* (d*x+c) *coth(f*x+e) “2/f+3*a”2*b* (d*x+c) *1n(1-exp (2*f*x
+2%e)) /f+b"3* (d*x+c) *1n(1-exp (2*f*x+2%e) ) /£+3*a*b”~2*d*1n(sinh (f*x+e)) /£~ 2+
3/2*%a”~2*b*d*polylog(2,exp(2*xf*x+2*e)) /£72+1/2*b~3*d*polylog(2, exp (2*f*x+2*
e))/f"2

3.49.2 Mathematica [A] (verified)

Time = 8.18 (sec) , antiderivative size = 318, normalized size of antiderivative = 1.22

/(c +dz)(a + beoth(e + fz))* dx

(a + beoth(e + fz))3sinh(e + fz) (—b3f(c + dz) — a(a® + 30?) (e + fz)(—2cf + d(e — fz))sinh?(e +

input‘Integrate[(c + d*x)*(a + b*Coth[e + f*x])~3,x]

output | ((a + bxCoth[e + f*x]) "3*Sinh[e + f*x]*(-(b"3*f*(c + d*x)) - ax(a”2 + 3*b~
2)*(e + fxx)*(-2xcxf + d*(e - f*x))*Sinh[e + f*x]~2 + 2xb*x((3*a~2*%f"2*(c +
d*x)~2)/(2xd) + (b"2*%f72x(c + d*x)~2)/(2*%d) + 3*axbkxd*(e + f*x) + (3*axb*
d + 3*%a"2xfx(c + d*x) + b"2xf*(c + d*x))*Log[l - E"(-e - f*x)] + (3*axbxd
+ 3*%a”2xfx(c + d*x) + b"2*fx(c + d*x))*Log[l + E"(-e - f*x)] - (3*%a”2 + b~
2)*d*PolyLog[2, -E~(-e - f*x)] - (3*a”2 + b~2)*d*PolyLogl[2, E~(-e - f*x)])
*Sinh[e + f*x]~2 - (b"2*(bxd + 6xaxfx(c + d*x))*Sinh[2*(e + £*x)]1)/2))/ (2%
f~2x(b*Cosh[e + f*x] + a*Sinh[e + f*x])~3)

3.49.3 Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 259, normalized size of antiderivative = 0.99,
number of steps used = 3, number of rules used = 3, Lumber of rules _ ( 157 Ryles used

integrand size
= {3042, 4205, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)(a + beoth(e + fx))3 dzx

349.  [(c+dz)(a+bcoth(e+ fz))*dz
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| 3042
/(c+da:) (a—ibtan (ie+if:v+ g))de

l 4205

/ (a®(c + dz) + 3a®b(c + dz) coth(e + fz) + 3ab®(c + dz) coth®(e + fz) + b*(c + dz) coth®(e + fz)) dx

| 2009
a(c+dz)® | 3a’b(c+dz)log (1—eX*t/)  3a2h(c+dz)?  3a’bd PolyLog (2, H/®))
2d 7 T 22 -
3ab*(c + dx) coth(e + fz)  3ab*(c+dx)?  3abdlog(sinh(e + fz))
+ + +
f 2d f?
b3(c+ dz)log (1 — e2c+f2))  p3(c+ dx) coth®(e + fz)  b3(c+ dx)?
7 - of ~ 2 °
b3d PolyLog (2,e2¢+f2))  pddcoth(e + fz) = bidx
212 B 212 MY

p
input | Int[(c + d*x)*(a + b*Coth[e + f*x])~3,x]

output | (b~3*d*x)/(2%f) + (a~3*%(c + d*x)~2)/(2%d) - (3*xa~2%b*(c + d*x)~2)/(2xd) +
(3*a*xb~2x(c + d*x)~2)/(2%d) - (b~3*(c + d*x)~2)/(2*d) - (b~3*d*Coth[e + fx*
x]1)/(2x£"2) - (3*a*xb~2*(c + d*x)*Cothl[e + f*x])/f - (b"3*(c + d*x)*Cothle
+ £*x]72)/(2xf) + (3*a~2%b*(c + d*x)*Log[l - E"(2*(e + £*x))])/f + (b~3*(c
+ d*x)*Logl[l - E~(2x(e + f*x))]1)/f + (3%a*b~2xd*Log[Sinh[e + f*x]])/f~2 +
(3*a~2*bxd*PolyLog[2, E~(2x(e + £*x))])/(2*£72) + (b~3*d*PolyLog[2, E~(2*
(e + £xx))])/(2%£72)

3.49.3.1 Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
LQ[u, x] J

349.  [(c+dz)(a+bcoth(e+ fz))*dz
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rule 4205 Int[((c_.) + (d_.)*(x1))"(m_.)*((a)) + (b_.)*tan[(e_.) + (f_.)*(x 1)) (n_.) |

input

output

, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])"n, x]
- x] /; FreeQl{a, b, c, d, e, £, m}, x] & IGtQ[m, 0] & IGtQ[n, O]

2 ‘

3.49.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 650 vs. 2(243) =

Time = 0.49 (sec) , antiderivative size = 651, normalized size of antiderivative = 2.

486.
49

method | result

bBedln(efm+e—1) 3b2daln(ef"”+e—1) + 3b2daln(1+efz+e) + 3bda2polylog(2,efx+e)

3bd a2 polylog (2,—efx+e)

I'iSCh - f2 f2 f2 f2

f2

Lint((d*x+c)*(a+b*coth(f*x+e))‘3,x,method=_RETURNVERBOSE)

-1/£"2xb~3*e*d*1n (exp (f*x+e)-1)+3/f"2xb~2*d*a*1n (exp (f*x+e)-1)+3/f " 2xb"2*d
*xax1n (1+exp (f*x+e) ) +3/f " 2*b*d*a~2*polylog(2,exp(f*x+e) ) +3/f ~2*b*d*a~2*poly
log(2,-exp(f*x+e))+1/f*b~3*d*1n(1-exp(f*x+e))*x+1/f*b"3*d*1n(1+exp(f*x+e))
*x—3/2%a”2xb*d*x"2+3*a”"2*¥b*c*x+1/f"2+b~3*d*polylog(2,-exp (f*x+e))-6/f*b*a”
2%d*e*x+6/f "2xbke*a~2*d*1n (exp (f*x+e))-1/£"2%b"3*d*e~2-2/f*b~3*c*1n (exp (f*
x+e) ) +1/fxb"3xc*1ln(exp (f*x+e)-1)+1/£*b~3*cx1n(1+exp (fxx+e))+1/£"2%b~3*d*po
lylog(2,exp(f*x+e))+3*axb~2xcxx+3/2*axb~2xd*x~2-2/f*b~3*xd*e*xx-3/f ~2xb*a~2*
dxe~2-6/fxb*a”~2*cx1n (exp (f*x+e))+2/f"2*b~3*e*d*1n (exp (f*x+e) ) —6/Lf"2%b~2xd*
a*1ln(exp (f*x+e)) -b~2% (6*a*xd*f*x*exp (2*xf*x+2%e) +2xbxd*f*x*exp (2*f*x+2*e) +6*
axcxf*exp (2xf*x+2%e) +2¥bxc*f*exp (2*f *x+2%e) —6*axd*f*x+exp (2*f*x+2*e) *d*b-6
xaxc*f-bxd) /£72/ (exp (2*%f*x+2%e)-1) “2+1/£"2%b~3*d*1n (1-exp (f*x+e) ) *e+3/L*b*
a~2*cx1n(exp (f*x+e)-1)+3/f*b*a~2*cx1n(1+exp(f*x+e))+1/2*a”3*d*x"2-1/2*%b~3*
d*x~2+a”3*c*x+b~3*c*xx-3/f " 2xb*d*a”~2*ex1n(exp (f*x+e)-1)+3/f " 2*b*d*a~2*1n(1-
exp (f*x+e) ) *e+3/f*xbxd*a~2*1n(1-exp (f*x+e) ) *x+3/f*bxd*a~2*1n(1+exp (f*x+e) ) *
X

349.  [(c+dz)(a+bcoth(e+ fz))*dz
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3.49.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2907 vs. 2(241) = 482.

Time = 0.30 (sec) , antiderivative size = 2907, normalized size of antiderivative = 11.14

/(c +dz)(a + beoth(e + fx))? dz = Too large to display

p
input  integrate((d*x+c)*(a+b*coth(f*x+e))~3,x, algorithm="fricas")

output

input

output

1/2x((a~3 - 3*a”~2%b + 3*axb™2 - b~3)*xd*f~2%x"2 - 12*a*b~2*d*e + 2*x(a"3 - 3
*a"2+b + 3*a*b”2 - b~3)*kckf"2*x + ((a”3 - 3*%a"2b + 3*a*b”2 - b~3)*kd*f 2*x
2 - 12xa*xb"2xd*e + 2*x(3*%a~2*b + b~3)*d*e”2 - 4*x(3*a~2*b + b~3)*kckexf - 2%
(6xaxb~2xdxf — (a”3 - 3*a"2%b + 3*a*b”2 - b~3)*kc*kf~2)*x)*cosh(f*x + e)~4 +
4% ((a”™3 - 3*a"2xb + 3*axb”2 — b"3)*d*f"2*x"2 - 12*xaxb"2xd*e + 2% (3*a”2%*b
+ b"3)*d*e”2 - 4x(3*a"2xb + b~3)*kcke*f - 2% (6xaxb”2xdxf - (a"3 - 3*a"2*b +
3*%a*b”™2 - b~3)*cxf~2)*x)*cosh(f*x + e)*sinh(f*x + e)~3 + ((a"3 - 3*a~2%b
+ 3*%a*b”2 - b 3)*d*f"2xx"2 — 12%a*b”2*d*e + 2*x(3*a"2xb + b~3)*d*e”2 - 4x(3
*¥a"2xb + b73)*cxe*xf - 2% (6xa*b”2*d*f - (a”3 - 3*a"2xb + 3*axb”2 - b”"3)*c*f
~2)*x)*sinh(f*x + e)~4 + 2xb~3%d + 2x(3*a”2%b + b~3)*dxe”2 - 2x((a”"3 - 3*a
~2%b + 3*a*b”~2 - b~ 3)*d*kf"2*x"2 - 12%axb~2*d*e + b~3*d + 2% (3*a"2%b + b~3)
*dxe”~2 - 2% (2% (3*a”2*b + b~3)*c*e - (3*a*b”2 + b~3)*c)*f + 2x((a”3 - 3*a~2
*b + 3*xaxb”2 - b"3)*c*kf"2 - (3*axb”2 - b"3)*d*f)*x)*cosh(f*x + e)~2 — 2*((
a"3 - 3*%a”2%b + 3*a*b”2 - b~3)*d*f"2*xx"2 - 12*%axb"2*d*e + b~3*d + 2*(3*a"2
*b + b~3)*d*e”2 - 3*((a”"3 - 3*a"2xb + 3*axb”2 - b73)*d*f"2%x"2 - 12*axb”"2*
dxe + 2%(3*a”2%b + b~3)*d*e”2 - 4%(3*a"2%b + b~ 3)*kckxexf — 2k (6*a*b”2*dxf -
(a™3 - 3*a"2*b + 3*a*b”2 - b~3)*c*xf~2)*x)*cosh(f*x + e)”2 - 2% (2x(3*xa~2*b
+ b~3)*c*e — (3*a*xb”2 + b"3)*c)*f + 2x((a”3 - 3*a~2*b + 3*a*b”2 - b~3)*c*
£72 - (3*a*b”2 - b"3)*d*f)*x)*sinh(f*x + e)~2 + 4*(3*a*b~2+c - (3*a~2*b +

b~3)*cxe)*f + 2% ((3*%a~2%b + b~3)*d*cosh(f*x + e)~4 + 4x(3*%a"2%b + b~3)*...

3.49.6 Sympy [F]

/(c + dz)(a + beoth(e + fz))? dz = / (a + beoth (e + fx))? (c + dz) d

.
integrate ((d*x+c)* (a+bxcoth(f*x+e))**3,x)

N

‘Integral((a + bxcoth(e + f*x))**3*(c + d*x), x)

349.  [(c+dz)(a+bcoth(e+ fz))*dz



input

output

[
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3.49.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 528 vs. 2(241) = 482.

Time = 0.27 (sec) , antiderivative size = 528, normalized size of antiderivative = 2.02

/(c + dz)(a + beoth(e + fz))3 dx

2 : 3 2
_ %asdx2+a3csc+ 3a bclog(s1;h(fx+e)) _ (3a%bd + bd)a? — 2 (bcf —|}3ab d)x

N 12 ab’cf + 26%d + (3 a®bdf? + 3 ab?df? + b3df*)z? + 2 (b3cf? + 3 (cf? + 2df)ab®)z + ((3 a®bdf?e*®) +

a zlog (e iy (—elfot
N (3abd + b3d) (fzlog (eV™+9) + 1) + Liy (—el+9)))
72
| Ba’bd +bd) (fzlog (—eU=+) + 1) + Liy (elfo+)))
72
(b3cf + 3ab*d) log (e(fx—i—e) + 1) (b3cf + 3ab?d) log (e(f”e) _ 1)
+ 7 + e

integrate ((d*x+c)* (a+bxcoth(f*x+e))~3,x, algorithm="maxima")

~—

1/2%a”3%d*x"2 + a~3%c*x + 3%a~2xbxc*log(sinh(f*x + e))/f - (3%a”2%b*d + b~
3xd)*x"2 — 2x(b~3*kcxf + 3*axb"2xd)*x/f + 1/2%(12%a*b~2*kc*xf + 2*b~3*d + (3%
a~2xbxd*f~2 + 3*axb”"2*xd*f"2 + b "3*xd*f"2)*x”2 + 2% (b 3*kc*kf"2 + 3*k(cxf"2 + 2
*dxf) *axb~2) *x + ((3*a”~2+bxd*f ~"2xe” (4*e) + 3*axb”~2+d*f " 2%e~(4*e) + b 3*dx*f
~2xe” (4xe) ) *xx"2 + 2% (3*a*xb”2*ckxf"2xe” (4xe) + b~ 3kckf"2%e” (4xe))*x)*e” (4*xf*
x) - 2% (6*a*xb"2xcxfxe”(2xe) + (2kc*xf*e”(2%e) + dxe”(2xe))*b"3 + (3*a"2%b*d
*f"2xe”~ (2xe) + 3kaxb”"2*d*f"2xe” (2*e) + b7 3kd*f"2%e” (2%e))*x"2 + 2% (3x(c*f”
2%e” (2%e) + dxfxe”~(2%e))*a*b~2 + (cxf~2xe”(2*e) + dxfxe”(2*e))*b~3)*x)*e™ (
2%f*xx) )/ (£72%e” (4*xf*x + 4*e) — 2+%f~2ke” (2xf*x + 2%e) + £72) + (3*a~2b*d +
b~3xd) * (f*xx*xlog(e~ (f*x + e) + 1) + dilog(-e~(f*x + e)))/f"2 + (3*a~2xbxd

+ b73*d) *(f*x*log(-e~ (f*x + e) + 1) + dilog(e”(f*x + e)))/f72 + (b~ 3*xc*f +
3*axb~2+d) *log(e” (f*xx + e) + 1)/£72 + (b~ 3*c*f + 3*axb~2xd)*log(e” (f*x +

e) - 1)/f°2

349.  [(c+dz)(a+bcoth(e+ fz))*dz
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3.49.8 Giac [F|

/(c +dz)(a + beoth(e + fx))3 dx = / (dz + c)(beoth (fz + e) + a)’ dz

inputLintegrate((d*x+c)*(a+b*coth(f*x+e))‘3,x, algorithm="giac")

output Lintegrate((d*x + c)*(b*xcoth(f*x + e) + a)73, x)

3.49.9 Mupad [F(-1)]

Timed out.

/(c + dz)(a + beoth(e + fz))3dx = / (a +beoth(e + f2))° (c+ dz) dz

input Lint((a + b*coth(e + f*x))~"3*(c + d*x),x)

output Lint((a + bxcoth(e + £*x))~3*(c + d*x), x)

349.  [(c+dz)(a+bcoth(e+ fz))*dz



CHAPTER 3. LISTING OF INTEGRALS 359

3.50 f (a—kbco’ch(e—kf:v))3 dx

ct+dx
3.50.1 Optimalresult . . .. ... ... ... ... . 359
3.50.2 Mathematica [N/A] . . . . . . . . . 3591
3.50.3 Rubi [N/A] . . o o oot e 3600
3.50.4 Maple [N/A] (verified) . . . . .. . ... .
3.50.5 Fricas [N/A] . . . . . .
3.50.6 Sympy [N/A] . . . . 3611
3.50.7 Maxima [N/A] . . . . . . . . 362
3.50.8 Giac [N/A] . . . . . . 362
3.50.9 Mupad [N/A] . . . . 363

3.50.1 Optimal result

Integrand size = 20, antiderivative size = 20

/ (a + beoth(e + fz))3 i — Int<(a + beoth(e + fx))3 ’ x)
c+dr c+dzx

output Unintegrable((a+b*coth(f*x+e)) 3/ (d*x+c),x)

N\ J

3.50.2 Mathematica [N/A]

Not integrable

Time = 48.15 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

/ (a + bcoth(e + fz))3 (a + beoth(e + fz))3
dr =
c+dx c+dr

input LIntegrate[(a + b*Coth[e + f*x])~3/(c + d*x),x]

output‘ Integrate[(a + bxCoth[e + f*x])~3/(c + d*x), xI]

3.50. [ (etbeothletfn)) gy
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3.50.3 Rubi [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

(a + beoth(e + fx))3
/ c+dz

J’3042

dz

. . ) 1\ 3
/ (a—zbtan (ze+zfx+ 5))
c+dzx

l 4223

/ (a+ beoth(e + fx))de
c+dz

input| Int[(a + b*Cothle + £*x1)73/(c + d¥x),x] |

output ‘ $Aborted ‘

rule 3042

rule 4223

3.50.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

3.50. [ (etbeothletfn)) gy
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3.50.4 Maple [N/A] (verified)

Not integrable

Time = 0.34 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a + beoth (fz + €))?

d
dzr +c T

input ‘ int ((at+b*coth (f*x+e)) 3/ (d*x+c) ,x)

output Lint ((at+b*coth(f*x+e)) "3/ (d*x+c) ,x)

3.50.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 52, normalized size of antiderivative = 2.60

/(a+bcoth(e+fz))3 dx:/(bCOth (fz +e)+a)’ i
c+dz dz +c

inputtintegrate((a+b*coth(f*x+e))‘3/(d*x+c),x, algorithm="fricas")

output‘ integral ((b~3*coth(f*x + e)~3 + 3%a*b~2*kcoth(f*x + e)~2 + 3*a~2*b*coth(f*x
| +e) +a3)/(d*x + o), x)

3.50.6 Sympy [N/A]

Not integrable

Time = 1.98 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

(a + beoth(e + fz))3 dp — (a + beoth (e + fz))°

c+dx c+dx dz

input Lintegrate ((atb*coth(f*x+e))**3/ (d*x+c) ,x)

—

output LIntegral((a + bkcoth(e + f*x))*x3/(c + d*x), x)

3.50. [ (etbeothletfn)) gy
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3.50.7 Maxima [N/A]

Not integrable

Time = 0.75 (sec) , antiderivative size = 644, normalized size of antiderivative = 32.20

dz

(a + beoth(e + fz))3 dp — / (beoth (fz +e) + a)®
c+dz dz +c

inputLintegrate((a+b*coth(f*x+e))‘3/(d*x+c),x, algorithm="maxima")

/

output | a~3*log(d*x + c)/d + (3*a”2%b + 3*axb”2 + b~3)*log(d*x + c)/d + (6*a*xb~2*xd
*fxx + 6xa*b”2xckf - b"3*d - (6*axb”2*cxf*e”(2xe) + (2kckfxe”(2%e) - dxe”(
2%e))*b~3 + 2% (3*a*xb”2xd*f*e”(2*e) + b 3kxdxf*e” (2*e))*x)*e” (2xf*x))/(d"2*f
T2%x72 + 2%ckdkfT2xx + cT2xf72 + (dT2*f72%x"2%e” (4d*xe) + 2kckdkfT2xx*e” (4*e
) + cT2xf"2%e” (4*e) ) xe” (4*f*x) - 2x(d"2*f"2*x"2%e” (2%e) + 2kckdkf 2kxke” (2
xe) + cT2*xf"2*xe”(2xe))*e” (2xf*x)) - integrate((3*a~2*bxc 2+f72 - 3*axb~2*c
*dxf + (c72+%f72 + d72)*b"3 + (3*%a~2xb*d"2*f"2 + b 3*%d"2*£72)*x"2 + (6*a~2*
bxcxd*xf~2 + 2%b " 3kckd*f"2 - 3xaxb~2xd"2*f) *x) /(d"3*f"2%x"3 + 3kckd 2k "2%x
2 4+ 3%cT2xd*f72%x + c”3*%f72 + (d73*f"2xx"3%e"e + 3kckd"2*f"2xx"2%e"e + 3%
c"2*d*f"2*x*e”e + c"3*f"2*%e"e)*e”(f*x)), x) + integrate(-(3*a"2*xbxc"2xf~2

- 3*a*xb"2xckxd*f + (c”2*f"2 + d72)*b"3 + (3*%a"2xbxd"2*f"2 + b"3*d"2*f"2) *x~
2 + (6*a~2xbkckxd*f~2 + kb 3kckd*f~2 — 3*axb"2+d"2*f)*x)/(d"3*f"2*x"3 + 3%
c*d"2*f"2xx"2 + 3xcT2xd*f"2%x + c”3*%f72 - (d73*f"2xx"3*e"e + 3kckd"2*f"2%xx
~2%e"e + 3*c"2*d*f " 2*x*e"e + c 3*f 2%e”e)*e” (f*x)), x)

N

3.50.8 Giac [N/A]

Not integrable

Time = 0.41 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(a+bcoth(e+fx))3 g — / (beoth (fz +€) + a)® i
c+dz dz +c

input‘integrate((a+b*coth(f*x+e))”3/(d*x+c),x, algorithm="giac")

-

outputLintegrate((b*coth(f*x +e) + a)73/(d*x + ¢), x)

| —

3.50. [ (etbeothletfn)) gy
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3.50.9 Mupad [N/A]

Not integrable

Time = 2.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a + beoth(e + fz))3 e — (a + beoth(e + f z))°

c+dzx ct+dzx dz

inputtint((a + bxcoth(e + f*x))~3/(c + d*x),x)

outputLint((a + bxcoth(e + f*x))~3/(c + d*x), x)

3.50. [ (etbeothletfn)) gy
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(a+bcoth(e+fz))3

3.51 | B e

3.51.1 Optimalresult . . .. .. . .. . . . 364
3.51.2 Mathematica [N/A] . . . . . . . . . 364
3513 Rubi [N/A] « . o oo oo oo 365
3.51.4 Maple [N/A] (verified) . . . . . . ... ...
3.51.5 Fricas [N/A] . . . . . .
3.51.6 Sympy [N/A] . . . . e 360
3.51.7 Maxima [N/A] . . . . . . . 367l
3.51.8 Giac [N/A] . . . . . 367
3.51.9 Mupad [N/A] . . . . 368

3.51.1 Optimal result

Integrand size = 20, antiderivative size = 20

/ (a + beoth(e + fz))3 e — Int((a + beoth(e + fz))?

(c+ dz)?

(c+ dz)?

)

output LUnintegrable ((a+b*coth(f*x+e)) "3/ (d*x+c)~2,x)

3.51.2 Mathematica [N/A]

Not integrable

Time = 56.00 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + beoth(e + fz))3 g — (a + beoth(e + fz))3

(c+ dx)?

(c+ dx)?

dz

-

input LIntegrate [(a + bxCoth[e + f*x])~3/(c + d*x)~2,x]

~—

output LIntegrate[(a + b*Coth[e + f*x])73/(c + d*x)~2, xI]

~—

a CO’ € T 3
3.51. [ (etbeotbeh/o) g
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3.51.3 Rubi [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a + beoth(e + fx))3
(c+dzx)?

l 3042

dx

(a —ibtan (ie +ifz + E))g
/ (c+ dx)? “da

J'4223

/ (a + bcoth(e + fx))?’dz
(c+ dz)?

input‘ Int[(a + bxCoth[e + f*x])~3/(c + d*x)~2,x]

output L$Aborted

3.51.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4223 Int[((c_.) + (d_.)*(x_)) " (m_.)*((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

a CO’ € 23
3.51. [ (etbeotbeh/o) g
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3.51.4 Maple [N/A] (verified)

Not integrable

Time = 0.32 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/(a+bcoth (fx—l—e))?’dx
(dz + c)®

input Lint ((atb*coth(f*x+e)) 3/ (d*x+c) ~2,x)

—

output Lint ((at+bxcoth(f*x+e)) "3/ (d*x+c)~2,x)

3.51.5 Fricas [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 63, normalized size of antiderivative = 3.15

(a + beoth(e + fz))3 (beoth (fz + e) +a)°

dz
(c+ dx)? (dz + c)®

input Lintegrate ((atb*coth(f*x+e)) "3/ (d*x+c)~2,x, algorithm="fricas")

Output‘integral((b*S*coth(f*x + )73 + 3xaxb”2xcoth(f*x + e)”2 + 3*a”~2xbxcoth(f*x
‘ + e) + a~3)/(d™2%x"2 + 2%c*d*x + c~2), x)

3.51.6 Sympy [N/A]
Not integrable

Time = 3.21 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

(a+bcoth(e+ fz))® . [ (a+bcoth(e+ fz))’ .
/ (c+ dx)? dz = / (c+ dac)2 d

input Lintegrate ((atbxcoth(f*x+e))**3/ (d*x+c)**2,x)

—

output LIntegral((a + bxcoth(e + f*x))**3/(c + d*x)**2, x)

a CO’ € T 3
3.51. [ (etbeotbeh/o) g



CHAPTER 3. LISTING OF INTEGRALS

367

3.51.7 Maxima [N/A]

Not integrable

Time = 0.95 (sec) , antiderivative size = 1144, normalized size of antiderivative = 57.20

dz

(a +beoth(e + fz))* , / (beoth (fz +e) + a)®
(c+ dx)? (dz + c)®

input ‘ integrate((a+b*coth(f*x+e)) 3/ (d*x+c)~2,x, algorithm="maxima")

output

-a~3/(d"2*x + c*xd) - (3*%a"2*bxc”™2*%f~2 + 3*x(c"2*%f"2 - 2xckd*f)*a*b”2 + (c72
*f72 + 2%d"2)*b"3 + (3*%a"2%bxd"2*f"2 + 3*axb”2xd"2*xf"2 + b~ 3xd"2*f"2) *xx"2
+ 2% (3*%a"2%b*c*xd*f~2 + b7 3*kckd*f~2 + 3*(ckd*f"2 - d72*xf)*axb”"2)*x + (3*%a”2
*bxc 2xf "2xe” (4ke) + 3*a*xb 2*xc”2xf"2xe” (4d*e) + b"3*c"2*%f"2xe” (4*xe) + (3*a”
2%bxd~2*xf"2%e” (4xe) + 3*kaxb~2*xd"2*f " 2xe” (4*e) + b~ 3*d"2*f " 2xe” (4*e) ) *x"2 +
2% (3ka~2xbxckd*f~2*e” (4*e) + 3ka*b~2kckd*f~2*e” (4*e) + b~ 3*ckxd*xf 2xe” (4*e
))kx) ke~ (4xfxx) — 2% (3*ka~2xbkc 2xf 2xe” (2%e) + 3x(c"2*f"2*e”(2xe) - ckd*f*
e~ (2%e))*a*xb~2 + (c™2%f "2xe~ (2*e) - cxd*fxe~(2*xe) + d~2%e”(2%e))*b~3 + (3%
a~2xb*xd"2*f~2%e” (2%e) + 3kaxb~2%d"2xf 2%e”(2%e) + b ~3*d"2%f "2*xe” (2*e))*x"2
+ (6*a~2%bkxcxd*xf "2%xe” (2%e) + 3x(2kcxd*xf ~2xe”~ (2ke) - d~2xf*e” (2%e))*a*xb~2
+ (2xckd*f~2%e” (2xe) - d~2*fxe”(2%e))*b"3)*x) ke~ (2xf*x))/(d"4*f~2+%x~3 + 3%
c*xd"3*f72%xx"2 + 3kcT2¢dA"2+f72%x + c"3xd*xf"2 + (d74*f72+x"3xe” (4xe) + 3kckd
“3xfT2xx"2xe” (4ke) + 3kcT2+d72*f " 2xxke” (4d*e) + c"3kd*f"2%e” (4*e))*e” (4xfxx
) — 2% (d74*f"2%x"3%e” (2%e) + 3kckxd"3*kf"2kx"2%e” (2%e) + 3*cT2xd"2xf " 2*kx*ke” (
2%e) + c”3xdxf"2*e”(2*e))*e” (2+f*x)) - integrate((3*a~2*bxc 2*xf~2 - 6xaxb”
2%ckd*f + (c™2*xf72 + 3*d"2)*b"3 + (3*a"2*b*d"2*xf"2 + b"3*d"2*f"2)*x"2 + 2%
(3*xa~2xbxcxd*f~2 + b 3xckxd*f~2 — 3%axb~2%d"2%f)*x)/(d"4*f 2%xx"4 + 4xcxd~3%
£72%x73 + 6kCT2xd"2*%fT2%x"2 + 4*kcT3*d*fT2xx + cT4*fT2 + (d74*f"2%x"4*e"e +
4xcxd"3*%f72xx"3*%e"e + 6*cT2kd"2*xf72*kx"2%e"e + 4xc”3*kd*f " 2*x*e"e + cT4xf"2
xe~e)xe” (f*x)), x) + integrate(-(3*a~2*b*c~2*f"2 - 6xa*xb”~2kcxd*f + (c”2...

3.51.8 Giac [N/A]

Not integrable

Time = 0.80 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+ beoth(e + fz))? _ / (becoth (fz +e€) + a)3 .

(c+ dx)? (dz + c)®

a CO’ € T 3
3.51. [ (etbeotbeh/o) g
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input Lintegrate ((atbxcoth(f*x+e)) 3/ (d*x+c)~2,x, algorithm="giac")

output Lintegrate((b*coth(f*x +e) + a)73/(d*x + c)72, x)

3.51.9 Mupad [N/A]

Not integrable

Time = 2.16 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a+bcoth(e+ fz))® . [ (a+bcoth(e+ fz))’ .
/ (c+dx)? dz = / (c+ dazc)2 d

input‘ int((a + bxcoth(e + f*x))~3/(c + d*x)~2,x)

output Lint((a + bxcoth(e + £*x))~3/(c + d*x)~2, x)

a CO’ € x 3
3.51. [ (etbeotbeh/o) g
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3.52 [ ltd g,
) a+b coth(e+fx)

3.52.1 Optimalresult . . . . . . ... ... ... 369
3.52.2 Mathematica [A] (verified) . . . . . . ... ... ..o oL 370
3.52.3 Rubi [A] (verified) . . . . . . . ... 370
3.52.4 Maple [B] (verified) . . . . ... . . ... 374
3.52.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... .. 3751
3.52.6 Sympy [F] . . . . . 3706
3.52.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 3761
3.52.8 Giac [F] . . . . o 377
3.52.9 Mupad [F(-1)] . . . . o B77

3.52.1 Optimal result

Integrand size = 20, antiderivative size = 210

/

(c+ dx)3

(c + dx)* b(c + dz)3log (1 -

(a—b)e—2(etfz)

a+b

)

a+ beoth(e + fz) v 4(a+b)d

+

_+_

+

3bd(c + dz)? PolyLog (2, (

(a? =) f

a—b)e~2(etfx)

a+b

)

2(a"—82) /2
3d%(c + dz) PolyLog (3, (

a+b

a—b)e—2(etfz)

)

2 (a2~ 5%) 3
3bd3 PolyLog (4, (atje 2

a—b)e—2(etfx)

)

1@ 1) f'

output‘1/4*(d*x+c)‘4/(a+b)/d—b*(d*x+c)‘3*1n(1+(—a+b)/(a+b)/exp(2*f*x+2*e))/(a‘2—b
‘“2)/f+3/2*b*d*(d*x+c)”2*polylog(2,(a-b)/(a+b)/exp(2*f*x+2*e))/(a*2—b“2)/f“
‘2+3/2*b*d“2*(d*x+c)*polylog(3,(a—b)/(a+b)/exp(2*f*x+2*e))/(a”2-b”2)/f“3+3/

‘4*b*d“3*polylog(4,(a-b)/(a+b)/exp(2*f*x+2*e))/(a“2-b‘2)/f“4

3.52.

J

(ctdz)?

a+bcoth(e+fz)

dz
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3.52.2 Mathematica [A] (verified)

Time = 1.53 (sec) , antiderivative size = 247, normalized size of antiderivative = 1.18

(c+dz)?
/ a + beoth(e + fz) dz

—a e—2(e+fz)
1 2b(c + da)* 4b(c + dz)*log (1 + G )
4\ (a+b)d(a(-1+e*)+b(1+e*)) (a—b)(a+d)f
. 3bd (2 2(c + dz)? PolyLog (2, #) + d(2 f(c + dz) PolyLog (3, %) + dPolyLog (
(@—b)(a+b)f*

z(4c® + 6c2dz + 4ed?x® + dPz?) sinh(e)
bcosh(e) + asinh(e)

e

input LIntegrate [(c + d*x)"3/(a + b*Coth[e + f*x]),x]

—/

output | ((2¥b*(c + d*x)~4)/((a + b)*d*(a*x(-1 + E~(2xe)) + bx(1 + E~(2xe)))) - (4*b
*(c + dxx)~3*Log[l + (-a + b)/((a + b)*E~(2%(e + f*x)))])/((a - b)*(a + b)
*f) + (3xbxd*x(2xf~2*(c + d*x) 2+PolyLogl[2, (a - b)/((a + D)*E~(2*(e + f*x)
))] + d*x(2xf*(c + d*x)*PolyLogl[3, (a - b)/((a + D)*E~(2x(e + £*x)))] + d*P
olyLog[4, (a - b)/((a + D)*E~(2*(e + £*x)))]1)))/((a - b)*(a + b)*£74) + (x
*(4xc™3 + 6%c”2+d*x + 4xc*d"2*x"2 + d"3*x"3)*Sinh[e])/(b*Cosh[e] + axSinh[
el))/4

3.52.3 Rubi [A] (verified)

Time = 0.97 (sec) , antiderivative size = 200, normalized size of antiderivative = 0.95,
number of steps used = 9, number of rules used = 8, Lumber of rules _ ( 440 Ryles used

' integrand size
= {3042, 4214, 25, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+ dzx)?
/ a + beoth(e + fx) dz

l 3042

/ (c+ dz)? i
a — tbtan (ie +ifr+ g)

(ctdz)?
3.52. f m d.’L'
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l 4214

—2(e+fz) 3 4
2b/— e (c+dx) do + (c+ dx)
(a +b)2 — (a2 — b2) e~2(et+f2) 4d(a + b)

| 25

(c+ dx)* 2b/ e~2(etf9) (¢ 4 d)3

4d(a+b) (a+b)% — (a2 — b2) e—20etfa) *
| 2620
_ble—2(et+fx p\o—2(etfa)
(ctrdryt  [(c+doylog (1- CDETY 54 (4 do)log (1- DT dg
4d(a+b) 2f (a® — b?) B 2f (a2 — b2)
| 3011
(e+da)t
4d(a + b
( ) _p)e=2etf2) abye—2(e+F2)\ |\
(c+dx)? PolyLog (2,%) d [ (c+dz) PolyLog (2’%) da
3d _
3 _ (a=be2(H/®) 2f f
o (c+ dz)° log (1 = ) B /
21 (a® = t7) 2f (a? ~2?)
| 7163
(c+do)*
4d b
(a+b) e s
d [ PolyLog (3’(17+b>dz (c+da
(c+dz)? PolyLog (2,%) d( 2f -
3d 57 _ ;
(c+ dz)3log (1 — w)
2b ot _
2f (a® - b?) 2f (a2 — b?)

l 2720

(c+dz)?
3.52. f m d.’L'
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(c+dn)”
4d(a +b)
daf 32(e+f:1,‘) PolyLog (3’ %\
(c+dx)? PolyLog(Q’ (a—b)ea_f;e-kfx)) dl — - |
3d - -
—b —2(e+fx)
o (c+ dz)3log (1 _ %> )
2f (a? — b?) S
| 7143
(c+dn)®
4d(a +b)
(c+dz) PolyLog(g’ W ) N
(c+dz)? PolyLog (ZM) dl — - L
3d a ~
2f f
—b)e—2(etfz)
% (c+ do)log (1 - %) _
2f (@@ = %)

2f (a* — %)

;
input | Int[(c + d*x)~3/(a + b*Coth[e + f*x]),x]

(c + d*x)~4/(4*%(a + b)*d) - 2¥b*(((c + d*x)~3xLogl[l - (a - b)/((a + b)*E~(
2x(e + £*x)))]1)/(2%x(a"2 - b~2)*f) - (3*d*(((c + d*x)~2xPolyLog[2, (a - b)/
((a + D)*E~ (2% (e + £*x)))])/(2*f) - (d*(-1/2%((c + d*x)*PolyLog[3, (a - b)
/((a + D)*E~(2*(e + £*x)))])/f - (d*PolyLogl[4, (a - b)/((a + D)*E~(2*(e +

£%x)))]1)/(4%£72)))/£))/(2*x(a"2 - b~2)*f))

output

(ctdz)?
3.52. m d.’L'
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rule 25

rule 2620

rule 2720

rule 3011

rule 3042

rule 4214

rule 7143
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3.52.3.1 Defintions of rubi rules used

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

Int [(C(FL)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x=_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(g*x(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*x))))"(@_)1*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))“nl/(b*cxn*Log[F])), x] + Simp[g*(m/(b*ckn*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[(c + d*x)~"(m + 1)/(d*(m + 1)*(a + I*b)), x] + Simp
[2xI*¥b Int[(c + d*x) "m*E~(2*I*k*Pi)*(E~Simp[2*I*(e + f*x), x]/((a + I*b)~
2 + (a2 + b™2)*E~ (2+Ixk*Pi)*E~Simp[2*I*(e + f*x), x])), x], x] /; FreeQ[{a
, b, c, d, e, £}, x] && IntegerQ[4*k] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, 4
, €, n, p}, x] & EqQ[bxd, axe]

(ctdz)?
3.52. f m d.’L'
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/Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLog[n_, (d_.)*((F_)~((c_.)*((a_.) + (b_.

)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))"pl/ (bxcxp*xLog[F1)), x] - Simp[f*(m/(b*c*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, 0]

3.52.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1157 vs. 2(209) = 418.

method | result size

risch Expression too large to display | 1158

Time = 0.45 (sec) , antiderivative size = 1158, normalized size of antiderivative = 5.51

input int ((d*x+c)~3/(atb*coth(f*x+e)) ,x,method=_RETURNVERBOSE)

output

1/4/ (a+b) *d"3*x"4+1/4/ (a+b) /d*c~4+1/2xb/ (a+b) / (a-b) *d"3*x~4+3/2/£"4*b/ (a+b
)/ (a-b) *d~3*e~4-3/4/f~4*b/ (a+b) / (a-b) *d"3*polylog (4, (a+b) *exp (2*f*x+2x*e) / (
a-b))-1/£f*b/ (a+b)*c~3/ (a-b) *1n (exp (2*f*x+2*e) *a+bxexp (2*xf*x+2xe) —a+b)+1/(a
+b) *d"2*c*x73+3/2/ (a+b) *d*xc~2%x"2+1/ (a+b) *c~3*x+2/£"3%b/ (a+b) / (a-b) *d"3*e™
3xx+2%b/ (a+b) / (a-b) *d~2*c*x~3-4/£"3*b/ (a+b) / (a-b) *d"2*c*e~3-1/f*b/(a+b) /(a
-b) *d~3*1n(1- (a+b) *exp (2*f*x+2xe) / (a-b) ) ¥x~3-3/2/£~2*b/ (a+b) / (a-b) *d~3*pol
ylog(2, (a+b) *exp (2xf*x+2%e) / (a-b) ) *x~2+3/2/£~3*b/ (a+b) / (a-b) *d~2*c*polylog
(3, (a+b) xexp (2xfxx+2%e) / (a-b) )+1/£"4xb/ (a+b) *d~3*e~3/ (a-b) *1n (exp (2*f *x+2%
e) *xa+b*exp (2xf*x+2%e)-a+b)-3/2/f"2xb/ (a+b) / (a-b) *d*c~2*polylog(2, (a+b) *exp
(2*f*x+2*xe) /(a-b))-1/£"4*b/(atb)/(a-b) *d~3*1n(1-(a+b) *exp (2*f*x+2xe) / (a-b)
)*e~3+3/2/£"3*b/(atb)/(a-b) *d~3*polylog(3, (at+b) *exp (2*f*x+2*e) /(a-b)) *x-3/
f£xb/ (a+b) / (a-b) *d~2xc*1n(1- (a+b) *xexp (2xf*x+2*e) / (a-b) ) *x~2+3/£~3*b/ (a+b) / (
a-b) *d~2*c*1n(1-(a+b) *exp(2*xf*x+2*e) /(a-b))*e~2-2/£"4*xb/(a+b) *d~3*e~3/(a-b
) *#1n(exp (f*x+e) ) +3*b/(at+b)/(a-b) *d*c~2xx~2+3/£~2*b/ (a+b) / (a-b) *d*c~2*e"~2-6
/£72*%b/ (a+b) *d*xc~2*e/ (a-b) *1n(exp (f*x+e) ) +6/£3xb/ (a+b) *d"2xc*e~2/(a-b) *1n
(exp(f*xx+e))+6/f*xb/ (atb)/(a-b)*d*c~2xe*x-6/f"2+b/ (a+b) / (a-b) *d"2*c*e~2¥x-3
/£72%b/ (a+b) / (a-b) *d~2xc*polylog(2, (a+b) xexp (2*f*x+2xe) / (a-b) ) *x+3/£~2%b/ (
a+b) *d*c~2xe/ (a-b) *1n (exp (2*f*x+2%e) *a+b*exp (2*f*x+2%e) —a+b) -3/f*b/ (a+b) / (
a-b) *d*c~2*1n(1-(a+b) *exp (2xf*x+2*e) / (a-b) ) *x-3/£~2+b/ (a+b) / (a-b) *d*c~2*1n
(1-(at+b) *exp (2xf*x+2%e) / (a-b) ) ¥e-3/£~3%b/ (a+b) ¥d~2*c*e~2/ (a-b) *1n(exp(2. ..

(ctdz)?
3.52. f m d.’L'




input  integrate((d*x+c) "3/ (a+b*coth(f*x+e)),x, algorithm="fricas")

output
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3.52.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 730 vs. 2(201) = 402.
Time = 0.28 (sec) , antiderivative size = 730, normalized size of antiderivative = 3.48
3
/ a+ b((c:o—it_hci?+ fx) do
(a+b)d3fiz* + 4 (a + b)ed? f423 + 6 (a + b)Adf*z? + 4 (a + b)B fAx — 24 bd3polylog (4, @ (cosh (fz

1/4%((a + b)*d"3*f"4*x"4 + 4x(a + b)*cxd"2+f74*x"3 + 6% (a + b)*c™2*d*f 4*x
"2 + 4*x(a + b)*c"3xf"4*x - 24*bxd"3*polylog(4, sqrt((a + b)/(a - b))*(cosh
(f*x + e) + sinh(f*x + e))) - 24#b*xd~3*polylog(4, -sqrt((a + b)/(a - b)) *(
cosh(f*x + e) + sinh(f*x + e))) - 12x(b*xd"3*f72*x"2 + 2*bxc*d~2*f~2*x + b*
c"2xd*f"2)*dilog(sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e))) -

12% (b*d~3*f"2*%x"2 + 2%b*cxd"2*f"2%x + bkc~2xd*f~2)*dilog(-sqrt((a + b)/(a

- b))*(cosh(f*x + e) + sinh(f*x + e))) + 4*(b*d"3*e”3 - 3xbxckd 2*e~2xf +

3xbxc~2*d*exf~"2 - bxc~3*%f"3)*log(2*(a + b)*cosh(f*x + e) + 2x(a + b)*sinh(
fxx + e) + 2x(a - b)*sqrt((a + b)/(a - b))) + 4*x(b*d"3xe~3 - 3*bxcxd 2*e"2
*f + 3%bxc”2kd*e*f~2 - b*c”3*xf"3)*log(2*(a + b)*cosh(f*x + e) + 2x(a + b)*
sinh(f*x + e) - 2*(a - b)*sqrt((a + b)/(a - b))) - 4*(bxd"3*f"3*x"3 + 3*bx
cxd"2*%f73%x"2 + 3%bkcT2*%d*f"3%x + b*d"3%e”3 - 3xbkckxd"2xe”2*%f + 3xbkcT2*dx*
exf~2)*log(sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e)) + 1) - 4%
(b*xd"3*£73*x"3 + 3*bxckd"2*xf"3*%x"2 + 3*bxc”~2+d*f”"3*x + b*d~3*e”3 - 3*bxcxd
“2xe"2xf + 3xbxc~2xdxexf~2)*log(-sqrt((a + b)/(a - b))*(cosh(f*x + e) + si
nh(f*x + e)) + 1) + 24*(b*d"3*f*x + b*c*d~2xf)*polylog(3, sqrt((a + b)/(a

- b))*(cosh(f*x + e) + sinh(f*x + e))) + 24*(b*d~3*f*x + b*c*d~2*f)*polylo
g(3, -sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e))))/((a"2 - b~2)
*£~4)

(ctdz)?
3.52. f m d.’L'
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3.52.6 Sympy [F]

/ (c+dzx)? i — / (c + dz)® i

a + beoth(e + fz) a+ beoth (e + fx)

input Lintegrate ((d*x+c) **3/ (atb*coth (f*x+e)) ,x) J

output‘Integral((c + d*x)**3/(a + bxcoth(e + f*x)), x) ‘

3.52.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 521 vs. 2(201) = 402.

Time = 0.32 (sec) , antiderivative size = 521, normalized size of antiderivative = 2.48

/ (c+dz)? i

a + beoth(e + fz)

3 (2 fx 10g (_ (ae(Z e)+[;e_(2be))e(2 fz) 4 1) n L12 < (ae(2 5)+l;e_(2be>)e(2 fx) ) ) bczd

2 (22— 1)
3 (2 f2.'E2 log (_ (ae® 6)—}-1;6_(2;))3(2 f2) n 1) ) me12 ( (ae©)+be(2€))e(2 f2) > _ L13( (ae® e)+l;e_(2be))e(2 fx) )) bed?

a—b
2@~ )

(2€) 4 pe(2e)) (2 f2) (2€) pe(2€)) (2 f2) (2€) pe(2e)) (2 f2)
<4f3cc3log (—(ae2 +l;e_2b Je! +1> +6fzac2Lig<(‘162 +l:_2b e >—6foi3((ae2 +l;e_2b aad ) +

3(@F =P F)

_03<blog (—(a —b)e(=2/7=2¢) 4 ¢ 4 b) _ fzte )

(a2~ 1%)f (a+b)f
bd® izt + A bed? fAa® + 6bc2dfia? Bzt + 4cd?a® + 6 2da?
2 (a2f% — b2 f4) 4(a+0)

input integrate((d*x+c) 3/ (atb*coth(f*x+e)),x, algorithm="maxima")

(ctdz)?
3.52. f m dCE



output
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-3/2% (2xf*x*x1log(-(a*e~(2*e) + bxe~(2xe))*e~(2*f*x)/(a - b) + 1) + dilog((a
xe~ (2xe) + b*e”(2*e))*e”(2xf*x)/(a - b)))*b*c"2xd/(a~2+f"2 - b~2*%£"2) - 3/
2% (2+f~2xx"2x1og (- (a*e™ (2*%e) + b*xe~(2xe))*e” (2xf*x)/(a - b) + 1) + 2xfx*x*d
ilog((a*xe™(2%e) + b*xe~(2*e))*e”(2xf*x)/(a - b)) - polylog(3, (a*xe”(2*e) +

b*xe”~(2xe))*xe” (2xf*x)/(a - b)))*bxc*d~2/(a"2*%f"3 - b"2+%£73) - 1/3*(4*£73*x~
3*xlog(-(a*e”™(2%e) + bxe”(2xe))*e”(2xf*x)/(a - b) + 1) + 6xf~2xx"2xdilog((a
xe~ (2xe) + bxe~(2*e))*e”(2*fx*x)/(a - b)) - 6*f*x*polylog(3, (axe~(2*e) + b
xe”~ (2%e) ) *e” (2xf*x)/(a - b)) + 3xpolylog(4, (axe~(2*e) + bxe~(2*e))*e” (2*f
*x)/(a = b)))*b*d~3/(a"2*f"4 - b"2x£f74) - c~3*(bxlog(-(a - b)*e” (-2xf*x -

2%e) + a + b)/((a”2 - b™2)*f) - (f*x + e)/((a + b)*f)) + 1/2%(b*xd"3*f 4x*x"
4 + 4xbkcxd"2*%f"4*x"3 + 6xbxc”2*xd*f"4xx72)/(a”2+%f"4 - b"2*f74) + 1/4%(d"3*
X"4 + 4xcxd"2%x"3 + 6%c”2xd*x"2)/(a + b)

3.52.8 Giac [F]

(c+dzx)? B (dz + c)®
/a—i—bcoth(e—i— fz) de = / beoth (fxr+e€)+a dz

inputLintegrate((d*x+c)“3/(a+b*coth(f*x+e)),x, algorithm="giac")

outputtintegrate((d*x + ¢)"3/(bxcoth(f*x + e) + a), x)

3.52.9 Mupad [F(-1)]

Timed out.

(c+ dx)3 _ (c+dzx)?
/a+bcoth(e+fx) dm_/a+bcoth(e+f:c) dz

input Lint((c + d*x)~3/(a + bxcoth(e + f*x)),x)

~—

output‘int((c + d*x)~3/(a + b*coth(e + f*x)), x)

(ctdz)?
3.52. f m d.’L'
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3.53 [ ltd g,

a+b coth(e+fx)
3.53.1 Optimalresult . . . . .. ... ... .. ..
3.53.2 Mathematica [A] (verified) . . . . . . ... ... ..o oL 379
3.53.3 Rubi [A] (verified) . . . . . ... .. 379
3.53.4 Maple [B] (verified) . .. . ... ... ...
3.53.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 3831
3.53.6 Sympy [F] . . . . .
3.53.7 Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ..
3.53.8 Giac [F] . . . . . . 3841
3.53.9 Mupad [F(-1)] . . . . o 385

3.53.1 Optimal result

Integrand size = 20, antiderivative size = 156

a—b)e—2(etfx)
/ (c+dz)? i — (c+dz)3 b(c+ dz)? log (1 - ()aT)

a + bceoth(e + fz) v 3(a+b)d (a2 —02) f
(a—b)e—2(e+f2) )

bd(c + dz) PolyLog (2, =T

(a2 — b2) f2
bd? PolyLog (3, %>

2(a2 —12) [°

+

_+_

output‘1/3*(d*x+c)‘3/(a+b)/d—b*(d*x+c)‘2*1n(1+(—a+b)/(a+b)/exp(2*f*x+2*e))/(a‘2—b
\‘2)/f+b*d*(d*x+c)*polylog(2,(a—b)/(a+b)/exp(2*f*x+2*e))/(a‘2—b‘2)/f‘2+1/2*
‘b*d‘2*polylog(3,(a—b)/(a+b)/exp(2*f*x+2*e))/(a“2—b‘2)/f‘3

—

(c+dz)?
353, [ e ds
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3.53.2 Mathematica [A] (verified)

Time = 1.08 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.28

/ (c+dz)? .
a + beoth(e + fz)

—a e—2(et+fz)
1 ( 4b(c + dz)? 6b(c + dz)*log (1 +1 +b21+b )

"6\ (a+b)d(a(—1+e%)+b(1+e%) (a—b)(a+b)f

e—2(etfz)

35d(2f(c-+ da) PolyLog (2, ©-0=%") . dPolyLog (3, =0 2))
CEDICEDIE
22(3¢” + 3cdz + da?) sinh(e))

+

bcosh(e) + asinh(e)

e

input LIntegrate [(c + d*x)"2/(a + b*Coth[e + f*x]),x]

—/

output | ((4*b*(c + d*x)~3)/((a + b)*d*(ax(-1 + E~(2*e)) + b*(1 + E~(2*e)))) - (6%b
*(c + dxx)"2+Log[1l + (-a + b)/((a + b)*E~(2%(e + f*x)))])/((a - b)*(a + b)
*f) + (3%bxd*(2+f*(c + d*x)*PolyLog[2, (a - b)/((a + DI*E~(2x(e + f*x)))]
+ dxPolyLog[3, (a - b)/((a + D)*E~(2x(e + £*x)))]))/((a - b)*(a + b)*£~3)
+ (2*x*(3*c”2 + 3xcxd*x + d"2*x~2)*Sinh[e])/(b*Cosh[e] + a*Sinh[e]))/6

3.53.3 Rubi [A] (verified)

Time = 0.76 (sec) , antiderivative size = 155, normalized size of antiderivative = 0.99,
number of steps used = 8, number of rules used = 7, Mumber of rules _ ( 35, Ryles used

integrand size
= {3042, 4214, 25, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+ dz)?
/ a + bceoth(e + fz) dz

l 3042

/ (c+dz)? i
a—ibtan (ie+ifr+ %)

J'4214

(c+dz)?
353, [ e ds
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2b/ e~ 2(e+f2) (¢ 4 dx)? . (c+ dz)3
(a+ b)2 (a2 — b2) e=2(etf2) 3d(a+b)

| 25

(c+dz)® / e 2(etf2) (c + dz)? i
(a+b)?

3d(a+b) — b2) e~ 2Aetf)
l'2620
9 (a_b)e—2(e+fz) (a_b)€—2(e+fz)
(c+dx)3_ (c+dx) 10g<1—a7+b)_df(c—i—da:)log(l—T)dx
3d(a+b) 2f (a? — b?) f (a2 —b?)
| 3011
(c+ dx)? B
3d(a+b)
(c+dz) PolyL0g< taztye 2o (Hm) df PolyLog( g, (a=De BetTD) )dw
d _
—b)e—2(etfz)
o (c+dz)?log (1 - b)fz—:b = ) “ Y
2f (a2 — b?) f(a® -
| 2720
(c+dz)? B
3d(a+0b)
d [ e2(e+12) PolyLog (2 M) —2(e+fz) (c+dz) PolyLog (2’%
_ d +
— (et+fz)
o (c+ dz)?log (1 =l b)zez+2b - ) o o
2f (a2 — b?) f(a®—1?)
l 7143
(c+dz)? B
3d(a +b)
(c+dzx) PolyLog (2 W) dPolyLog (3 W)
_ d +
a—b)e—2(et+fx) 2 452
o (c+ dzx)?log (1 — %) B ! !
2f (a2 — b2) f(a® —b?)
inputLInt[(c + d*x)~2/(a + b*Cothle + f*x]),x] J

(c+dz)?
353, [ e ds



output

rule 25

rule 2620

rule 2720

rule 3011

rule 3042

rule 4214
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‘(c + d*x)"3/(3*(a + b)*d) - 2¥b*(((c + dx*x)~2*Log[l - (a - b)/((a + b)*E~(
‘2*(e + £xx)))])/(2x(a”2 - b™2)*f) - (d*(((c + d*x)*PolyLog[2, (a - b)/((a
\+ b)*E~(2x(e + £*x)))]1)/(2*f) + (d*PolyLog[3, (a - b)/((a + b)*E~(2*(e + £
*x)))1)/(4%£72)))/((a”2 - b"2)*£))

3.53.3.1 Defintions of rubi rules used

;
Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int [(C(F)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m/(b*fxg*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Log[l + bx((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ion0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[F[x]]]

Int[Log[1l + (e_.)*((F_)"((c_.)*x((a_.) + (b_.)*(x_))))"(n_.)1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Logl[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pikx(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp
[2xI*¥b Int[(c + d*x) “m*xE~(2*I*k*Pi)*(E~Simp[2*I*(e + f*x), x]/((a + I*b)~
2 + (2”2 + b™2)*E~(2*I*k*Pi)*E~Simp[2*I*(e + f*x), x])), x], x] /; FreeQ[{a
, b, ¢, d, e, £}, x] && IntegerQ[4xk] && NeQ[2"2 + b~2, 0] && IGtQ[m, O]

(c+dz)?
353, [ e ds




ruk37143‘Int[PolyLog[n_, (c_)x((a_.) + (b_)*(x_))"(p_.21/C(d_.) + (e_.)*(x)), x_S
‘ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
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» €, n, p}, x] & EqQ[b*d, a*e]

3.53.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 734 vs. 2(157) = 314.

Time = 0.41 (sec) , antiderivative size = 735, normalized size of antiderivative = 4.71

method | result

3 bc? In(e?fo+2eqtpe2fot2e_gth) 2% d2x3

4bd?ed

bd? 1n(1—i

risch

d2z3 dcz? Az c
3a+35 T atb Tars T 3(a+b)d f(a+b)(a—b) + 3(a+b)(a—b) ~ 3f3(a+b)(a—b)

f(a

inputLint((d*x+c)“2/(a+b*coth(f*x+e)),x,method=_RETURNVERBOSE)

output

1/3/ (a+b) *d~2*x~3+1/ (a+b) *d*c*x~2+1/ (a+b) *c~2*x+1/3/ (a+b) /d*c~3-1/£f*b/ (atb
)*c~2/ (a-b) *1n (exp (2*f*x+2xe) *a+bxexp (2*f xx+2*e) —a+b) +2/3*b/ (a+b) / (a-b) *d~
2xx~3-4/3/£73%b/ (a+b) / (a-b) *d~2*e~3-1/f*b/ (a+b) / (a-b) *d~2*1n (1- (a+b) *exp (2
*xf*xx+2%e) / (a-b) ) *x~2+1/2/£"3%b/ (a+b) / (a-b) *d~2*polylog (3, (a+b) *exp (2*f*x+2
xe) /(a-b))+2/£"3*b/ (a+b) *d"2*e~2/ (a-b) *1n(exp(f*x+e) ) -1/£"3*b/ (a+b) *e~2*d~
2/ (a-b) #*1n(exp (2xf*x+2+*e) *a+b*exp (2*xf*x+2xe) —~a+b) -4/£~2*b/ (a+b) *d*c*e/ (a-b
)*1n(exp(f*x+e))+2/£"2xb/ (a+b) *c*xd*e/ (a-b) *1n (exp (2*f*x+2*e) *a+b*exp (2*f*x
+2xe)-a+b)-2/£72xb/ (a+b) / (a-b) *d"2*e~2*x+1/£3xb/ (a+b) / (a-b) *d~2*1n(1-(a+b
) xexp (2*%f*x+2%e) / (a-b) ) ¥e~2-1/£"2%b/ (a+b) / (a-b) *d~2*polylog(2, (a+b) *exp (2%
fxx+2%e) /(a-b) ) *x+2xb/ (a+b) / (a-b) *d*xc*x~2+2/£~2*b/ (a+b) / (a-b) *d*c*e~2-2/f*
b/ (a+b) / (a-b) *d*c*1n(1-(a+b) xexp (2xf*x+2*e) / (a-b) ) *x-1/£"2xb/ (a+b) / (a-b) *d
xcxpolylog(2, (a+b)xexp (2*f*x+2xe) /(a-b))+2/£*b/ (a+b) *c~2/ (a-b) *1n (exp (f*x+
e))+4/fxb/ (a+b) / (a-b) *d*cxexx-2/f"2xb/ (a+b) / (a-b) *d*c*1n(1- (a+b) *exp (2*f*x
+2xe)/(a-b)) *e

(c+dz)?
353, [ e ds
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3.53.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 492 vs. 2(151) = 302.
Time = 0.27 (sec) , antiderivative size = 492, normalized size of antiderivative = 3.15
2
/ a+ b((c:o—it_hci?+ fx) do
m+bﬂﬁ%ﬁ+3@+ﬁkﬂ%@+3m+®@f%+6mﬁmbbﬂ?V@%@mhﬁx+@+ﬁmhﬁx+@)

input  integrate((d*x+c) "2/ (a+b*coth(f*x+e)),x, algorithm="fricas")

output

1/3%((a + b)*d"2*f"3*%x"3 + 3*(a + b)*c*d*f~3*x"2 + 3%(a + b)*c 2%f"3*x + 6
*b*d~2*polylog(3, sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e))) +
6xb*d~2+polylog(3, -sqrt((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e))
) - 6x(b*d~2*f*x + bxc*d*f)*dilog(sqrt((a + b)/(a - b))*(cosh(f*x + e) + s
inh(f*x + e))) - 6%(bxd™2xf*x + b*cxd*f)*dilog(-sqrt((a + b)/(a - b))*(cos
h(f*x + e) + sinh(f*x + e))) - 3*(b*d"2%e”2 - 2%b*ckxd*e*f + bxc~2*f~2)*log
(2% (a + b)*cosh(f*x + e) + 2*(a + b)*sinh(f*x + e) + 2*%(a - b)*sqrt((a + b
)/(a = b))) - 3x(bxd"2%e"2 - 2*kbxckd*exf + bxc 2xf~2)*log(2*(a + b)*cosh(f
*x + e) + 2x(a + b)*sinh(f*x + e) - 2x(a - b)*sqrt((a + b)/(a - b))) - 3x*(
bxd"2*f"2%x"2 + 2%b¥xcxd*f~2*x - bxd"2*e”2 + 2*xbkckdxexf)*log(sqrt((a + b)/
(a - b))*(cosh(f*x + e) + sinh(f*x + e)) + 1) - 3x(b*d 2*%f"2%x"2 + 2xb*c*d
*f72%x - bxd"2*e”2 + 2*bkcxd*e*f)*log(-sqrt((a + b)/(a - b))*(cosh(f*x + e
) + sinh(f*x + e)) + 1))/((a”2 - b~2)*£"3)

3.53.6 Sympy [F]

/ (c+ dz)? e — / (c + dz)? e

a + beoth(e + fz) a+ beoth (e + fx)

input‘integrate((d*x+c)**2/(a+b*coth(f*x+e)),x) ‘

outputLIntegral((c + d*x)**2/(a + bxcoth(e + f*x)), x) J

(c+dz)?
353, [ e ds
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3.53.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 332 vs. 2(151) = 302.

Time = 0.29 (sec) , antiderivative size = 332, normalized size of antiderivative = 2.13

/ (c+ dz)?
dx
a + beoth(e + fz)
<2 fiD IOg <_ (ae(2 e)-|—1;e_(2be))e(2 fz) n 1) n L12 ( (ae(2 €) 1pe(2 e))e(2 fz) > > bed

a—b
a2f2 _ b2f2
_ (ae(2 e) 1 be(2 E))6(2 fz)

<2 f2z?log ( — + 1) + 2fa:Li2<( — s

ae(e) 1be(2 e))6(2 fz)) _ Lig( (ae(2 )+ pe(2 e))e(2 fz)

2(a®f? — 02 f3)
i (blog (—(a —b)e(=2/772¢) 4 q 4 b) _ fzte )

(a® =) f (a+0)f
2 (bd? f3z3 + 3bedf3z?)  d?z® + 3 cdx?
T D) 3(atb)

-

input Lintegrate ((d*x+c) "2/ (atb*coth(f*x+e)) ,x, algorithm="maxima")

~—

output - (2*f*x*log(-(a*e”(2xe) + bxe~(2%e))*e~(2*f*x)/(a - b) + 1) + dilog((a*e”(
2%e) + bxe~(2*e))*e” (2*f*x)/(a - b)))*bxcxd/(a"2*f~2 - b™2*%f"2) - 1/2%(2*f
~2xx"2x1log(-(a*e”(2%e) + bxe~(2%e))*e”(2xf*x)/(a - b) + 1) + 2xf*x*dilog((
axe”(2%e) + bxe~(2xe))*e”(2xf*x)/(a - b)) - polylog(3, (axe”(2xe) + b*e~(2
xe) ) *e” (2xf*xx)/(a - b)))*bxd"2/(a"2*£"3 - b"2*£73) - c"2*(b*log(-(a - b)*e
“(-2xf*x - 2%e) + a + b)/((a”2 - b™2)*f) - (f*x + e)/((a + b)*£f)) + 2/3*(b
*d"2*%f73%xx"3 + 3kbkckdkf"3xx72)/(a"2*%£73 - b"2*xf73) + 1/3*%(d"2*x"3 + 3*cxd
*x"2)/(a + b)

3.53.8 Giac [F]

/ (c+ dz)? dp — / (dz + c)® i

a + beoth(e + fz) beoth (fxr+e€)+a

-

input  integrate((d*x+c)~2/(a+b*coth(f*x+e)),x, algorithm="giac")

N

output Lintegrate((d*x + ¢c)72/(b*coth(f*x + e) + a), x)

(c+dz)?
353, [ e ds
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3.53.9 Mupad [F(-1)]

Timed out.

(c+ dzx)? _ (c+dzx)?
/a+bcoth(e+fx) dz_/a+bcoth(e+fx) de

input Lint((c + d*x)~2/(a + bxcoth(e + f*x)),x)

output Lint((c + d*x)~2/(a + b*coth(e + f*x)), x)

(c+dz)?
353, [ e ds
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3.54 [l (g

a+b coth(e+fx)
3.54.1 Optimal result . . . . . . .. . . . ...
3.54.2 Mathematica [A] (verified) . . . . . . .. . ... ..
3.54.3 Rubi [A] (verified) . . . . . . .. ..
3.54.4 Maple [B] (verified) . . . ... ... ...
3.54.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ... ..
3.54.6 Sympy [F] . . . . . e 390
3.54.7 Maxima [F] . . . . . .. . 390
3.54.8 Giac [F] . . . . . o 3911
3.54.9 Mupad [F(-1)] . . . . . o

3.54.1 Optimal result

Integrand size = 18, antiderivative size = 108

(a—b)e—2(et+f2z)
/ c+dz x_(c+dx)2_b(c+dm)log<1—T>
a+bcoth(e+ fzr) ~  2(a+b)d (a2 -2 f
a—b)e—2(e+f2)
. bd PolyLog (2, %)
2(a 02 /2

output‘1/2*(d*x+c)‘2/(a+b)/d—b*(d*x+c)*1n(1+(—a+b)/(a+b)/exp(2*f*x+2*e))/(a‘2—b‘2
) /£+1/2*%b*d*polylog(2, (a-b)/(a+b)/exp(2*f*x+2xe))/(a~2-b"2) /£"2

N\ J

3.54.2 Mathematica [A] (verified)

Time = 1.04 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.41

/ c+dz p 1 2b(c + dz)?
a+beoth(e+ f2) 0~ 2\ (@t b)d(a(—1+e%) +b(1+ e%))

a+b
(a—0b)(a+bd)f
a—b)e2(et+fz)
bd PolyLog (2, %) z(2¢ + dx) sinh(e) )

2b(c + dz) log (1 -+ CHe )

+

(a —b)(a+Db)f? bcosh(e) + asinh(e)

ctdz
354 ]‘md{l}
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input‘ Integrate[(c + d*x)/(a + bxCoth[e + f*x]),x]

output‘f((2*b*(c + d*x)"2)/((a + b)*d*k(ax(-1 + E~(2%e)) + b*x(1 + E~(2%e)))) - (2%b

\*(c + d*x)*Log[1l + (-a + b)/((a + D)*E~(2*(e + £*x)))]1)/((a - b)*(a + b)*f
\) + (bxd*PolyLog[2, (a - b)/((a + b)*E"(2x(e + £*x)))])/((a - b)*(a + b)*f
L"2) + (x*x(2*c + d*x)*Sinh[e])/(b*Cosh[e] + a*Sinh[e]))/2

3.54.3 Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.04,
number of steps used = 7, number of rules used = 6, Bumber of rules _ 333 Ry jes yged

integrand size
= {3042, 4214, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

|

transformation is given above next to the arrow. The rules definitions used are listed below.

/ c+dzx e
a + beoth(e + fx)
| 3042

/ c+dzx
. — dz
a—ibtan (ie +ifr+ J)

l 4214
o / B e~ 2t (¢ 4 dir) . (c+ dz)?
(a + b)2 _ (a2 _ b2) e—2(e+fz) 2d(a + b)

| 25

(c+dz)® / e etdr)
2d(a +b) (a+ b)2 — (a2 — b2) e~ 2etf2)
| 2620
(c+ dz)? (c+ dz)log (1— %) d [ log <1_ W) dr
2d(a+b) 2f (a® — b2) h 2f (a2 — b?)
| 2715
(c+de)®
2d(a + b)
d [ €22 Jog (1 _ W) de=2e+1) (¢4 dz)log (1 B W)
2b
412 (a? — b?) + 2f (a2 — b2)

ctdz
354 fmdl’



input

output

rule 25

rule 2620

rule 2715

rule 2838

rule 3042
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l 2838
_b)e—2(e+fa) _b)e—2(e+f2)
(c + dz)? o (c+ dz)log (1 — %) d PolyLog (2, %)
2d(a+b) 2f (a2 — b2) B 412 (a2 — b?)

‘Int[(c + d*x)/(a + bxCoth[e + f*x]),x]

‘ (c + d*x)"2/(2*(a + b)*d) - 2xbx(((c + d*x)*Log[l - (a - b)/((a + b)*E~ (2%
‘(e + £*x)))])/(2x(a"2 - b"2)*f) - (d*PolyLog[2, (a - b)/((a + D)*E~(2%(e +
£40))1)/ (4% (272 - bT2)*£72))

3.54.3.1 Defintions of rubi rules used

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*fxg*n*Log[F]))*Log[1 + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

ctdz
354 fmdl‘




rule 4214

input

output

input

CHAPTER 3. LISTING OF INTEGRALS 389

Int[((c_.) + (A_)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pix(k_.) + (£_.)*(
x_)1), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + I*b)), x] + Simp
[2xI*xb  Int[(c + d*x) "m*E~(2%I*k*Pi)*(E~Simp[2*I*(e + f*x), x]/((a + Ixb)~
2 + (2”2 + b"2)*E” (2*I*k*Pi)*E~Simp [2*I*(e + f*x), x])), x], x] /; FreeQ[{a
, b, ¢, d, e, f}, x] && IntegerQ[4*k] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

3.54.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 356 vs. 2(107) = 214.

Time = 0.36 (sec) , antiderivative size = 357, normalized size of antiderivative = 3.31

method | result

bdln( 1— (ath)e2/H2e
isch dz2 4w 4 2bcln (ef?+e) beln(e?fo+2eqtbe2frt2e_gyb) 4 bd z2 _ n a=b %bde
IS¢ 2a+26 T atb T f(atb)(a—b) 7(a+b)(a—b) (a+b)(a—0) 7(a+b)(a—b) )

Lint ((d*x+c) / (a+bxcoth(f*x+e)) ,x,method= RETURNVERBOSE) \

1/2/ (a+b) *d*x~2+1/ (a+b) *cxx+2/f*b/ (a+b) *c/ (a-b) *1n(exp (f*x+e) ) -1/f*b/ (a+b)
*c/ (a-b) *1n (exp (2*f*x+2xe) xa+b*exp (2*f *x+2*e) —a+b) +b/ (a+b) / (a-b) *d*x~2-1/f
*b/ (a+b) /(a-b) *d*1n (1- (a+b) *exp (2xf*x+2%e) / (a-b) ) *x+2/£f*b/ (a+b) / (a-b) *d*e*
x-1/£72%b/ (a+b) / (a-b) *d*1n (1-(a+b) *exp (2*xf*x+2*xe) / (a-b) ) *e+1/£~2xb/ (a+b) / (
a-b)*d*e~2-1/2/£72%b/ (a+b) / (a-b) *d*polylog(2, (a+b) *exp (2*f*x+2xe) /(a-b) ) -2
/£72xb/ (a+b) *d*e/ (a-b) *1n (exp (f*x+e) ) +1/£~2%b/ (a+b) *d*e/ (a-b) *1n (exp (2*f*x
+2%e) *a+bxexp (2*f*x+2%e) —a+b)

3.54.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 300 vs. 2(103) = 206.

Time = 0.28 (sec) , antiderivative size = 300, normalized size of antiderivative = 2.78

/ c+dr dx
a + beoth(e + fx)
(a+b)df?z? + 2 (a+ b)cfir — 2 dei2< 448 (cosh (fz + e) + sinh (fz + e))) — 2bdLi, (—

(cosh (_

-

Lintegrate((d*x+c)/(a+b*coth(f*x+e)),x, algorithm="fricas")

-/

ctdz
354 ]‘md{l}
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output | 1/2+((a + b)*d*f~2*x"2 + 2x(a + b)*cxf~2xx - 2xbxdxdilog(sqrt((a + b)/(a -

b))*(cosh(f*x + e) + sinh(f*x + e))) - 2%b*d*dilog(-sqrt((a + b)/(a - b))
*(cosh(f*x + e) + sinh(f*x + e))) + 2x(bxd*e - bxc*f)*log(2x(a + b)*cosh(f
*x + e) + 2x(a + b)*sinh(f*x + e) + 2x(a - b)*sqrt((a + b)/(a - b))) + 2x*(
b*d*e - b*c*f)*log(2x(a + b)*cosh(f*x + e) + 2x(a + b)*sinh(f*x + e) - 2%(
a - b)xsqrt((a + b)/(a - b))) - 2x(bxd*f*x + bxd*e)*log(sqrt((a + b)/(a -
b))*(cosh(f*x + e) + sinh(f*x + e)) + 1) - 2k (b*d*f*x + b*d*e)*log(-sqrt((
a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e)) + 1))/((a”2 - b"2)*f"2)

3.54.6 Sympy [F]

/ c+dx dm—/ c+dx dx
a+bcoth(e+ fz) ) a+bcoth(e+ fz)

-

inputLintegrate((d*X+C)/(a+b*COth(f*X+e)),X)

-/

outputLIntegral((c + d*x)/(a + b*coth(e + f*x)), x)

~—

3.54.7 Maxima [F]

/ c+dx dz—/ dz +c gz
a+bcoth(e+ fz) ) beoth(fzr+e)+a

inputLintegrate((d*x+c)/(a+b*coth(f*x+e)),x, algorithm="maxima")

—

output(—1/2*(4*b*integrate(—x/(a‘2 - b"2 - (a"2*%e~(2xe) + 2*axbke”(2xe) + b~ 2%e”(
|2%e))*e”(2x£*x)), x) - x72/(a + b))*d - cx(bxlog(-(a - b)xe”(-2xf*x - 2%e)
C+a+b)/((a72 - b2)*f) - (£4x + e)/((a + b)*£))

———————

ctdz
354 ]‘md{l}
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3.54.8 Giac [F]

/ c+dz dac—/ dz +c d
a+bcoth(e+ fr) ~ ) beoth(fz+e)+a

inputLintegrate((d*x+c)/(a+b*coth(f*x+e)),x, algorithm="giac")

outputtintegrate((d*x + c)/(bxcoth(f*x + e) + a), x)

3.54.9 Mupad [F(-1)]

Timed out.

/ c+dx dm—/ ct+dzr "
a+bcoth(e+ fx) ~ ) a+bcoth(e+ fx)

inputtint((c + d*x)/(a + bxcoth(e + f*x)),x)

output Lint((c + d*x)/(a + bxcoth(e + f*x)), x)

ctdz
354 fmdﬂ?
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1
3.55 f (c+dz)(a+b coth(e+/x)) dz

3.55.1 Optimal result . . . . . . ... ... .. .
3.55.2 Mathematica [N/A] . . . . ... . .
3.55.3 Rubi [N/A] . . . oo
3.55.4 Maple [N/A] (verified) . . . . . . . .. ... 394
3.55.5 Fricas [N/A] . . . . . .
3.55.6 Sympy [N/A] . . . . 394
3.55.7 Maxima [N/A] . . . . . .
3.55.8 Giac [N/A] . . . . o o 395
3.55.9 Mupad [N/A] . . . . .

3.55.1 Optimal result

Integrand size = 20, antiderivative size = 20

1 1
(c+dz)(a+ beoth(e + fx)) dz = Int<(c +dz)(a + beoth(e + fz))’ x)

e

output tUnintegrable (1/(d*x+c) /(atbxcoth(f*x+e)) ,x)

~—

3.55.2 Mathematica [N/A]

Not integrable

Time = 7.38 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)(a+ beoth(e + fx)) de = / (c+dz)(a+ beoth(e + fx)) dz

input

Integrate[1/((c + d*x)*(a + bxCoth[e + f*x])),x]

N\ J

output LIntegrate [1/((c + d*x)*(a + b*Coth[e + f*x])), x] J

L dz

3.55. f (c+dzx)(a+bcoth(e+f))
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3.55.3 Rubi [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

! d
L/@+d@@+bm&@+f@)m
l.3042

1
/ (c+dz) (a — ibtan (ie + ifz + %))dm

l 4223

/ : d
(¢ + dz)(a + beoth(e + fx)) ’

input‘ Int[1/((c + d*x)*(a + bxCoth[e + f*x])),x]

output ‘ $Aborted

rule 3042

rule 4223

3.55.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

L dz

3.55. f (c+dzx)(a+bcoth(e+f))
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3.55.4 Maple [N/A] (verified)

Not integrable

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

! d
/(dw+c) (a+beoth (fz +e)) "

inputLint(1/(d*x+c)/(a+b*coth(f*x+e)),x)

outputtint(1/(d*x+c)/(a+b*coth(f*x+e)),x)

3.55.5 Fricas [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

1 1
/ (c+dz)(a+ beoth(e + fx)) de = / (dx + ¢)(beoth (fz + €) + a) dz

inputLintegrate(1/(d*x+c)/(a+b*coth(f*x+e)),x, algorithm="fricas")

output Lintegral(l/(a*d*x + axc + (bxd*x + b*c)*coth(f*x + e)), x)

3.55.6 Sympy [N/A]
Not integrable

Time = 1.18 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.85

1 1
/ (¢ + dx)(a + beoth(e + fx)) dz = / (a + bceoth (e + fx)) (c + dx) de

input tintegrate (1/(d*x+c)/ (a+b*xcoth(f*x+e)) ,x)

output LIntegral(i/((a + bkcoth(e + f*x))*(c + d*x)), x)

1
3.55. / (c+dz)(a+bcoth(e+fz)) dz
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3.55.7 Maxima [N/A]

Not integrable

Time = 0.35 (sec) , antiderivative size = 117, normalized size of antiderivative = 5.85

1 1
/ (¢ + dz)(a+ beoth(e + fx)) de = / (dz + c)(beoth (fz +e) +a) de

inputLintegrate(1/(d*x+c)/(a+b*coth(f*x+e)),x, algorithm="maxima")

output‘ -2xbxintegrate(-1/(a”2xc - b™2*c + (a”2*d - b"2xd)*x - (a~2xc*xe”(2xe) + 2%
\a*b*c*e”(2*e) + b"2xcxe”(2xe) + (a”2xdxe”(2xe) + 2xaxb*dxe”(2%e) + b 2xd*e
|"(2%e))*x)*e”(2%f*x)), x) + log(d*x + c)/(axd + bxd)

3.55.8 Giac [N/A]

Not integrable

Time = 0.28 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (¢ + dz)(a+ beoth(e + fx)) de = / (dz + c)(beoth (fz +e) + a) de

inputLintegrate(1/(d*x+c)/(a+b*coth(f*x+e)),x, algorithm="giac")

output Lintegrate(l/((d*x + c)*(bxcoth(f*x + e) + a)), x)

3.55.9 Mupad [N/A]

Not integrable
Time = 1.91 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1

/(c+d:v)(a+bcoth(e+fm)) de = / (a+bcoth (e+ fz)) (c+dx) dz

input Lint(l/((a + b*coth(e + f*xx))*(c + d*x)),x)

—

output Lint(i/((a + b*coth(e + f*x))*(c + d*x)), x)

1
3.55. / (c+dz)(a+bcoth(e+fz)) dz
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1

3.56 f (c+dx)2(a+bcoth(e+fx)) dx

3.56.1 Optimalresult . . . . .. ... ... .. .. 396
3.56.2 Mathematica [N/A] . . . . ... .. . . L 396
3.56.3 Rubi [N/A] © . o o oottt
3.56.4 Maple [N/A] (verified) . . . . . . . . ... .
3.56.5 Fricas [N/A] . . . . . .
3.56.6 Sympy [N/A] . . . . e
3.56.7 Maxima [N/A] . . . . . . . . 399
3.56.8 Giac [N/A] . . . . . . 399
3.56.9 Mupad [N/A] . . . . .

3.56.1 Optimal result

Integrand size = 20, antiderivative size = 20

1

/ 1 dxr = Int( ,
(c+ dz)?(a + beoth(e + fx)) (c+ dz)?(a + beoth(e + fx))

‘)

output ‘ Unintegrable (1/(d*x+c) "2/ (at+b*coth(f*x+e)),x)

3.56.2 Mathematica [N/A]

Not integrable

Time = 13.54 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/(c+d:c)2(a—|—bcoth(e—|—fz)) de = / (c+dx)%*(a+

bcoth(e + fx))

dz

inputLIntegrate [1/((c + d*x)"2*(a + bxCoth[e + f*x])),x]

~—

-

output LIntegrate [1/((c + d*x)~2*(a + b*Cothle + £*x])), x]

~—

3.56. dz

1
f (c+dz)2(a+bcoth(e+fr))
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3.56.3 Rubi [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
/ (¢+dz)%(a + beoth(e + fz)

l.3042

1
d
(c+dz)? (a —ibtan (ie +ifz + 7)) v

)dx

l 4223

1
/ (c+ dz)2(a + beoth(e + fx)

)da:

input‘ Int[1/((c + d*x)~2*(a + bxCoth[e + f*x])),x]

output ‘ $Aborted

rule 3042

rule 4223

3.56.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])"n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

dz

1
3.56. | ot emerre)
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3.56.4 Maple [N/A] (verified)

Not integrable

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dx
(dz + ¢)? (a + beoth (fz + €))

inputLint(l/(d*x+c)“2/(a+b*coth(f*x+e)),x)

output Lint (1/(d*x+c) "2/ (a+b*coth(f*x+e)) ,x)

3.56.5 Fricas [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 51, normalized size of antiderivative = 2.55

1 1

(c+dz)*(a+ beoth(e + fz)) do = / (dz + ¢)*(bcoth (fz + €) + a) dz

inputLintegrate(1/(d*x+c)‘2/(a+b*coth(f*x+e)),x, algorithm="fricas")

output‘ integral(1/(a*d”2*x"2 + 2%akckd*x + a*c™2 + (b*d~2*x"2 + 2%b*c*d*x + b*c™2
‘)*coth(f*x +e)), x)

3.56.6 Sympy [N/A]
Not integrable
Time = 1.97 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95
1 1
/ dx = / 5 dr
(c+dz)?(a + beoth(e + fx)) (a+bcoth (e + fz)) (c + dx)

inputtintegrate(1/(d*x+c)**2/(a+b*coth(f*x+e)),x)

output LIntegral(i/((a + bkxcoth(e + f*x))*(c + d*x)**2), x)

3.56. dz

1
f (c+dz)2(a+bcoth(e+fr))
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3.56.7 Maxima [N/A]
Not integrable

Time = 0.51 (sec) , antiderivative size = 202, normalized size of antiderivative = 10.10

/ 1 do — / 1
(c+dz)%(a+ beoth(e + fz)) (dz 4 c)*(beoth (fz + €) + a)

dz

inputLintegrate(1/(d*x+c)‘2/(a+b*coth(f*x+e)),x, algorithm="maxima")

output | -2xbkxintegrate(-1/(a”2*c”2 - b™2%c”™2 + (a”™2%d"2 - b72%d"2)*x"2 + 2% (a”~2*c*

d - b™2*c*d)*x - (a"2%c”2%e” (2xe) + 2*ka*bxc”2*xe”(2*e) + bT2*c"2xe” (2xe) +

(a~2xd"2xe” (2*e) + 2*a*b*d"2*e”(2*e) + b~2xd"2*e” (2*e))*x"2 + 2x(a~2xcxd*e
~(2xe) + 2*axbkcxd*e”(2%e) + b 2kckxd*e” (2%e))*x)*e” (2*%f*x)), x) - 1/(axc*d
+ b*c*d + (a*d™2 + b*xd~2)*x)

3.56.8 Giac [N/A]
Not integrable

Time = 0.37 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1

(c+dz)?(a + beoth(e + fr)) de = / (dz + ¢)?(beoth (fz + €) + a) d

input‘integrate(l/(d*x+c)“2/(a+b*coth(f*x+e)),x, algorithm="giac")

outputtintegrate(l/((d*x + c)"2x(bxcoth(f*x + e) + a)), x)

3.56.9 Mupad [N/A]

Not integrable
Time = 2.11 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ 1 dCCZ/ 1
(c+ dz)?(a + beoth(e + fz)) (a+bcoth (e + fz)) (c+dx)

5 dx

inputtint(l/((a + bxcoth(e + f*x))*(c + d*x)~2),x)

—

outputtint(l/((a + b*coth(e + f*xx))*(c + d*x)~2), x)

dz

1
3.56. | ot emerre)
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(ctdx)?
357, [ ooy do
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3.57.1 Optimal result

Integrand size = 20, antiderivative size = 638

)

/ (c+dz)? dp — — 20%(c + dx)? N 20*(c + dz)?

(a+beoth(e + fz))? (@—02)°f  (a—b)(a+b)?(a—b— (a+Db)e+r) f
(c + dz)* 3b%d(c + dz)?*log (1 - W
4(a — b)2d (a2 — b2)? f2
2b(c + dz)3 log (1 — w>

(@a—b)*(a+0d)f
20(c + dz)3 log (1 — M)

a—b
_|_
(a? —b2) f
86%%(c + dz) PolyLog (2, (22 )
+
(a2 = b2 f°

(a+b)e2e+2fz
 3bd(c + da)” PolyLog (2, ter)
(a—b)2(a + b) f?
362d(c + dz)? PolyLog (2, M)

b
+

(@~ B)
(a+b)62e+2fa:
35" PolyLog (3, T)

2 (a2 — b?)* f4
(a+b)e2e+2fac
3bd?(c + dz) PolyLog (3, T)
(a —b)2(a+0b)f3
3b2d?(c + dx) PolyLog (3 M)

+

a—b
(@ 7

a+b e2et2fz
3bd? PolyLog (4, %)

2(a — b)*(a + ) f*

a+be 2e+2fx
3%° PolyLog (4, 2™ )

2 (a2 — b2)° f4

_|_

_ (ctdx)d
3.57. f (a+bcoth(e+fx))2 dz
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output | -2xb~2* (d*x+c) ~3/(a~2-b"2) ~2/£+2xb~2* (d*x+c) 3/ (a-b) / (a+b) ~2/ (a-b-(a+b) *ex
p(2xf*x+2%e)) /£+1/4%(d*x+c) "4/ (a-b) ~2/d+3*b~2*d* (d*x+c) “2*1n(1-(a+b) *exp (2
xf*x+2+e)/(a-b))/(a"2-b"2) "2/£72-2%b* (d*x+c) “3*1n(1-(a+b) *exp (2*xf*x+2xe) / (
a-b))/(a-b) "2/ (at+b) /£+2%b~2* (d*x+c) “3*1n(1-(a+b) *exp (2*f*x+2*e) /(a-b))/(a”
2-b72) "2/£+3%b~2%d"2* (d*x+c) *polylog(2, (at+b) *exp (2*f*x+2*e) /(a-b))/(a~2-b~
2) ~2/£73-3*bxd* (d*x+c) “2*polylog(2, (a+b) *exp (2*f*x+2*e) /(a-b)) /(a-b) "2/ (a+
b) /£72+3*b~2*d* (d*x+c) ~2*polylog(2, (a+b) *exp (2*f*x+2*e) / (a-b))/(a~2-b"2) "2
/£72-3/2%b"2xd"3*polylog (3, (a+b) xexp (2xf*x+2%e) / (a-b)) /(a~2-b~2) “2/f~4+3*b
*d~2* (d*x+c) *polylog(3, (a+b) xexp (2xf*x+2*e) / (a-b) )/ (a-b) "2/ (a+b) /£~3-3*b"2
*d~2x (d*x+c) *polylog(3, (a+b) *exp (2*f*x+2xe) / (a-b) )/ (a~2-b"2) "2/£73-3/2*b*d
~3*polylog(4, (a+b) xexp (2xf*x+2*xe) / (a-b) )/ (a-b) ~2/ (a+b) /£~4+3/2%b~2*d~3*pol
ylog(4, (a+b) *exp (2xf*x+2*e)/(a-b))/(a~2-b"2)"2/£f"4

3.57.2 Mathematica [A] (verified)

Time = 7.97 (sec) , antiderivative size = 659, normalized size of antiderivative = 1.03

(c+dz)?
(a + beoth(e + fx))?

16(a—b)b? f3(c+dx)3 8a(a—b)bf*(c+dz)* —a+b)e
_ 16be"f(—3bd + 2acf)z — Ao + Tl s aisemy + 48bedf? (bd — acf)zlog (1 +

dz

input’Integrate[(c + d*x)~3/(a + bxCothle + f*x])~2,x]

(ctdx)?
357, [ ooy do



output
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(16*%b*c™2*%f 3% (-3xb*d + 2*axc*f)*x - (16x(a - b)*b~2*f"3*(c + d*x)~3)/(a*(
-1 + E~(2%e)) + b*(1 + E~(2*e))) + (8*ax(a - b)*bxf~4x(c + d*x)~4)/(d*(ax*(
-1 + ET(2%e)) + b*(1 + ET(2*%e)))) + 48*bxcxd*f~2x(b*d - a*c*f)*x*Log[l + (
-a + b)/((a + b)*E~(2*%(e + f*x)))] + 24*bxd~2*xf"2x(bxd - 2*axcx*f)*x"2+Logl[
1+ (-a +b)/((a+ b)*E~(2%x(e + f*x)))] - 16*axbxd~3*f~3*x"3*Log[l + (-a +
b)/((a + b)*E~(2*%(e + f*x)))] + 8*b*c~2*f~2%(3*b*d - 2*axcxf)*Logla - b -
(a + b)*E~(2x(e + f*x))] + 24*bkckd*f*(-(bxd) + axcxf)*PolyLog[2, (a - b)
/((a + D)*E~(2%(e + £*x)))] - 12%b*d~2*(bxd - 2*axc*f)*(2xf*x*xPolyLog[2, (
a - b)/((a + b)*E~(2*(e + f*x)))] + PolyLog[3, (a - b)/((a + b)*E~(2*(e +
£%x)))]) + 12xa*b*xd~3*(2*f~2*x"2*PolyLog[2, (a - b)/((a + b)*E~(2*(e + f*x
)))] + 2xf*x*PolyLogl[3, (a - b)/((a + b)*E~(2%(e + £*x)))] + PolyLogl[4, (a
- b)/((a + D)*E~(2%(e + £*x)))]) - ((a - b)*(a + b)*E£"3*x((a"2 + b~2)*f*x*
(4%c™3 + 6%c™2kd*x + 4*cxd"2+x"2 + 4" 3*x"3)*Cosh[f*x] - (a”2 - b™2)*f*x*(4
*C”™3 + 6xc”2xd*x + 4*kcxd"2*xx"2 + d~3#x73)*Cosh[2xe + f*x] + 2%bx(-4xb*(c +
d*x) "3 + axf*x*k(4*xc”3 + 6*kc 2*kd*x + 4*cxd"2*x"2 + d73*x73))*Sinh[f*x]))/(
(b*Cosh[e] + a*Sinh[e])*(b*Cosh[e + f*x] + a*Sinh[e + f*x])))/(8%(a - b)"2
*(a + b)"2xf"4)

3.57.3 Rubi [A] (verified)

Time = 2.44 (sec) , antiderivative size = 638, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, number of rules _ 0.150, Rules used

integrand size
= {3042, 4217, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+dz)3
(a + beoth(e + fx))? de
| 3042
/ (c+ dzx)? i
(a —ibtan (ie +ifz + %))2
| 4217
/ 4b%(c + dzx)3etett/e + 4b(c + dx)3e2et2fz (c+ dx)3
(a—b)2(a(l-2)-a(b+1) e2‘f+2f96)2 (a—b)2(a(1-28)—a(d+1)e2et2fr) = (a—1b)?
| 2009

(ctdx)?
357, [ ooy do

)
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8b2d2(c + da) PolyLog (2, “*2575 ) 352a%(c + da) PolyLog (3, (250 ) .\
13 (a? — b2)2 13 (a? — b2)2
3t%d(c + da)? PolyLog (2, (%) N 3b%d(c + da)? log (1 — (+H5 )
£2 (a2 — b2)2 £2 (a2 — b2)2
2e+2fx 2e+2fz
W2 (c + dz)? log (1 _ %) | 9(c+dr)p 3d’PolyLog (3, %) .
f@-y o f@-8) 2f* (a? — ?)°
+b € x
3b2d3 PolyLog (4, %) N 2b%(c + dx)3 +
214 (@ — 1) Fla=b)(a+)? (—(a+b)e2 4 a—b)
3bd?(c + dz) PolyLog (3, %) 3bd(c + dz)? PolyLog (2, %)
la-57%a+0) Fa=b2(a+0)
2e+2fx 2e+2fx
2b(c + dz)3 log (1 - %) (c + dz)* 3bd3 PolyLog (4, %)
fla—0b)2(a+1b) 4d(a — b)? 2f4(a —b)%(a+1b)

-

input LInt[(c + d*x)~3/(a + b*Coth[e + f*x])~2,x]

output | (-2%b~2%(c + d*x)~3)/((a"2 - b~2)"2*f) + (2¥b"2*(c + d*x)~3)/((a - b)*(a +
b)"2%(a - b - (a + b)*E~(2%e + 2xf*x))*f) + (c + d*x)~4/(4x(a - b)~2xd) +
(3*¥b~2*d*(c + d*x)~2xLogl[l - ((a + D)*E~(2%e + 2xfxx))/(a - b)1)/((a"2 -

b~2)"2%£72) - (2%bx(c + d*x)~3*Logl[l - ((a + D)*E~(2%e + 2xf*x))/(a - b)])

/((a = b)"2x(a + b)*f) + (2*xb~2x(c + d*x) "3xLog[l - ((a + Db)*E~(2%e + 2%f*

x))/(a - 1)1)/((a”2 - p™2)"2*%f) + (3*b~2xd"2*(c + d*x)*PolyLog[2, ((a + b)

*E~(2%e + 2xf*x))/(a - b)])/((a"2 - b~2)"2*%£f73) - (3*b*xd*(c + d*x) 2+PolyL

ogl2, ((a + D)*E~(2*e + 2xfxx))/(a - D)]1)/((a - b)"2x(a + b)*£72) + (3%b~2

*d*(c + d*x) 2*PolyLog[2, ((a + b)*E~(2%xe + 2*xf*x))/(a - b)])/((a"2 - b~2)

~2xf~2) - (3*%b~2*d"3*PolyLogl[3, ((a + b)*E~(2xe + 2xfx*x))/(a - b)])/(2x(a”

2 - b72)72%f74) + (3*%b*d~2x(c + d*x)*PolyLog[3, ((a + D)*E~(2*%e + 2%f*x))/

(a - b)])/((a - b)"2x(a + b)*£~3) - (3*b~2*d"2*(c + d*x)*PolyLogl[3, ((a +

b)*E~(2%e + 2*f*x))/(a - b)]1)/((a"2 - b~2)"2%£f"3) - (3*b*d~3*PolyLogl[4, ((

a + b)*E~(2%e + 2xf*x))/(a - b)]1)/(2%(a - b)"2*%(a + b)*£74) + (3*b~2%d"3*P

olyLog[4, ((a + b)*E~(2%e + 2xf*x))/(a - b)]1)/(2x(a"2 - b~2)"2%f"4)

(ctdx)?
357, [ ooy do
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3.57.3.1 Defintions of rubi rules used

rule 2009 ‘

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4217

e

input t

Int[((c_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_01)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2*Ix(b/(a"2 +
b2 + (a - Ixb)"2+«E~(2+I*(e + f*x)))))~(-n), x], x] /; FreeQ[{a, b, c, d,
e, £}, x] && NeQ[a"2 + b~2, 0] &% ILtQ[n, 0] && IGtQ[m, O]

3.57.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 2443 vs. 2(618) = 1236.

Time = 0.58 (sec) , antiderivative size = 2444, normalized size of antiderivative = 3.83

method | result size
risch Expression too large to display | 2444

int ((d*x+c) 3/ (a+b*coth(f*x+e)) ~2,x,method=_RETURNVERBOSE)

~—

(ctdx)?
357, [ ooy do



output

input

output
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3/ (a~2+2%axb+b~2) /£74*%b"2/ (a-b) "2*e~2xd"3*1n (exp (2*f*x+2*e) *a+tb*exp (2*f*x+
2xe)-a+b)+3/(a"2+2*a*b+b~2) /£~2+%b"2/ (a-b) "2*d"3*1n(1-(a+b) xexp (2*f*x+2xe) /
(a-b) ) *x~2-3/(a"2+2*a*b+b~2) /£~4%b~2/ (a-b) "2*%d~3*1n(1- (a+b) *exp (2*f*x+2%e)
/(a-b))*e~2-2/(a~2+2*a*b+b~2) /£*b/ (a-b) "2*a*c~3*1n(exp (2*f*x+2*e) *a+b*exp (
2xfxx+2%e) —a+b)+3/ (a~2+2*a*xb+b~2) /£72x¥b~2/ (a-b) "2*c~2*d*1n (exp (2*f*x+2%e) *
a+b*exp (2*f*x+2xe) —a+b) -6/ (a”~2+2*a*b+b~2) /£ ~4*b~2/ (a-b) "2xe~2*d~3*1n(exp (f
xx+e) )+4/(a~2+2*a*b+b~2) /£xb/ (a-b) “2*a*c~3*1n(exp (f*x+e)) -6/ (a~2+2*axb+b~2
)/£72xb~2/ (a-b) “2*c~2*d*1n (exp (f*x+e)) -6/ (a~2+2*a*b+b~2) /£*b/ (a-b) ~2*d"2*c
*a*x1n(1-(a+b)xexp (2*xf*x+2xe) / (a-b) ) *x~2-6/ (a~2+2*axb+b~2) /£~2*b/ (a-b) ~2*d"
2xc*axpolylog(2, (a+b) *exp (2xf*x+2%e)/(a-b) ) *x+12/(a”~2+2*axb+b~2) /£~3*b/ (a-
b) "2*e~2*d"2*c*a*1ln(exp (f*x+e))-12/(a”2+2*a*b+b~2) /£~ 2xb/ (a-b) “2xexaxc~2xd
*1n (exp (f*x+e)) -2/ (a~2+2*axb+b~2) /f*b~2/ (a-b) "2xd"3*x~3+4/ (a~2+2*a*b+b~2) /
£74%b"2/(a-b) "2*%d"3*e”3-3/2/(a"2+2*a*b+b~2) /£~4*%b"2/ (a-b) “2*d"3*polylog(3,
(a+b) xexp (2*xf*x+2%e) / (a-b) ) +4/ (a~2+2*a*b+b~2) /£ ~3*b/ (a-b) "2*xd~3*a*e”3*x+6/
(a~2+2*axb+b~2) *b/ (a-b) "2*a*xc”2*d*x"2-2/ (a”~2+2*a*b+b~2) /£ ~4*xb/ (a-b) “2*d~3*
a*1n(1-(a+b) *xexp (2*f*xx+2*e) / (a-b) ) *e~3+3/ (a”~2+2*a*b+b~2) /£~3*b/ (a-b) "2%d"3
*a*polylog(3, (a+b)*exp (2*f*x+2xe) /(a-b) ) *x+2/ (a~2+2*a*b+b~2) /£~4*b/ (a-b) "2
*xe~3%d " 3*ax1ln(exp (2*f*x+2*e) *a+bkexp (2*¢f*x+2*e) —a+b) -2/ (a~2+2*a*b+b~2) /£*b
/(a-b) "2*d~3*a*1n(1- (a+b) *exp (2*f*x+2%e) / (a-b) ) ¥x~3+3/ (a~2+2*a*b+b~2) /£~ 3*
b/ (a-b) "2*d~2*c*a*polylog(3, (a+b) *exp(2*xf*x+2xe) /(a-b) ) -3/ (a"2+2*a*b+b~. ..

3.57.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 6171 vs. 2(614) = 1228.

Time = 0.36 (sec) , antiderivative size = 6171, normalized size of antiderivative = 9.67

c+dzx)? .
/ (a+ b(coth(e ?1- fz))? dz = Too large to display

integrate ((d*x+c) ~3/(atb*coth(f*x+e))~2,x, algorithm="fricas")

N

p
Too large to include

N

(ctdx)?
357, [ ooy do
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3.57.6 Sympy [F(-2)]

Exception generated.

3
/ (a+ b(ccozilc(l::_ 2))? dx = Exception raised: TypeError

input‘integrate((d*x+c)**3/(a+b*coth(f*x+e))**2,x)

outputLException raised: TypeError >> Invalid NaN comparison

3.57.7 Maxima [A] (verification not implemented)

Time = 0.53 (sec) , antiderivative size = 1056, normalized size of antiderivative = 1.66

c+dz)? .
/ (a + b(COth(e )+ fZI?))2 dx = Too large to display

input  integrate((d*x+c)~3/(a+b*coth(f*x+e))~2,x, algorithm="maxima")

output | -6xb~2*c”~2xd*f*x/(a~4*£"2 - 2%a"2xb"2+f"2 + b"4*f"2) - 2/3%(4xf"3*x"3xLlog(
-(axe”(2xe) + b*e”~(2*e))*e”(2xf*x)/(a - b) + 1) + 6*f~2xx"2*dilog((axe™ (2%
e) + bxe~(2xe))*e” (2xf*x)/(a - b)) - 6xf*x*polylog(3, (axe”(2*e) + bxe™ (2%
e))xe”(2xf*x)/(a - b)) + 3*polylog(4, (axe~(2xe) + bxe”(2%e))*e”(2xf*x)/(a
- b)))*axb*d~3/(a"4*f"4 - 2*a"2*b"2*f"4 + b~4*f74) + 3*b”2*kc"2xd*log((a*e
~(2xe) + b*xe”(2xe))*e” (2*%f*x) - a + b)/(a"4*f"2 - 2%xa”2xb"2xf"2 + b"4xf"2)
- c"3x(2*axbxlog(-(a - b)*e~ (-2*xf*x - 2*e) + a + b)/((a™4 - 2*xa™2%b"2 + b
“4)*f) + 2+%b”2/((a”4 - 2*a"2*%b"2 + b™4 - (a4 - 2*a~3*b + 2*xa*b~3 - b~4)*e
“(-2%fxx - 2*%e))*f) - (f*x + e)/((a”2 + 2%axb + b"2)*f)) - 3/2x(2xaxbkc*d”
2xf - b72%d"3)* (2xf~2*x"2x1log(-(a*xe~(2*e) + bxe~(2xe))*e”(2xf*x)/(a - b) +
1) + 2+fxx*dilog((a*e™(2xe) + bxe~(2*e))*e~(2*f*x)/(a - b)) - polylog(3,
(axe™ (2%e) + bxe~(2xe))*e” (2+f*x)/(a - b)))/(a~4*f~4 - 2*%a~2xb"2*%f"4 + b~4
*f~4) - 3k(axb*xc™2xd*f - b~ 2*cxd"2)* (2xfxx*1log(-(a*e”(2xe) + bxe” (2*e))*e”
(2xf*xx)/(a - b) + 1) + dilog((a*e~(2xe) + b*e”(2xe))*e” (2*f*x)/(a - b)))/(
a~4*f73 - 2%a”2xb"2xf"3 + b"4*£73) + (a*bxd"3*xf"4*x"4 + 2% (2xaxbkcxd"2xf -
b"2+%d"3) *£"3*x"3 + 6k (a*bxc”2*d*f"2 - b72*c*kd"2*f)*f"2*x72)/(a"4*xf"4 - 2%
a~2*%b"2+%f"4 + b 4*f74) + 1/4*%(24*%b"2*c"2*d*x + (a”2*%d"3*f - 2*kaxb*d~3*f +
b 2xd"3*f)*x"4 + 4*x(a"2xckd"2+f - 2kaxbkxcxd"2*xf + (c*d"2xf + 2+%d"3)*b"2)*x
"3 + 6x(a”2%cT2*d*f - 2kaxbkc”2kd*f + (cT2*d*f + 4*c*d”2)*b"2)*x"2 - ((a”2
*d"3xfxe” (2%e) - b72xd"3xfxe”(2%e))*x"4 + 4*x(a~2%c*xd"2*f*e”(2%xe) - b72*...

(ctdx)?
357, [ ooy do
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3.57.8 Giac [F|

(c+dz)? B (dz + c)®
(a + beoth(e + fx))? de = / (

beoth (fz +e) + a)?

inputLintegrate((d*x+c)“3/(a+b*coth(f*x+e))‘2,x, algorithm="giac")

outputtintegrate((d*x + ¢)73/(bxcoth(f*x + e) + a)~2, x)

3.57.9 Mupad [F(-1)]

Timed out.

/ (c+ dx) z=/ (c+dx) i
(a + beoth(e + fz))? (a + bcoth (e + f z))?

inputtint((c + d*x)~3/(a + b*coth(e + f*x))~2,x)

output Lint((c + d*x)~3/(a + b*xcoth(e + f*x))~2, x)

_ (ctdx)d
3.57. f (a+bcoth(e+fx))2 dz
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(c+dzx)?

3.58 f (a+bcoth(e+fz))? dx

3.58.1 Optimal result . . . . ... ... ... .. ... 409!
3.58.2 Mathematica [A] (verified) . . . . . . ... . ... Lo AT0)
3.58.3 Rubi [A] (verified) . . . . . ... . ... 41T
3.58.4 Maple [B] (verified) . . . ... .. .. ... AT2l
3.58.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 4T3
3.58.6 Sympy [F(-2)] . . . . o 414
3.58.7 Maxima [A] (verification not implemented) . . ... ... ... ....... 4710
3.58.8 Giac [F] . . . . . o 476l
3.58.9 Mupad [F(-1)] . . . . o AT6l

3.58.1 Optimal result

Integrand size = 20, antiderivative size = 475

(c+ dz)?

/ (a+beoth(e + fz))2 “* ~

_|_

_|_

+

+

_ 2V (c+dx)®

20 (c + dz)?

(a> )" f

a—b

)

3(a—b)2d

a—b

2b(c + dz)? log (1 — (ath)eer?e

)

(@a—b)*(a+0d)f

a—b

20(c + dz)? log <1 — (atb)errale

)

(@~ 1)’ f

et+2fx

b2d? PolyLog (2, (atb)etrar

b

)

(@ — ) f3

)e2e+2fw

9bd(c + dz) PolyLog (2, (ath

a—b

)

(a —b)%(a+ b) f?

92b2d(c + dz) PolyLog (2, (atb)e?et2le

2e+2fx )

b

(2= 0) f?

bd? PolyLog (3, M)

a—b

(@ —b)%(a+b)f3

a—b

b2d* PolyLog (3, 5"

)

(a> = 17)° f°

(a —b)(a+b)?(a—b— (a+ b)e2t2fz) f
a+b)e2e+2fa:

(c + dz)? 2b%d(c + dz) log (1 —{
(a> = 17)° 2

3.58.

(
f (a+bcoth(e+fzx))?

c+dzx)?

dz
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output | -2xb~2* (d*x+c) "2/ (a~2-b"2) ~2/£+2xb~2* (d*x+c) 2/ (a-b) / (a+b) ~2/ (a-b-(a+b) *ex
p(2*xfxx+2xe) ) /£+1/3% (d*x+c) "3/ (a-b) "2/d+2xb~2*d* (d*x+c) *1n (1- (a+b) *exp (2*£
xx+2xe) /(a-b))/(a"2-b"2) "2/£"2-24b* (d*x+c) “2*1n(1-(a+b) *exp (2*f*x+2*e) / (a-
b))/ (a-b) "2/ (a+b) /£+2xb~2x (d*x+c) “2*1n(1-(a+b) *exp (2*f*x+2*xe) / (a-b)) / (a~2-
b~2) "2/£+b~2*d"2*polylog(2, (a+b) *exp (2*f*x+2*e) /(a-b)) /(a~2-b"2) "2/£73-2%b
*d* (d*x+c) *polylog(2, (a+b) xexp (2*f*x+2*e) /(a-b))/(a-b) "2/ (a+b) /£~ 2+2*b"2*d
* (d*x+c)*polylog(2, (a+b) *exp (2xf*x+2%e)/(a-b))/(a"2-b"2) ~2/£"2+b*d~2*polyl
0g(3, (at+b) xexp (2*f*x+2*xe) /(a-b)) /(a-b) "2/ (a+b) /£~3-b~2*d"2+polylog(3, (a+b)
*xexp (2xf*x+2%e) /(a-b))/(a~2-b"2)"2/£"3

3.58.2 Mathematica [A] (verified)

Time = 5.06 (sec) , antiderivative size = 519, normalized size of antiderivative = 1.09

/ (c+ dx)?
(a + beoth(e + fx))?

24bcf2(—bd +acf)z + 24(a—b)bcf?(~bd+acf)z + 12(a—b)bdf*(—bd+2acf)z? + a( 8a(a—b)bd? f3z° ) + 12bdf (bd — 2acf

a(—1+4e2¢)+b(1+e2¢) a(—1+4-e2¢)+b(1+e2e) —1+e2e)+b(1+e2e

p
input  Integrate[(c + d*x)~2/(a + bxCothl[e + f*x])~2,x]

output | (24*b*c*f~2%(-(b*d) + a*xc*f)*x + (24x(a - b)*bxcxf~2x(-(b*d) + axc*f)*x)/(
ax(-1 + E"(2%e)) + bx(1 + E"(2xe))) + (12%(a - b)*b*d*f~2x(-(b*d) + 2*a*c*
£)*x72)/(ax(-1 + E7(2%e)) + bx(1 + E"(2%e))) + (8*a*x(a - b)*b*d~2*f 3*x"3)
/(ax(-1 + E~(2%e)) + b*(1 + E~(2%e))) + 12*bxd*f*(bxd - 2%akckf)*x*Logl[l +

(-a + b)/((a + D)*E~(2*(e + £*x)))] - 12*%axbxd~2*f~2xx"2*Log[1 + (-a + b)
/((a + b)*E~ (2% (e + f*x)))] + 12*bxc*f*(bxd - a*cxf)*Logla - b - (a + b)*E
“(2%(e + f*x))] - 6%b*d*(bxd - 2*axcxf)*PolyLog[2, (a - b)/((a + b)*E~(2x*(
e + £xx)))] + 6xaxbxd~2*(2*f*xxPolyLog[2, (a - b)/((a + b)*E~(2*(e + f*x))
)] + PolyLogl[3, (a - b)/((a + b)*E~(2x(e + f*x)))]) - ((a - b)*(a + b)*£~2
*((a"2 + b™2)*xf*x*(3*%c™2 + 3*ckdkx + d"2*%x"2)*Cosh[f*x] - (a”2 - b72)*f*xx*
(3%c™2 + 3xckd*x + d"2*%x"2)*Cosh[2%e + fxx] + 2xbx(-3xb*(c + d*x)~2 + a*fx
x*(3%c™2 + 3xckdxx + d72%x"2))*Sinh[f*x]))/((b*Cosh[e] + a*Sinh[e])*(b*Cos
h[e + f*x] + a*Sinh[e + f*x])))/(6%(a - b)~2%(a + b)~2%f~3)

(c+dx)?
358. [ Garpeothiersoye 4%
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3.58.3 Rubi [A] (verified)

Time = 1.93 (sec) , antiderivative size = 475, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Mumber of rules _ ¢ 15, Ryles used

integrand size
= {3042, 4217, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(c+ dz)? .
(a + beoth(e + fx))?
| 3042
2
/ . e + da:)' —odr
(a — ibtan (ze +ifx+ 5))
| 4217
/ 4b?(c + dx)2etetifz + 4b(c + dx)?e2et2f= (c+dz)? i
@02 (1) —a(Er )@ @bP(-F) —a(t+1) @) @-bp
| 2009
2b%d(c + dx) PolyLog (2, w> 2b%d(c + dz) log (1 — %)
2 (a2 — ) " 72 (a2~ ) '
a e2e+2fz a e2e+2fz
2b%(c + dz)?log (1 - %) ~ 2b2(c + dz)? b%d? PolyLog (2, %) ~
f@-ey o f@-w) f* (@ = 07"
a+b)escTei®
b2d? PolyLog (3, %) N 20%(c + dz)? ~
13 (a? - p2)’ fla=b)(a+8)*(~(a+b)e*+2/* +a—b)
9bd(c + dz) PolyLog (2, %) %(c + dz)?log (1 . %) (e + do)?
F2(a — b)2(a +b) B Fla—b2(a1b) 3da—b)? T

(a+b)62e+2fz
ba® PolyLog (3, “+25 )
f3a—1b)*(a+b)

)
input Int[(c + d*x)~2/(a + b*Coth[e + f*x])~2,x]

(c+dx)?
358. [ Garpeothiersoye 4%
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output (-2xb~2x(c + d*x)~2)/((a"2 - b~2)"2xf) + (2%b"2*(c + d*x)"2)/((a - b)*(a +
b)"2x(a - b - (a + b)*E~(2%e + 2*f*x))*f) + (c + d*x)~3/(3*%(a - b)"2*d) +
(2+%b~2*d*(c + d*x)*Log[l - ((a + D)*E~(2*e + 2xf*x))/(a - b)]1)/((a"2 - b~

2)"2x£72) - (2%bx(c + d*x)"2*Logl[l - ((a + b)*E~(2*e + 2xf*x))/(a - b)]1)/(

(a - b)"2x(a + b)*f) + (2%b"2x(c + d*x) "2*Logl[l - ((a + b)*E~(2*e + 2*f*x)

)/(a - b)])/((a”2 - b™2)"2%f) + (b~2*d"2*PolyLog[2, ((a + D)*E~(2%e + 2xfx*

x))/(a - ©)])/((a”2 - b~2)"2*f~3) - (2*b*d*(c + d*x)*PolyLog[2, ((a + b)*E

~(2%e + 2*fxx))/(a - b)])/((a - b)~2*%(a + b)*£72) + (2xb~2*d*(c + d*x)*Pol

yLog[2, ((a + D)*E~(2*e + 2xf*x))/(a - 1)1)/((a”2 - b~2)"2*f~2) + (b*d~2+P

olyLog[3, ((a + b)*E~(2xe + 2xf*x))/(a - b)])/((a - b)"2x(a + b)*f~3) - (b

~2%d~2*PolyLog[3, ((a + b)*E~(2%e + 2%f*x))/(a - b)]1)/((a~2 - b~2)"2%£"3)

3.58.3.1 Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

p
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

~

rule 4217‘Int[((c_.) + (d_D)*(x))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1)"(n_),
‘ x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(a - I*b) - 2*Ix(b/(a"2 +
| D72 + (a - I¥b)"2+E~(2xIx(e + £%x)))))"(-n), x1, x] /; FreeQl{a, b, c, d,

‘e, £}, x] && NeQ[a"2 + b~2, 0] && ILtQ[n, 0] && IGtQ[m, O]

3.58.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1237 vs. 2(464) = 928.

Time = 0.50 (sec) , antiderivative size = 1238, normalized size of antiderivative = 2.61

method

result

size

risch

Expression too large to display

1238

p
input | int ((d*x+c) "2/ (a+b*coth(f*x+e)) ~2,x,method=_RETURNVERBOSE)

(c+dx)?
358. [ Garpeothiersoye 4%
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4/3/(a-b) "2*b/ (a+b) "2*a*d~2*x~3-8/3/£73/(a-b) "2*b/ (a+b) "2*axd~2*e~3+2/£73/

(a-b) "2*%b~2/ (a+b) "2*d~2*1n(1-(a+b) *exp (2*f*x+2*e) / (a-b) ) ¥e+4/£~3/ (a-b) "2*b
~2/(a+b) “2*exd~2*1n(exp(f*x+e))-2/£73/(a-b) "2*b~2/ (a+b) “2*e*xd~2*1n (exp (2*f
*xx+2%e) ¥a+b*exp (2*f*x+2*e) —a+b) +8/f/ (a-b) “2%b/ (a+b) "2*c*d*a*xe*x-8/£~2/(a-b
) "2xb/ (a+b) “2*e*c*d*ax1ln(exp (f*x+e))+4/£72/(a-b) “2*b/ (a+b) “2*exc*d*a*1ln(ex
p(2xf*x+2+%e) *at+b*exp (2*f*x+2xe) -a+b)-4/£72/(a-b) "2xb/ (a+b) “2*c*d*a*1ln(1-(a
+b) *exp (2xf*x+2*e) / (a-b) ) *e-4/f/(a-b) “2*b/ (a+b) “2*c*d*a*1n(1-(a+b) *exp (2*£f
*xx+2%e) / (a-b) ) *x+4/f/(a-b) "2*b/ (a+b) "2*a*xc”~2*1n(exp (f*x+e))-2/£f/(a-b) “2*b/
(a+b) "2xa*c™2*1n(exp (2*f*x+2%e) ¥a+b*exp (2*f xx+2xe) -a+b) +1/£~3/(a-b) “2*b/ (a
+b) "2*axd~2*polylog(3, (a+b) xexp (2*f*x+2xe) / (a-b))-4/£72/(a-b) "2¥b~2/(a+b) "
2*c*dx1n(exp (f*x+e) ) +2/£72/ (a-b) “2*b~2/ (a+b) “2*c*d*1n(exp (2*f*x+2*e) *a+bxe
xp (2xf*x+2%e) —a+b)+2/£72/ (a-b) “2%¥b~2/ (a+b) "2*d"2*1n(1-(a+b) *xexp (2*f*x+2*e)
/(a-b)) *x-2/(a-b) /£/(a~2+2*a*b+b~2) * (d~2*x~2+2*kc*d*x+c”2) *b~2/ (exp (2*f*x+2
xe) *a+bxexp (2*f*xx+2*xe) —a+b) +d/ (a2~ 2+2*a*b+b~2) *c*x~2+1/ (a~2+2*a*xb+b~2) *c~2*
x-4/£72/(a-b) "2%b~2/ (a+b) "2*d"2*e*x-2/f/ (a-b) "2*¥b~2/ (a+b) "2+%d~2*x"2-2/£"3/
(a-b) “2%b~2/ (a+b) "2*d~2xe~2+1/£73/ (a-b) “2*¥b~2/ (a+b) "2*d~2*polylog(2, (at+b) *
exp (2xf*xx+2%e) / (a-b))+4/£72/ (a-b) "2*b/ (a+b) "2*cxd*a*e”2+4/(a-b) “2*b/(a+b)~
2xcxd*a*x~2-4/£72/(a-b) "2*b/ (atb) "2*axd~2*e”~2*xx-2/f~2/(a-b) “2*b/ (at+b) “2xc*
d*axpolylog(2, (a+b)*exp (2xf*x+2*e)/(a-b))+4/£~3/(a-b) “2xb/ (a+b) ~2xe~2xa*d"~
2*1n (exp (f*x+e))-2/£73/(a-b) "2%b/ (a+b) "2*e~2*a*d~2*1n (exp (2xf*x+2%e) *a+. ..

3.58.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 3702 vs. 2(460) = 920.

Time = 0.32 (sec) , antiderivative size = 3702, normalized size of antiderivative = 7.79

c+dzx)? .
/ (a+ b(coth(e ?1- fz))? dz = Too large to display

input  integrate((d*x+c)~2/(a+b*coth(f*x+e))~2,x, algorithm="fricas")

(c+dx)?
358. [ Garpeothiersoye 4%
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output| -1/3*((a”3 + a"2*b - a*b”2 - b~ 3)*d"2+f"3%x"3 + 3*(a”3 + a"2*b - a*b"2 - b
~3)*cxd*xf~3*xx"2 + 3*%(a”3 + a"2%b - a*b”2 - b73)*kc"2*f"3*x + 4x(a”2*%b - axb
~2)*d"2xe”3 + 6%(a*b”2 - b"3)*d"2*e"2 + 6x(2*(a”"2*b - a*b"2)*c"2xe + (axb”
2 - b73)*c”2)*f"2 - ((a”"3 + 3*%a"2*b + 3*a*b”2 + b~3)*d"2*f"3*xx"3 + 4x*x(a~2*
b + a*b”2)*d"2*%e"3 + 12*%(a”2%b + a*b”2)*kc 2xe*f"2 + 6x(a*b”2 + b~3)*d"2*e”
2 + 3*%((a”3 + 3*xa”2*b + 3*a*xb”2 + b"3)*kckd*f"3 - 2k (a*xb”2 + b~3)*d"2*xf"2) *
x"2 - 12%((a”2%b + a*b"2)*c*d*e”2 + (a*b”2 + b”"3)*ckd*e)*f + 3x((a”3 + 3*a
~2%b + 3*axb”2 + b"3)*c"2*%f"3 - 4x(axb”2 + b"3)*kckd*f"2)*x)*cosh(f*x + e)”
2 - 2x((a"3 + 3*a”2xb + 3*axb”2 + b"3)*d"2*xf"3*x"3 + 4*(a”"2%b + a*b~2)*d"2
*e~3 + 12*%(a”2%b + a*b~2)*c"2xe*xf"2 + 6%(a*b”2 + b~3)*d"2*e~2 + 3*((a”3 +
3*a~2%b + 3*axb”2 + b~3)*cxd*f~3 - 2%(axb”2 + b~3)*A"2*f"2)*x"2 - 12x((a"2
*b + a*b”~2)*ckxd*e”2 + (a*b~2 + b~ 3)*kckd*e)*f + 3k ((a~3 + 3*%a~2*b + 3*a*b~2
+ b"3)*c"2+%£f73 - 4x(axb”2 + b~3)*kckd*f~2)*x)*cosh(f*x + e)*sinh(f*x + e)
- ((a”3 + 3*a"2xb + 3*a*xb”2 + b"3)*d"2*xf"3*x"3 + 4*(a”2*b + a*b”2)*d"2*e"3
+ 12%(a"2%b + a*b"2)*c"2xexf"2 + 6%(a*b”2 + b"3)*d"2*xe"2 + 3*((a”"3 + 3*a”
2%b + 3*a*b”2 + b~3)*ckd*f"3 - 2% (a*b”2 + b"3)*d"2*xf"2)*x"2 - 12*%((a”2*b +
axb”"2)*cxd*e”2 + (axb”™2 + b~3)*ckdxe)*f + 3*((a"3 + 3*xa”"2*b + 3*¥a*b”2 + b
~3)*c"2xf~3 - 4*x(a*b”2 + b"3)*ckd*f~2)*x)*sinh(f*x + e)”2 - 12*x((a"2*b - a
*b~2) kcxd*e~2 + (axb”2 - b~3)xckdxe)*f - 6% (2x(a~2*b - axb”2)*d"2*f*x + 2%
(2”2%b - axb”2)*c*kd*f - (axb”2 - b~3)*d"2 - (2%(a"2%b + axb~2)*d"2*xf*x ...

3.58.6 Sympy [F(-2)]

Exception generated.

d 2
/ (a+t b(cco; (:1_ 2))? dzx = Exception raised: TypeError

-

input  integrate ((d*x+c)**2/(a+bxcoth(f*x+e))**2,x)

output‘Exception raised: TypeError >> Invalid NaN comparison

(c+dx)?
358. [ Garpeothiersoye 4%
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3.58.7 Maxima [A] (verification not implemented)

Time = 0.51 (sec) , antiderivative size = 751, normalized size of antiderivative = 1.58

(c+dz)? dp = — Abcdfx
(a+bcoth(e+ fz))2 ~  atf? —2a2b2f2 + bt f2
(2 f2x2 10g (_ (ae® 5)_,_[;6_(2176))6(2 f=) 4 1) 19 f_'],‘L12 < (ae(2 8)+1;e_(21)6))e(2 fz)) _ L13( (ae® e)+l;(3_(2l)5))e(2 fx) ))abd2

atf3 — 20202 f3 + bt f3
2b%cdlog ((ae?® + be?9)ef*) — g 4 b)
+ At f? — 20202 f2 + bt f2
, [ 2ablog (—(a — b)e(~2/*=2¢) g + b) 2b?
¢ (a* —2a20 + b4 f + (a* —2a%b? + b* — (a* — 2a3b + 2 ab® — b*)e(-2f2-2¢)) f
(2 abedf — bzd2) (2 fzlog (_ (ae(2€)+l;e_(2be))e(2 fz) n 1> n Li2<(ae(2e)+l;e_(2b€))e(2fz)>>
o alf3 — 2a2b2f3 + bAf3
2 (2abd? f3x3 + 3 (2 abedf — b*d?) f2x?)
3 (a4f3 -9 a2b2f3 + b4f3)
12b%cdz + (a’d*f — 2abd? f + b?d? f)z® + 3 (a’cdf — 2 abedf + (cdf + 2d*)b?)z? — ((a*d?fe?®) — b2d’
+ 3(a*f —2a2b2f + b f — (a*fe2®) 4+ 2a3bfe(2e) — 2ab3 fe(2e) — b4

inputLintegrate((d*x+c)“2/(a+b*coth(f*x+e))“2,x, algorithm="maxima") J

output | -4xb~2kc*d*f*x/(a"4*f72 — 2%a”2xb"2*xf"2 + b"4xf"2) - (2*%£72*x"2xlog(-(axe”
(2%e) + b*xe~(2*e))xe”(2xf*x)/(a - b) + 1) + 2*xf*x*xdilog((a*xe”(2*e) + bxe(
2%e))xe”~ (2xf*xx)/(a - b)) - polylog(3, (axe~(2*e) + bxe”(2xe))*e” (2xf*x)/(a
- b)))*axb*d"2/(a"4*f"3 - 2*a~2*b"2*f"3 + b"4*£73) + 2%b~2xcxd*log((a*xe”(
2%e) + bxe”(2%e))*e” (2xf*x) - a + b)/(a”4*xf"2 - 2*%a"2*xb"2*%f"2 + b 4*xf"2) -
c"2x(2*axbxlog(-(a - b)*e~ (-2*f*x - 2*e) + a + b)/((a”4 - 2*a™2%b"2 + b~4
)*f) + 2*b"2/((a"4 - 2*xa"2*b"2 + b™4 - (a”4 - 2*a”3*b + 2*a*b~3 - b~4)*e"(
-2xfxx - 2%e))*f) - (f*x + e)/((a”2 + 2xaxb + b~2)*f)) - (2*axbxcxd*f - b~
2xd"2) x (2xfxx*x1og (- (axe™ (2xe) + b*e” (2*e))*e~(2xf*x)/(a - b) + 1) + dilog(
(axe~(2xe) + b*xe~(2*e))*e” (2*f*x)/(a - b)))/(a"4*f~3 - 2*%a~2%b"2*xf~3 + b~4
*f73) + 2/3x(2*axb*d"2+f73*%x"3 + 3*(2xaxbkckd*f - b"2+%d"2)*f"2xx"2)/(a”4x*f
3 - 2%a~2*%b"2*%f"3 + b"4*f"3) + 1/3%(12*xb"2*ckd*x + (a”2*%d"2xf - 2*axb*xd~2
*f + b2xd"2*f)*x"3 + 3*k(a~2kckd*f - 2¥axbkckdxf + (cxd*f + 2%d"2)*b"2)*x”
2 - ((a™2xd"2*fxe” (2%e) - b~ 2xd"2*f*xe” (2*e))*x~3 + 3*(a~2*c*dxf*e” (2xe) -
b~ 2xcxdxfxe” (2%e) ) *x"2) xe~ (2xf*xx) )/ (a”4*f - 2%a~2%b"2*%f + b~4xf - (a"4xfxe
~(2*%e) + 2*a~3xbkfxe”(2%e) — 2%axb"3*kfre”(2%e) - b 4xfke” (2*xe))*e” (2*f*x))

N\ J

(c+dx)?
358. [ Garpeothiersoye 4%
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3.58.8 Giac [F|

(c+dz)? B (dz + c)®
(a + beoth(e + fx))? de = / (

beoth (fz +e) + a)?

input Lintegrate ((d*x+c) "2/ (atb*coth(f*x+e)) ~2,x, algorithm="giac")

output Lintegrate((d*x + ¢)72/(bxcoth(f*x + e) + a)~2, x)

3.58.9 Mupad [F(-1)]

Timed out.

/ (c+ dx) z=/ (c+dx) i
(a + beoth(e + fz))? (a + bcoth (e + f z))?

input Lint((c + d*x)~2/(a + b*coth(e + f*x))~2,x)

output Lint((c + d*x)~2/(a + bxcoth(e + £*x))"2, x)

_ (ctdx)?
3.58. f (a+bcoth(e+fx))2 dz
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ct+dz

3.59 f (a+bcoth(e+fx))? dx

3.59.1 Optimal result . . . . .. .. . ... . 417
3.59.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 418
3.59.3 Rubi [A] (verified) . . . . . ... .. 418
3.59.4 Maple [B] (verified) . . . . ... ... ... 42T]
3.59.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 422
3.59.6 Sympy [F(-2)] . . . . e 4221
3.59.7 Maxima [F] . . ... . .. .. 423
3.59.8 Giac [F] . . . . . o 123
3.59.9 Mupad [F(-1)] . . . . . 123

3.59.1 Optimal result

Integrand size = 18, antiderivative size = 196

c+dx _ (c+dx)? (bd — 2acf — 2adfx)?
/ (a + beoth(e + fx))? TT T (> —v2)d  4a(a —b)(a+ b)2df?
N b(c + dx)

(a2 — b2) f(a + beoth(e + fz))
b(bd — 2acf — 2adfz)log (1 — M)

T atb
(a2 — b2)? f2
abdfkﬂyLog<2,Q;Q%;?jfi>
+
(a2 — b2)* f2

output‘—1/2*(d*x+c)‘2/(a‘2—b“2)/d+1/4*(—2*a*d*f*x—2*a*c*f+b*d)“2/a/(a-b)/(a+b)“2/
\d/f‘2+b*(d*x+c)/(a‘2—b‘2)/f/(a+b*coth(f*x+e))+b*(—2*a*d*f*x—2*a*c*f+b*d)*1
‘n(1+(-a+b)/(a+b)/exp(2*f*x+2*e))/(a‘2—b“2)‘2/f“2+a*b*d*polylog(2,(a—b)/(a+
b)/exp(2+£4x+2%e))/ (a”2-b"2)"2/£72

ctdz
3.59. [ arvemiizay 4o
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3.59.2 Mathematica [A] (verified)

Time = 3.87 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.24

c+dzx

(a + beoth(e + fx))? dz

csch®(e 4 fx)(bcosh(e + fz) + asinh(e + fz)) (4(a —b)bf(c+ dx)sinh(e + fz) + 2(a — b)(e + fz)(—

)
input | Integrate[(c + d*x)/(a + b*Cothl[e + f*x])~2,x]

output | (Cschl[e + f*x] 2*(b*Cosh[e + f*x] + a*Sinh[e + f*x])*(4*(a - b)*b*fx(c + 4
*x)*Sinh[e + f*x] + 2*x(a - b)*(e + f*x)*(-2*c*f + d*(e - f*x))*(b*Cosh[e +
f*x] + a*Sinh[e + f*x]) + (((-(b*d) + 2*axfx(c + d*x))*((a - b)*(-(bxd) +
2xa*xfx(c + d*x)) - 4*xaxbkxdxLog[l + (-a + b)/((a + b)*E~(2*(e + f*x)))]) +
4*xa~2xbxd~2*xPolyLog[2, (a - b)/((a + b)*E~(2*(e + f*x)))])*(b*Cosh[e + fx*
x] + a*Sinh[e + fx*x]))/(ax(a + b)*d)))/(4*%(a - b)"2x(a + b)*f~2*(a + b*Cot
hle + £*x])"2)

3.59.3 Rubi [A] (verified)

Time = 0.82 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.09,
number of steps used = 10, number of rules used = 9, number of rules _ 0.500, Rules used

integrand size
= {3042, 4216, 26, 3042, 4214, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

c+dx
(a + beoth(e + fx))?

l 3042

dzr

c+dz
/ . . - 5de
(a—ibtan (ie+ifz+ %))
l 4216

. i(bd—2afxd—2acf
_7’ f - (a+bcoth(e—|—f:z:) )dI +
f(a® - b?)

b(c+ dz) _ (c+dx)?
f(a? —b%) (a+ beoth(e + fz)) 2d(a® —b?)

ctdz
3.59. [ arvemiizay 4o
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l 26

bd—2afrd—2ac
_ f a+bcofth(e+fx{ dx b(c+ dx) B (c+ d$)2
f(a?—1?2) f(a? —b%) (a+ beoth(e + fz)) 2d(a® —b?)
| 3042
bd—2afxrd—2acf
J a—ibtan(ie+ifz+2) dx + b(c+ dz) (et dx)?
f(a? —b2) f(a? —b%) (a+ beoth(e + fz)) 2d(a? —b?)
| 4214
—2(e+f2) (bd—2a frd—2acf —2acf—2adf z+bd)?
B 2 [ - e(a+b)2_((az_bza);z(eﬁ;)) dz — ¢ GZadf(Z+z) ) b(c+ dx) B
f (a2 —b2) f (a?2 — b2) (a + beoth(e + fz))
(c+ dz)?
2d (a2 — b?)

| 25

—2(e+f2) (bd—2a frd—2acf —2acf—2adf z+bd)?
3 —2b f e(a_’_b)z_((a;_b2tze:f2(e+a}cm)) dx - ( afladf(Zﬂl—:z) ) b(C + dm) _
f(a? —b2) f (a® = b2) (a + beoth(e + fx))
(c+ dz)?
2d (a? — b?)
l 2620
ad [ log <1—%)dw (—2acf—2adf z+bd) log (1—%) (—2acf—2adf o-+bd)?
—2b P + 2 (@2—57) - 4adf(ath)
- f(a®—t?)
b(c+ dzx) _ (c+dz)?
f(a?2 —0b2)(a+bcoth(e+ fz)) 2d(a®—b?)
l 2715

+

_ _ _ (a—b)e—2(et+f2) 2(etfz) _ (a—b)e—2(e+f) —2(e+f2)
_Qb(( s otb ad [e log{ 1——"1% de _ (=2acf—2adfz+bd)>

4dadf (a+b)

2f(a?—b2?) - 2f(a2—b2)
- f (@ -7
b(c+ dz) _ (c+dx)?
f(a? —0%) (a+ beoth(e + fz)) 2d(a? —b?)
| 2838

ctdz
3.59. [ arvemiizay 4o
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(—2acf—2adfz+bd)?
- 4adf (a+b)
-  (a? ~ %) ’
b(c+ dzx) _ (c+dzx)?
f(a? — %) (a+ beoth(e + fz)) 2d(a® —b?)

—2(e x —2(e x
(—2acf—2adf z+bd) log (1— %) ad PolyLog (2, %)
—2b 27 (@757 + 2/ (=)

inputLInt[(c + d*x)/(a + bxCothl[e + f*x])~2,x]

~—

output | -1/2x(c + d*x)~2/((a"2 - b"2)*d) + (b*(c + d*x))/((a"2 - b"2)*f*(a + b*Cot
hle + £*x])) - (-1/4x(bxd - 2%a*xcxf - 2kxaxd*xf*x)~2/(a*x(a + b)*d*f) - 2xb*(
((bxd - 2*axcxf - 2*xaxdxf*x)*Log[l - (a - b)/((a + D)*E~(2*(e + £*x)))1)/(
2x(a”2 - b"2)*f) + (axd*PolyLog[2, (a - b)/((a + D)*E~(2x(e + £xx)))])/(2*
(a”2 - p72)%£)))/((a"2 - b~2)*f)

3.59.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a"2, 1]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxf*g*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)]l, x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 Int [Log[(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Logl[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int [Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLog[2
, (-c)*e*xx"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

ctdz
3.59. [ arvemiizay 4o
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rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4214

rule 4216

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + Pik(k_.) + (f_.)*(
x_)1), x_Symbol] :> Simp[(c + d*x)"(m + 1)/(d*(m + 1)*(a + Ixb)), x] + Simp
[2xI*b  Int[(c + d*x) “m*E~(2#Ixk+Pi)*(E"Simp[2*I*(e + f*x), x]/((a + I*b)~
2 + (2”2 + b"2)*E~ (2+I*k*Pi)*E~Simp[2*I*(e + f*x), x]1)), x]1, x] /; FreeQl{a
, b, ¢, d, e, £}, x] && IntegerQ[4xk] && NeQ[2"2 + b~2, 0] && IGtQ[m, O]

Int[((c_.) + (d_.)*(x_))/((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"2, x_Symbol
1 :> Simp[-(c + d*x)~2/(2xd*(a"2 + b~2)), x] + (Simp[1/(f*(a"2 + b"2)) In
t[(b*d + 2%a*c*f + 2*a*d*f*x)/(a + b*Tan[e + f*x]), x], x] - Simp[b*((c + d
*x)/(f*(a"2 + b~2)*(a + bxTan[e + f*x]))), x]) /; FreeQ[{a, b, c, d, e, f},
x] && NeQ[a"2 + b~2, 0]

3.59.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 523 vs. 2(195) = 390.

Time = 0.44 (sec) , antiderivative size = 524, normalized size of antiderivative = 2.67

method | result

risch da? n o _ 2(dz+c)b? . 2b2d1In(efo+e) b2dIn(e?f2+2¢q b e’
202 +4ab+2b2 ' a2+2ab+b2  (a—b)f(a?+2ab+b2)(e2fet2eqtbe2fet2e—atb)  f2(a—b)2(a+b)> F2(a—b)?(a-
inputLint((d*x+c)/(a+b*coth(f*x+e))‘2,x,method=_RETURNVERBOSE) J

output

1/2/ (a~2+2*%axb+b~2) *d*x~2+1/ (a”2+2*a*b+b~2) *c*x-2/ (a-b) /f/ (a"2+2*axb+b"2) *
(d*x+c) *b~2/ (exp (2*f*x+2*e) *a+bkexp (2*f*x+2*e) —a+b) -2/£~2/ (a-b) “2*%b~2/ (a+b
) "2*d*1n(exp(f*x+e))+1/£72/(a-b) “2xb~2/ (a+b) “2*d*1n (exp (2*f*x+2%e) *a+b*exp
(2*fxx+2%e) -a+b) +4/f/ (a-b) “2%b/ (a+b) “2*axc*1n(exp (f*x+e))-2/f/(a-b) ~2*b/(a
+b) "2*axc*x1n (exp (2*f*x+2*xe) ¥a+bxexp (2*xf*xx+2*e) —a+b) -4/£72/ (a-b) “2*b/ (a+b) ~
2*exdxax1n(exp (f*x+e))+2/£72/(a-b) "2*b/ (a+b) “2*e*d*ax1ln (exp (2*f*x+2xe) *a+b
xexp (2*fxx+2%e) —a+b) +2/ (a-b) ~2+b/ (a+b) ~2*d*a*xx~2-2/f/(a-b) "2*b/ (a+b) “2xd*a
*1n (1-(a+b) xexp (2*f*x+2*e) / (a-b) ) *x+4/f/ (a-b) “2*b/ (a+b) “2*d*a*exx-2/£"2/(a
-b) “2xb/ (a+b) “2*d*a*1n(1-(a+b) xexp (2*f*x+2*e) / (a-b) ) xe+2/£72/ (a-b) “2*b/ (a+
b) “2xd*a*xe~2-1/£72/(a-b) "2*b/ (at+b) "2*d*a*polylog(2, (a+b) xexp (2*xf*x+2%e) /(a
-b))

ctdz
3.59. [ arvemiizay 4o
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3.59.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1797 vs. 2(194) = 388.

Time = 0.31 (sec) , antiderivative size = 1797, normalized size of antiderivative = 9.17

c+dz
dx = Too 1 to displ
/ (a + beoth(e + fx))? z 00 large to display

-

input Lintegrate ((d*x+c)/(atbxcoth(f*x+e))~2,x, algorithm="fricas")

-/

output| -1/2+%((a"3 + a"2xb - a*b"2 - b"3)*d*f"2*xx"2 + 2*(a"3 + a”2*b - axb”2 - b3
Ykckf " 2xx - 4*x(a"2%b - ax*b”~2)*d*e”2 - 4*x(a*b”2 - b~3)*d*e - ((a~3 + 3*xa~2%
b + 3*axb™2 + b~3)*d*f"2%x"2 - 4x(a"2*%b + ax*b”"2)*d*e”~2 + 8x(a"2*b + axb~2)
xckexf - 4%(a*b”2 + b~3)*dxe + 2+((a”3 + 3*a~2%b + 3*a*xb”2 + b~ 3)*ckf"2 -
2x(a*b~2 + b"3)*d*f)*x)*cosh(f*x + e)~2 - 2*((a”3 + 3*xa~2+b + 3xa*b”™2 + b~
3)*xd*xf"2%x"2 - 4x(a"2*b + a*b~2)*d*e”2 + 8*(a"2*b + a*b”~2)*ckxexf - 4x(a*b”
2 + b73)*d*xe + 2x((a”3 + 3*a"2%b + 3*a*xb”2 + b~3)*ckf"2 - 2*(a*b”2 + b~3)*
d*xf)*x) *cosh(f*x + e)*sinh(f*x + e) - ((a”3 + 3*a"2xb + 3*a*xb”™2 + b~3)*d*f
"2xx72 - 4x(a”2*%b + a*b”2)*d*e”2 + 8x(a"2*b + a*b”2)*ckexf - 4x(axb”2 + b~
3)xdxe + 2x((a~3 + 3*a~2*b + 3*a*b”2 + b~ 3)*kc*kf~2 - 2x(a*b”2 + b73)*d*f)*x
Yksinh(f*x + e)72 + 4*%(2x(a"2%b — a*b~2)*c*e + (a*b”2 - b~3)*c)*f + 4x((a”
2%b + a*b~2)*d*cosh(f*x + e)~2 + 2x(a”2%b + a*b~2)*d*cosh(f*x + e)*sinh(f*
x + e) + (a"2%b + axb"2)*d*sinh(f*x + e)”2 - (a”2xb - a*b~2)*d)*dilog(sqrt
((a + b)/(a - b))*(cosh(f*x + e) + sinh(f*x + e))) + 4%((a"2%b + a*b~2)*d*
cosh(f*x + e)~2 + 2x(a~2*b + a*b~2)*d*cosh(f*x + e)*sinh(f*x + e) + (a~2%b
+ a*b”2)*d*sinh(f*x + e)~2 - (a"2*b - a*b~2)*d)*dilog(-sqrt((a + b)/(a -
b))*(cosh(f*x + e) + sinh(f*x + e))) + 2% (2*%(a"2%b - a*b~2)*dxe - 2*(a”2*b
- a*b"2)xcxf - (2*x(a”"2*b + a*b”2)*d*e - 2x(a"2*b + a*b”2)*c*f + (axb”2 +
b~3)*d) *cosh(f*x + e)72 - 2x(2x(a"2*b + a*b”2)*d*e - 2*(a”2*b + axb~2)*cx*f
+ (a*xb”™2 + b"3)*d)*cosh(f*x + e)*sinh(f*x + e) - (2*(a”2*b + axb™2)*dx*...

3.59.6 Sympy [F(-2)]

Exception generated.

d
/ (a+ bC(C):l;(ex+ F1))? dxr = Exception raised: TypeError

-

input  integrate((d*x+c)/(a+b*coth(f*x+e))**2,x)

N

output‘Exception raised: TypeError >> Invalid NaN comparison

ctdz
3.59. [ arvemiizay 4o
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3.59.7 Maxima [F]

c+dz / dz+c
> dz = 5 dx
(a + bceoth(e + fr)) (beoth (fz +¢€) + a)

p

inputtintegrate((d*x+c)/(a+b*coth(f*x+e))‘2,x, algorithm="maxima")

AN >

output | -1/2*(8*a*b*f*integrate(x/(a~4*fxe~ (2xf*x + 2%e) + 2%a~3xb*f*e” (2xf*x + 2%
e) — 2%axb " 3*fxe” (2*f*x + 2%e) - b 4xfre” (2xf*x + 2%e) — a~4xf + 2*xa”~2%b”"2
*f - b74xf), x) + 2%b72% (2% (f*x + e)/((a”4 - 2%a~2xb”2 + b~4)*£72) - log((
a + b)xe”(2xf*xx + 2*e) - a + b)/((a"4 - 2*xa"2xb"2 + b~4)*£72)) + ((a~2*f*e
“(2%e) - b72xfxe”(2*e) ) *x"2%e” (2xf*x) - 4*b"2*x - (a"2+f - 2%axbxf + b 2+f
Y*x72) /(a”4*f - 2%a~2%b"2*f + b~4*xf - (a”~4*fxe”(2%e) + 2*a”~3*bxfxe” (2%e) -
2xaxb~3*f*xe” (2xe) - b 4*f*e” (2ke))*e” (2*f*x)))*d - c*(2xa*b*log(-(a - b)*
e~ (—2+fxx - 2xe) + a + b)/((a"4 - 2*¥a"2%b"2 + b~4)*f) + 2«b~2/((a"4 - 2*a”
24%b"2 + b4 - (a”4 - 2*a"3%b + 2*a*xb”3 - b74)*xe” (-2xf*x - 2%e))*xf) - (f*x
+ e)/((a~2 + 2*a*b + b~2)*f))

3.59.8 Giac [F]

c+dz / dz+c
> dz = 5 dx
(a + beoth(e + fz)) (beoth (fx +e)+a)

inputLintegrate((d*x+c)/(a+b*coth(f*x+e))“2,x, algorithm="giac") J

outputtintegrate((d*x + c)/(bxcoth(f*x + e) + a)~2, x) J

3.59.9 Mupad [F(-1)]

Timed out.
c+dx _/‘ c+dx dx
(a + beoth(e + fx))? (a + bcoth (e + f z))?
input(int((c + d*x)/(a + bxcoth(e + f*x))~2,x) |
outputtint((c + d*x)/(a + b*coth(e + f*x))~2, x) J

ctdz
3.59. [ arvemiizay 4o
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1

3.60 f (c+dz)(a+bcoth(e+fz))? dx

3.60.1 Optimalresult . . . . .. .. . . .. ... 424
3.60.2 Mathematica [N/A] . . . .. .. .. 427
3.60.3 Rubi [N/A] « . o oo oo e e 175
3.60.4 Maple [N/A] (verified) . . . . . . . . ... 120
3.60.5 Fricas [N/A] . . . . . 126
3.60.6 Sympy [N/A] . . . . 1261
3.60.7 Maxima [N/A] . . . . . . . 427
3.60.8 Giac [N/A] . . . . . 427
3.60.9 Mupad [N/A] . . . . . 428

3.60.1 Optimal result

Integrand size = 20, antiderivative size = 20

1

1
/ (c+ dz)(a + beoth(e + fx))?

(c+ dz)(a + beoth(e + fx))?’ w)

dr = Int(

output ‘ Unintegrable(1/(d*x+c)/(atb*coth(f*x+e))~2,x)

3.60.2 Mathematica [N/A]
Not integrable

Time = 41.45 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dx)(a+ beoth(e + fz))? de = / (c+dz)(a+ beoth(e + fx))? dz

inputLIntegrate[l/((c + d*x)*(a + b*Coth[e + £*x])~2),x]

~—

-

output LIntegrate [1/((c + d*x)*(a + b*Coth[e + f*x])"2), x]

~—

3.60.

1
il (c+dz)(atbcoth(etfa))2 dzx



input

output

rule 3042

rule 4223
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3.60.3 Rubi [N/A]
Not integrable

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

1
(¢ +dz)(a+ beoth(e + fx))

l.3042

2d$

(c+dz) (a—ibtan (ie+ifz+ 7))
| 4223

1 d
/ (c+dzx)(a + beoth(e + fx))? v

‘Int[1/((c + d*x)*(a + bxCothle + £*x1)"2),x] |

-

L$Aborted

| —

3.60.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

1
3.60. f (c+dz) (a+bcoth(e+fz))2 dz
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3.60.4 Maple [N/A] (verified)

Not integrable

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ ! dx
(dz + ¢) (a + beoth (fz + €))”

input Lint (1/(d*x+c)/ (a+bxcoth (f*x+e)) ~2,x)

output tint (1/(d*x+c)/ (a+bxcoth(f*x+e))~2,x)

3.60.5 Fricas [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 55, normalized size of antiderivative = 2.75

1 1

(c+dz)(a+ beoth(e + fz))? de = / (dz 4 ¢)(bcoth (fz + €) + a)? e

inputLintegrate(1/(d*x+c)/(a+b*coth(f*x+e))‘2,x, algorithm="fricas")

output‘integral(i/(a‘Q*d*x + a”2xc + (b72xd*x + b"2xc)*coth(f*x + e)72 + 2x(a*bxd
‘*x + axbkc)*coth(f*x + e)), x)

3.60.6 Sympy [N/A]

Not integrable

Time = 1.83 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.95

1 1
/ (c+ dz)(a + beoth(e + fx))? do = / (a + bceoth (e + fz))? (c + dx) d

inputtintegrate(1/(d*x+c)/(a+b*coth(f*x+e))**2,x)

output LIntegral(i/((a + bxcoth(e + f*xx))*x2x(c + d*x)), x)

L dz

3.60. f (ct+dz)(a+bcoth(e+fx))2
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3.60.7 Maxima [N/A]

Not integrable

Time = 1.10 (sec) , antiderivative size = 472, normalized size of antiderivative = 23.60

1 1
(c+dz)(a + beoth(e + fx))? do = / (dz + ¢)(beoth (fz + €) + a) dz

e

input Lintegrate (1/(d*x+c) / (atb*coth(f*x+e)) "2,x, algorithm="maxima")

-/

output | 2%b"2/ (a~4xc*xf - 2%xa~2x%b~2kc*xf + b 4dkckf + (a~4*d*xf - 2*a”~2%b~2xd*f + b~ 4x
d*f)*x - (a~4xckxfxe~(2xe) + 2%a~3*bxckxf*e” (2%e) - 2*kaxb~3*ckfxe~(2*xe) - b~
dxckxfre” (2xe) + (a~4xdxfxe”(2%e) + 2*a”~3xbxd*fkre”(2ke) - 2xa*xb”~3kdxfre” (2%
e) - b~4xdxf*xe”(2xe))*x)*e” (2xf*x)) + log(d*x + c)/(a”2*d + 2*axb*d + b~2%
d) - integrate(-2*(2*axbxd*f*x + 2xaxbkc*f + b~2*d)/(a~4*c™2*f - 2*xa~2*b"2
*c"2xf + bT4xcT2xf + (a”4*d"2*f - 2%a~2xb"2xd"2*f + bT4*d"2*f)*x"2 + 2% (a”
dxckd*f — 2%a"2%b"2xckdxf + b 4dkckd*f)*x - (a"4*xc"2xfxe”(2xe) + 2%a”3*b*c”
2%f*e” (2%e) — 2xaxb~3kc"2xf*e” (2%e) - b 4xc"2xfxe” (2%e) + (a~4*d"2*fxe” (2%
e) + 2%a”3xbxd"2xfxe” (2ke) - 2*a*b”3*d"2xfxe”(2xe) — bT4*d"2*f*e” (2%e))*x”
2 + 2k (a~4xckdxfxe” (2xe) + 2*xa”3*bxckd*fxe” (2%e) - 2*axb " 3*ckxd*fre”(2%e) -
b 4xckdxfxe™ (2*e) ) *x) *e” (2*%f*x)), x)

3.60.8 Giac [N/A]

Not integrable

Time = 0.31 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
(c+dz)(a+ beoth(e + fx))? de = / (dz + ¢)(beoth (fz + ) + a)® d

input‘integrate(1/(d*x+c)/(a+b*coth(f*x+e))“2,x, algorithm="giac")

outputtintegrate(l/((d*x + c)*(bxcoth(f*x + e) + a)~2), x)

1
il (c+dz)(atbcoth(etfa))2 dzx

3.60.
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3.60.9 Mupad [N/A]

Not integrable
Time = 2.27 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10
1 1
h/‘ 2db-—t/n 5 dz
(c+dz)(a+ beoth(e + fr)) (a+bcoth(e+ fx))” (c+dx)

input Lint(l/((a + bxcoth(e + f*x))~2*(c + d*x)),x)

output Lint(l/((a + bxcoth(e + f*x)) 2%(c + d*x)), x)

N _

1
3.60. f (ct+dzx)(a+bcoth(e+fx))? dz
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3.61 | - d
(c+dx)2(a+bcoth(e+fx))?

3.61.1 Optimalresult . . . ... ... .. . ... 429
3.61.2 Mathematica [N/A] . . . .. ... .. . . 429
3.61.3 Rubi [N/A] « . o oo oo oo 730
3.61.4 Maple [N/A] (verified) . . . . . . . .. .. . 43T
3.61.5 Fricas [N/A] . . . . . 431
3.61.6 Sympy [N/A] . . . . 4371
3.61.7 Maxima [N/A] . . . . . . . . 432
3.61.8 Giac [N/A] . . . . . . 132
3.61.9 Mupad [N/A] . . . . . 133

3.61.1 Optimal result

Integrand size = 20, antiderivative size = 20

1

1

/ (c+ dzx)?(a + beoth(e + fx))? do = Int(

(c+ dz)?(a + bcoth

e+ fz>>2’””)

output Unintegrable(1/(d*x+c) 2/ (a+bxcoth(fxx+e)) 2,x)

3.61.2 Mathematica [N/A]

Not integrable

Time = 39.17 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1

/ (c+ dx)%(a+ beoth(e + fx))? de = / (c+dx)%*(a+

bcoth(e + fx))

de

inputLIntegrate[l/((c + d*x)~2%(a + b*Coth[e + £*x])"2),x]

~—

-

output LIntegrate [1/((c + d*x)"2x(a + bxCoth[e + f*x])72), x]

~—

1
361 [ (c+da)2(atb coth(et fx))? dx
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3.61.3 Rubi [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
4223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

! d
/koﬂmym+bmm@+f@y v

l.3042

/ 1 de
(c+dz)? (a —ibtan (e +ifz+ 7))
l 4223

1 d
/ (c+ dz)2(a + beoth(e + fx))? v

input‘ Int[1/((c + d*x)~2x(a + bxCoth[e + f*x])~2),x] ‘

output L$Aborted

rule 3042

rule 4223

-

| —

3.61.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_)*(x_))"(m_.)*((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.
), x_Symbol] :> Unintegrable[(c + d*x) m*(a + b*Tan[e + f*x])“n, x] /; Free
Ql{a, b, c, d, e, £, m, n}, x]

1
361 [ (c+da)2(atb coth(et fx))? dx
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3.61.4 Maple [N/A] (verified)

Not integrable

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00
1
(dz + ¢)® (a + beoth (fz + e))

dz

input Lint (1/ (d*x+c) "2/ (a+b*coth(f*x+e)) ~2,x)

output Lint (1/ (d*x+c) "2/ (at+b*coth(f*x+e)) ~2,x)

3.61.5 Fricas [N/A]
Not integrable

Time = 0.27 (sec) , antiderivative size = 96, normalized size of antiderivative = 4.80

1 1
/ (c+ dz)?(a + beoth(e + fx))? de = / (dz 4 ¢)?(beoth (fz + €) + a)’ e

inputLintegrate(l/(d*x+c)“2/(a+b*coth(f*x+e))‘2,x, algorithm="fricas")

output‘integral(l/(a‘Q*d“2*x‘2 + 2%xa~2*ckd*x + a”2*%c”2 + (b72*%d"2*x"2 + 2%b"2*xc*d
‘*x + b"2xc"2)*coth(f*x + e)~2 + 2% (axb*xd~2*x"2 + 2*axb*ckd*x + axb*xc”2)*co
‘th(f*x +e)), x)

3.61.6 Sympy [N/A]

Not integrable

Time = 3.32 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1 1
/ (c+ dz)?(a + beoth(e + fx))? do = / (a + beoth (e + fx))? (c+ dx)? e

input Lintegrate (1/(d*x+c) **2/ (a+b*coth(f*x+e) ) ¥*2,x)

—

output LIntegral(l/((a + bkxcoth(e + f*x))**2%(c + d*x)**2), x)

1
361 [ (c+da)2(atb coth(et fx))? dx
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3.61.7 Maxima [N/A]

Not integrable

Time = 2.16 (sec) , antiderivative size = 789, normalized size of antiderivative = 39.45

1 1
/ (¢ + dz)?(a + beoth(e + fx))? dw = / (dz + ¢)*(bcoth (fz + €) + a)? de

inputLintegrate(l/(d*x+c)“2/(a+b*coth(f*x+e))‘2,x, algorithm="maxima")

output

input

N

—(a™2*cxf - 2xaxbxcxf + (cxf — 2+%d)*b"2 + (a~2xdxf — 2kaxb*d*f + b 2*d*f)=*
x - (a"2%c*xfxe”(2xe) — b~ 2xckxf*xe” (2%e) + (a™2xdxfxe”(2*e) - b ~2*d*f*e” (2xe
))xx)*ke” (2%f*x) )/ (a~4*c™2xd*xf — 2%a~2%b"2%c”2*d*f + b 4xc”2xdxf + (a"4*d"3
*f - 2%a~2%b"2%d"3xf + b"4xd"3xf)*x"2 + 2x(a"4kckd"2xf - 2%a"2xb"2*c*kd”"2*f
+ b 4xckd"2+f)*x — (a~4*c 2xd*f*xe” (2*%e) + 2*xa~3*bkxc 2xd*fxe” (2%e) - 2*axb
“3*xc " 2kdxfxe” (2%e) — bT4xcT2xd*fre” (2ke) + (a~4xd"3*fre”(2ke) + 2xa”3*b*kd”
3xfxe”(2%e) - 2*axb~3*xd"3kfre”(2xe) - b 4*d"3xfxe”(2%e))*x"2 + 2k (a~4*xcxd”
2xfxe” (2%xe) + 2*xa " 3*bkxckxd"2xfxe” (2%xe) - 2*axb " 3kxckxd"2*fxe” (2%e) - b 4d*c*d”
2xfxe” (2xe) ) *x) *e” (2*f*x)) - integrate(-4*(a*bxdxf*x + axbxcxf + b~2xd)/(a
“4%c”3%f - 2%a"2%b"2*%c”3*f + b~4*c”3*f + (a”4*d"3*f - 2*%a”~2%b"2*%d"3*f + b~
4xQ"3*f) *x"3 + 3*(a~4xcxd"2xf — 2%a”~2%b"2*c*d"2*f + b 4xckd"2*xf)*x"2 + 3*(
a~4*cT2xdxf - 2%a"2xb"2kc”"2*d*f + b 4*xcT2xd*f)*x — (a"4kc " 3*kf*e” (2%e) + 2%
a~3xb*xc"3xf*e” (2xe) - 2*ka*b~3kc”"3xf*xe” (2xe) - b 4kc " 3xf*ke” (2xe) + (a"4*d”"3
xfxe” (2xe) + 2*xa”~3*bxd"3*fxe” (2%e) - 2*axb”"3*d"3*fre”(2*e) — b 4*xd"3*f*xe”(
2xe) ) *x"3 + 3*(a~4*ckd"2xfxe” (2%e) + 2*ka~3kbkckd 2xf*e”(2%e) - 2*kaxb~3*c*d
~2xfxe” (2%e) - b 4xcxd"2xfxe”(2*e))*x"2 + 3k (a~4xc 2xdxfre”(2xe) + 2%a”3*b
xc"2*¢dxfxe” (2%xe) - 2%a*b"3xc”2*dkfxe”(2xe) - b 4kcT2xdxf*e” (2%e)) *xx)*e” (2%
f*x)), x)

3.61.8 Giac [N/A]

Not integrable

Time = 0.51 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+ dz)?(a + beoth(e + fx))? de = / (dz + ¢)*(bcoth (fz + €) + a)® e

-

integrate(1/(d*x+c) "2/ (atb*coth(f*x+e))~2,x, algorithm="giac")

output‘integrate(l/((d*x + c)"2*(bxcoth(f*x + e) + a)~2), x)

1
361 [ (c+da)2(atb coth(et fx))? dx




CHAPTER 3. LISTING OF INTEGRALS 433

3.61.9 Mupad [N/A]

Not integrable

Time = 2.71 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (c+dz)%(a+ beoth(e + fx))? de = / (a + beoth (e + fx))* (c+ dz)? d

input Lint(l/((a + bxcoth(e + f*x))"2*(c + d*x)~2),x)

output Lint(l/((a + bxcoth(e + £*x))~2%(c + d*x)~2), x)

-/

1
361 [ (c+da)2(atb coth(et fx))? dx
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

434
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

4.1. Listing of Grading functions

r(ExpnType_



CHAPTER 4. APPENDIX 446

‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):

4.1. Listing of Grading functions



CHAPTER 4. APPENDIX 449

return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation

4.1. Listing of Grading functions



	Introduction
	Listing of CAS systems tested
	Results
	Time and leaf size Performance
	Performance based on number of rules Rubi used
	Performance based on number of steps Rubi used
	Solved integrals histogram based on leaf size of result
	Solved integrals histogram based on CPU time used
	Leaf size vs. CPU time used
	list of integrals with no known antiderivative
	List of integrals solved by CAS but has no known antiderivative
	list of integrals solved by CAS but failed verification
	Timing
	Verification
	Important notes about some of the results
	Important note about Maxima results
	Important note about FriCAS result
	Important note about finding leaf size of antiderivative
	Important note about Mupad results

	Design of the test system

	detailed summary tables of results
	List of integrals sorted by grade for each CAS
	Rubi
	Mma
	Maple
	Fricas
	Maxima
	Giac
	Mupad
	Sympy

	Detailed conclusion table per each integral for all CAS systems
	Detailed conclusion table specific for Rubi results

	Listing of integrals
	 x^3 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x^2 (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x (a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 x^3 ^2(a+b x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x^2 ^2(a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x ^2(a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 ^2(a+b x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 ^2(a+b x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 x^3 ^3(a+b x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x^2 ^3(a+b x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 x ^3(a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 ^3(a+b x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 ^3(a+b x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3  a+a (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (c+d x)^2  a+a (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 c+d x  a+a (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (c+d x) (a+a (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 1  (c+d x)^2 (a+a (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 

	 1  (c+d x)^3 (a+a (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 (c+d x)^3  (a+a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (c+d x)^2  (a+a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 c+d x  (a+a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (c+d x) (a+a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 1  (c+d x)^2 (a+a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 (c+d x)^3  (a+a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (c+d x)^2  (a+a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 c+d x  (a+a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 1  (c+d x) (a+a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 1  (c+d x)^2 (a+a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 

	 (c+d x)^m (a+a (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^m (a+a (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^m  a+a (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^m  (a+a (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^m  (a+a (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^3 (a+b (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2 (a+b (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x) (a+b (e+f x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+b (e+f x)  c+d x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 a+b (e+f x)  (c+d x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3 (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2 (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x) (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (e+f x))^2  c+d x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b (e+f x))^2  (c+d x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3 (a+b (e+f x))^3  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2 (a+b (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x) (a+b (e+f x))^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b (e+f x))^3  c+d x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (a+b (e+f x))^3  (c+d x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 c+d x  a+b (e+f x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 1  (c+d x) (a+b (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 1  (c+d x)^2 (a+b (e+f x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F(-2)] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F(-2)] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 c+d x  (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 1  (c+d x) (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 1  (c+d x)^2 (a+b (e+f x))^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
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